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In this note we report the results of an experiment to determine the e�ects of aggregation and

disaggregation in forecasting the median growth rate of eighteen industrialized countries� annual

output �GDP� growth rates� see Figure � for a plot of our data and Table � for the names of

the countries in our sample� In one approach� following Zellner and Hong ��	
	�� we model the

aggregative annual median growth rate� wt� as an autoregression of order three with lagged leading

indicator input variables� denoted by AR���LI� as follows�

wt 
 �� � ��wt�� � ��wt�� � ��wt�� � ��MGMt�� � ��MSRt�� � �t� ���

whereMGMt is the median annual growth rate of real money in year t�MSRt denotes the median

annual growth rate in real stock prices in year t and �t is a zero mean� non�autocorrelated� constant

variance error term� Given data on �
 industrialized countries� annual output growth rates� it is

possible to compute annual median growth rates� and use them and data on the other input

variables appearing in ��� to obtain point and turning point forecasts for future median annual

growth rates of the �
 countries� The results of such calculations will be reported below after

describing alternative approaches to forecasting the median growth rate using disaggregated data

and disaggregated forecasting models�

�Research �nanced in part by the National Science Foundation and by income from the H�G�B� Alexander
Endowment Fund� Graduate School of Business� U� of Chicago�
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As an alternative to ���� we can employ the disaggregated ARLI relationships�

yit 
 �i � ��iyit�� � ��iyit�� � ��iyit�� � ��iGMit�� � ��iSRit�� � ��iSRit�� � ��iMSRt�� � uit ���

where the subscripts i and t denote the value of a variable for the ith country in the tth year� uit

is an error term� and y�GM�SR� and MSR denote the annual growth rates of real GDP� real

money� real stock prices and the median growth rate of real stock prices� respectively� See Garcia�

Ferrer et al� ��	
�� and Zellner and Hong ��	
	� for discussions and uses of ��� in forecasting�

In ��� we allow the regression coe�cients to vary in value across countries� We also consider two

variants of ��� which involve restrictions on the regression coe�cients� In the �rst model� the

coe�cients are restricted to be the same across countries� that is� �i 
 �� �ji 
 �j � j 
 �� �� � � � ��

In the second model� we assume that the coe�cients associated with the leading indicators are

the same across countries while the AR and intercept coe�cients vary across countries� that is�

�ji 
 �j j 
 �� �� �� ��� Then� given forecasts of �
 countries� annual output growth rates from

��� and its variants� it is clearly possible to compute the medians of the �
 forecasts year�by�year

and use them as forecasts of the median output growth rates and compare them to the forecasts

obtained by use of equation ���� as will be done below��

Further� equation ��� can be expanded to include the current median output growth variable to

obtain the following equation�

yit 
 �iwt � �i � ��iyit�� � ��iyit�� � ��iyit�� � ��iGMit�� � ���

��iSRit�� � ��iSRit�� � ��iMSRt�� � uit�

As Zellner and Hong ��	
	� do� we use equation ��� to obtain forecasts of the wt�s and use them

and equation ��� to forecast the output growth rates of the �
 countries year�by�year� As described

above� we analyze two additional variants of ���� In the �rst case all coe�cients are restricted to

�We thank a referee for suggesting these alternative models�
�For the model in ���� we also estimated a random e�ects speci�cation� yit � Xit� 	 �i 	 uit� where uit �

�i	 �it� and Xit denotes all the input variables in ���� including lagged y
s� and � denotes the associated regression
parameters� Unlike the model in ���� this speci�cation does not assume that the error terms for the same country
are uncorrelated over time� We made the standard assumptions that the �
s are uncorrelated across countries with
common variance ���� and E���it� � ��� � E��it�i�t� � � � � i �� i�� t �� t�� We found that predictive RMSE
s and
MAE
s are often lower using least�squares forecasts from ��� than results obtained using the above random e�ects
speci�cation� For example� updating the one�year ahead forecasts through the hold�out period 
����
���� least�
squares on ��� gives RMSE and MAE of 
��� and 
���� while forecasts from the random e�ects model above gives

��� and 
��� for RMSE and MAE� respectively�
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be equal across countries �i�e� �i 
 �� �i 
 �� �ji 
 �j � j 
 �� �� � � � ��� and in the second case

only the coe�cients of the current median growth rate and the leading indicator variables are

restricted to be equal across countries �i�e� �i 
 �� �ji 
 �j j 
 �� �� �� ��� � Thus� we analyze

the performance of � di�erent models� the aggregate speci�cation in ���� and � models for each of

the speci�cations in equations ��� and ����

In the �rst experiment� we use annual data� �	����� to �t our three models �see Appendix for

estimation results� and then employ them to forecast the median of the annual output growth

rates year by year for the period �	���
�� updating our parameter estimates as we move through

the forecast period� This time period was chosen to be similar to the forecasting period used in

previous work by Zellner and Hong ��	
	�� For this time period� we present results only for the

aggregate model in ��� and the models in ��� and ��� with all coe�cient vectors restricted to be

the same across countries� Forecasting results are shown in Table �� Part A� It is seen that use of

the disaggregated equations in ��� which include the aggregate variable wt � perform the best with

a RMSE and MAE of prediction of ���� and ���
� respectively� Second best is the performance of

the aggregate relation in ���� with RMSE 
 ���� and MAE 
 ����� Last in performance are the

disaggregated relations in ��� that do not include the variable wt with RMSE 
 ���
 and MAE 


����� The empirical results for equation ��� using revised data are very similar to those reported

in Zellner and Hong ��	
	� using unrevised data and which are better than those using just an

AR��� for wt without leading indicator variables�

As a second experiment� we employed annual data� �	����	 to �t our models and forecasted the

median growth rate of the �
 countries year�by�year for the period �	
��	� with results shown in

Table �B� For this experiment� we obtain results using the � models based on equations ���� ���

and ��� described above� Again it is the case that use of the disaggregated equations in ��� with

coe�cients pooled over countries including the aggregate variable wt� performed best with RMSE


 ���� and MAE
 ����� The results also indicate that RMSE�s and MAE�s increase as we add

extra parameters to the models and allow some or all of the regression coe�cients to vary across

countries� Further� RMSE�s and MAE�s using the model in ��� that includes the forecasted current

median growth rate are smaller than the RMSE�s and MSE�s associated with the corresponding

�



models based on ��� which do not include the current median growth rate� These results also show

improvement over some naive forecasting rules� For example� forecasting � percent as the median

growth rate in each year yields RMSE 
 ���� and MAE 
 ���
� respectively� while a � percent

forecasting rule yields RMSE 
 ��
� and MAE 
 ���	�

Using the same data� we also performed calculations to determine which of the three models

performed best in forecasting turning points in the median growth rate of the �
 countries over

the period� �	
���		�� As in previous work� we de�ne a downturn �DT� in period T�� as occurring

if the following median output growth rate sequence occurs�

wT��� wT�� � wT 	 wT���

Also� by de�nition� no downturn �NDT� occurs when the following sequence is observed�

wT��� wT�� � wT � wT���

Similarly� an upturn �UT� is said to occur in period T �� if the following sequence of observations

occurs�

wT��� wT�� 	 wT � wT���

No upturn �NUT� occurs in period T�� if the following sequence is observed�

wT��� wT�� 	 wT � wT���

Given that we have a predictive density for wT��� we can easily compute the probability of DT

and or NDT and use these probabilities along with a ��� loss structure to determine the forecast

that minimizes expected loss� If the ��� loss structure is symmetric� a DT is the optimal forecast

given that the probability of a DT is greater than ����� If the probability of a DT is less than ����

then the optimal forecast is NDT� Similar considerations relate to forecasting UTs and NUTs�

See LeSage ��		��� Zellner� Hong and Min ��		�� and Zellner� Tobias and Ryu ��		�� for further

discussion and applications of this turning point forecasting methodology�

In Table � are the number of DT� NDT� UT and NUT events that actually occurred in our sample

and the number of correct forecasts using the procedure described above with each of our three

�We use the forecasted median from the alternative models as an approximation to the posterior predictive mean
of wT��� and assume the predictive density is symmetric about the forecasted median�
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models� shown in equations ���� ��� and ���� It is seen that use of the disaggregated AR���LI

relations including the aggregate variable wt in equation ��� produced the best results� namely �

of � correct DT forecasts� � of � correct NDT forecasts� � of � correct UT forecasts and � of �

correct NUT forecasts� Thus� the best model in terms of RMSE and MAE is also the best model

in terms of turning point forecasting� As regards the poor NUT forecasts� in Zellner�Tobias and

Ryu ��		
�� it was found that use of �trend� add factors that represent inertia e�ects produced

improved NUT forecasts for individual countries� annual output growth rates� From Table ��

we see that adding the forecasted median to the individual countries� equations did not always

improve the forecasting results� From the results reported in Table �� we found that adding the

forecasted median and restricting coe�cients to be the same over countries lowered RMSE�s and

MAE�s� It is important to note that this restricted version of ��� produces the lowest RMSE and

MAE� and correctly forecasts the most turning points�

In summary� our forecasting experiments provide some evidence that improved forecasting results

can be obtained by disaggregation given that an aggregate variable� wt� appears in the disaggre�

gated relations� as shown in ���� With disaggregation� there are more observations to estimate

parameters and given that the disaggregated relations are reasonably speci�ed� it is possible to

obtain improved forecasts of an aggregate variable� here wt� the median growth rate� a result that

is in accord with some views expressed in the literature� see� e�g� Espassa ��		�� and Palm and

Zellner ��		���
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Figure �� Medians and Interquartile Ranges for Growth Rates of Real

Output �A�� Real Money �B� and Real Stock Prices �C��

for �� Industrialized Countries� ����	����
�
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�The dashed line connects the annual median growth rates �the wt
s� and the vertical lines give the interquartile
ranges� See Table � for a list of the 
� countries included in our sample�
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Figure � Continued

�B� Growth Rates of Real Money
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�C� Growth Rates of Real Stock Prices
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Table �

RMSE�s and MAE�s of One	Year Ahead Aggregate and Disaggregate Forecasts

of the Median of �� Countries� Annual Real GDP Growth Rates �

A� �	����	
�

Disaggregated AR���LI Aggregate AR���LI Disaggregated AR���LI
with �wt �eqn� ���� for wt �eqn� ���� �eqn� ����

RMSE ���� ���� ���

MAE ���
 ���� ����

B� �	
���		�

Aggregate AR���LI for wt �eqn� ����
RMSE ����
MAE ����

Disaggregated AR���LI with Disaggregated AR���LI with Disaggregated
�i 
 �� �ji 
 �j �ji 
 �j � j 
 �� �� �� � AR���LI

�eqn� ���� �eqn� ���� �eqn� ����
RMSE ���� ��
� ��	�
MAE ���� ���� ����

Disaggregated AR���LI with �wt Disaggregated AR���LI with �wt Disaggregated
�i 
 �� �i 
 �� �ji 
 �j �i 
 �� �ji 
 �j � j 
 �� �� �� � AR���LI with �wt

�eqn� ���� �eqn� ���� �eqn� ����
RMSE ���� ���
 ����
MAE ���� ���
 ����

�The data are taken from the IMF computerized database at the University of Chicago� We use data for the
following 
� countries� Australia� Austria� Belgium� Canada� Denmark� Finland� France� Germany� Ireland� Italy�
Japan� Netherlands� Norway� Spain� Sweden� Switzerland� UK and the U�S� Observations are available from 
����

��� �with some country
s data dating back to 
���� for most countries� but begin in 
��
 for Germany� Omitting

Germany from the analysis produced similar results� We de�ne RMSE �

q
�
P

T

t��
� �wt � wt����T � and similarly�

MAE � �
P

T

t��
j �wt � wt j��T �






Table �

Results of Forecasting Turning Points in the Median Output Growth Rate of

�� Countries� ���
	����
 Number of Correct Forecasts for Alternative Models

DT NDT UT NUT
Observed Outcomes

� � � �

Model Number Correctly Forecasted

Aggregate AR���LI for wt� �eqn� ��� � � � � �

Disaggregated AR���LI �eqn� ���� with � � � �
�i 
 �� �ji 
 �j �j � � � �

Disaggregated AR���LI �eqn� ���� with � � � �
�ji 
 �j � j 
 �� �� �� � � � � �

Disaggregated AR���LI �eqn� ���� � � � �

Disaggregated AR���LI �eqn� ���� with �wt � � � �
�i 
 �� �i 
 �� �ji 
 �j �j � � � �

Disaggregated AR���LI �eqn� ���� with �wt � � � �
�i 
 �� �ji 
 �j � j 
 �� �� �� � � � � �

Disaggregated AR���LI �eqn� ���� with �wt � � � �

	



APPENDIX

ESTIMATION RESULTS

The output� money� and stock price variables used in this paper are �rst converted to real quantities

by dividing each variable by a country�speci�c price index� The variables are then logged� �rst�

di�erenced� and multiplied by ��� to convert to growth rates� Estimation results for the AR���LI

model in equation ��� are presented in Table �� and coe�cient posterior means and standard

deviations for the models in ��� and ��� with coe�cients restricted to be equal across countries

are presented in Table �� On computing the roots of the AR��� process for the countries� output

growth rates from equation����� we obtain one real root equal to ������ and two complex conjugate

roots� ���

 � �����i� associated with a damped oscillatory component with estimated amplitude


 ��	� and estimated period 
 ��	
� See Geweke ��	
�� and Hong ��	
	� for Bayesian procedures

for making posterior inferences about the properties of roots of an AR��� process� Using earlier

data for �
 countries included in our sample� Hong found that there is a high posterior probability

that� �a� there are two complex roots and one real root� �b� the real root has amplitude less than

one� and �c� the complex roots are associated with a damped oscillatory component with a period

of about � to � years� We arrive at similar conclusions using updated and expanded data�

The addition of the �world return� variable�MSRt has been shown in past work to reduce contem�

poraneous correlation among the error terms� See also Zellner Hong and Gulati ��		�� and Min

and Zellner ��		�� for discussions of time�varying parameter models and shrinkage techniques for

obtaining point and turning point forecasts� and the uses of posterior odds for comparing� choosing

between and�or combining alternative forecasting models�

�Estimation results are obtained by inlcuding the leading indicators in equation ���� The roots� amplitude� and
period are then computed from the AR��� relationship using the posterior mean as a point estimate of the regression
parameters� By drawing from the multivariate Student�t distribution� �the posterior distribution for the regression
coe�cients�� we can also compute the probability that the AR��� will have one real root associated with a cycle and
two complex conjugate roots associated with a trend� Posterior distributions of the amplitude and period can also
be obtained� See Hong �
���� for discussions�
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Table �

Di�use Prior Posterior Means and Standard Deviations for Coe�cients of

AR���LI Model for the Annual Median Output Growth Rate �Eqn� ����� R� 
 ��
�

Constant w�� w�� w�� MGM�� MSR��
Coe�cient Mean ���� ��
� ��

 ����
 ����� ����
Posterior Std� Dev� ������ ������ ������ ������ ������� ���
��

Table �

Di�use Prior Posterior Means and Standard Deviations for Coe�cients of

Equations ��� and ��� with Coe�cients Restricted to be the Same Across

Countries
Variable Disaggregated AR���LI Disaggregated AR���LI

with �wt eqn� ��� eqn� ���

Coe�� Mean Std� Dev� Coe�� Mean Std� Dev�

�wt �
�
 ������ �� ��
Constant ����� ������ ���� ������
y�� ���� ������ ���� ����	�
y�� ���		 ������ ����� ������
y�� ��
� ������ ���� ������
SR�� ���� ������ ���� ����
�
SR�� ����
 ������ ����� ������
GM�� ���� ������ ���� ������
MSR�� ����� ������ ���� ������

R� ��� ��	

�With use of di�use priors and an IID normal likelihood function� coe�cients
 posterior means are equal to least
squares estimates� Posterior standard deviations are equal to usual least squares asymptotic standard errors timesp
vi��vi � �� where vi � ni � ki� Estimation results are computed using the full sample� 
����
���� R� is an

approximate mean of the posterior density of the population R� parameter�

��



Table �	

Di�use Prior Posterior Means and Standard Deviations
Allowing Regression Coe�cients to Vary Across Countries�

Country ��i �i ��i ��i ��i ��i ��i ��i ��i R�

�wt Const y�� y�� y�� GM�� SR�� SR�� MSR��
Australia �
�� ���� ���� ����� ���� ���� ���� ����� ���� ���

���	�� ��	��� ����	� ����
� ������ ������ ������ ����
� ������

Austria �
�� ���� ����	 ���
� ���� ���� ���� ����� ����� ���
������ ����	� ������ ������ ����
� ���
�� ����	� ����	� ������

Belgium �	�� ����� ���� ���	 ���	 ���� ���� ����
 ���� �
�
������ ������ ������ ������ ���	
� ����
� ������ ������ ������

Canada �
�� ����
 ���� ���	 ����� ���� ���� ����� ����� ���
������ ��	�
� ���	�� ������ ������ ����
� ������ ����
� ������

Denmark ���
 ����� ���� ����	 ����� ���� ����� ���	 ����� ���
������ ��
��� ������ ������ ������ ����
� ������ ������ ����	�

Finland ���� ��

� ���� ����� ���� ����� ���� ����� ����� ���
������ ������ ������ ������ ������ ������ ������ ������ ������

France �
�� ����� ���� ����	 ���� ���� ����� ���
 ���	 ���
������ ������ ������ ������ ������ ������ ����
� ������ ������

Germany ���� ����� ��
� ����� ��		 ���� ���
 ���� ����� ���
������ ������ ���	�� ������ ������ ������ ����	� ����
� ������

Ireland ���� ���� ���� ����� ���
� ���� ���� ����
 ����� ���
������ ������ ���
�� ���
�� ������ ������ ������ ������ ������

Italy �	
� ���� ����� ����
 ���� ��
� ���
 ����� ���� ���
������ ��	��� ������ ����	� ������ ������ ������ ������ ������

Japan ��
� ����� ���
 ��	� ���� ����� ���� ���
� ����� ���
������ ������ ������ ������ ������ ������ ������ ����	� ������

Netherlands ���	 ����� ���� ���		 ���	 ���

 ���� ����
 ����� ���
������ ����
� ����	� ������ ����
� ���
�� ������ ������ ����	�

Norway ���� ���� ���
 ���	
 ���� ���� ����� ����� ����� ���
������ ������ ����	� ������ ������ ������ ����
� ������ ����	�

Spain ���
 ����� ���� ����� ����
 ���� ���� ����� ����� ���
����	� ������ ������ ������ ������ ����
� ������ ����
� ������

Sweden �	
� ����� ���	 ����
 ���
� ���� ���� ���� ���
� ���
������ ������ ������ ������ ������ ���		� ������ ������ ����
�

Switzerland �	�� ����	 ���� ���
	 ����� ����
 ���� ���
 ����� ���
������ ������ ����	� ���	�� ������ ������ ������ ������ ������

UK ���� �	�� ����� ����
 ����
 ���� ���� ���� ���	
 ���
������ ������ ������ ������ ���
�� ������ ������ ������ ����	�

USA ��	� ���� ����� ����� ����
 ���� ���� ���� ����� ���
���
�� ����
� ������ ����
� ���	�� ������ ����
� ������ ����	�

	The coe�cient posterior means presented above are numerically equivalent to least squares estimates� The
posterior standard deviations equal least squares asymptotic standard errors times

p
vi��vi � �� where vi � ni � k�

Estimation results are computed using the full sample� 
����
����

��
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