TECHNICAL APPENDIX FOR GENERALIZED LEAST SQUARES
INFERENCE IN PANEL AND MULTILEVEL MODELS WITH SERIAL
CORRELATION AND FIXED EFFECTS

CHRISTIAN B. HANSEN

Let
Cst = x;tﬁl + z;tﬁg + Ust, (1)
or, in vector notation, Cs = X 01 + Zs35 + Vs, where Cs = [Cq1,...,Cor] is T x 1,
Xs = @51,y xsr]| isT X k1, Zs = [2s1,-- -, 2s7) 18 T X ko, and Vi = [vg1,...,vsp) is T x 1.
Also, let x4, be the h'" element of 24 so that oy = [z1, . . ., Tk, |, and define zyy, similarly.
Define iy = vy — 24 (2. 2) V2 Vs, &y = 2y — 20(2.2) " 2! X, Vi = [s1, ..., Ds7), and
X, = [#s1,...,4s7). Let vy, be a p x 1 vector with vy, = [Vs(t=p)» - - - » Vs(t—1)]’, and define

Vg, similarly.

Assumption 1 (S — oo, T fixed). Suppose the data are generated by model (1) and

N1. vy = v;t/a + nst, where 7 is strictly stationary in ¢ for each s, E[n?] = 0727,
E[nsnsr] = 0 for t # 7, and the roots of 1 — a1z — apz? — ... — apzP = 0 have

modulus greater than 1.
N2. {X,, Vs, ns} are iid across s. {Z;} are nonstochastic and identical across s.
N3. (i) Rank(37 | Elii,]) = Rank(BE[X’.X,]) = k1. (i) Rank(Z/Z,) =k ¥ s.
N4. E[VS|XS] =0, E[VsVs,|Xs] = F(a)'

N5. E[nk] = s < oo and E[zd,] <A< o0 Vs, t, h.

Proposition 1. If Assumption 1 is satisfied, & ar(a), where

T T
ar(e) = B[ Y i TEL Y el = (Tpfe) + —Ar(a) ™ (Afe) + A ().
t=p+1 t=p+1 p p

Proposition 2. Suppose ar(a) is continuously differentiable in « and that H = Dar(«)
is invertible for all o such that N1 is satisfied, where Dar(a) is the derivative matriz of
ar(a) in a. Define a(>®) = a;l(a). Then, if Assumption 1 is satisfied, @) — a2 0 and

VE@™ —a) 4 ZoH N (Ty(0) + 75 Ar(a)) TIN(0,E), where

T T
. — . . 0-7/
= E[ E E U8t1u3t1H3t2vst2]
t1=p+1to=p+1
1
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2 CHRISTIAN B. HANSEN

and fist = Vst — Ugy ().

Assumption 2 (S, T'— o0). Suppose the data are generated by model (1) and

2

’r]’
— ... —apzP = 0 have

NT1. vy = vs_t,a + s, Where 7 is strictly stationary in t for each s, E[n%] = o
E[nsnsr] = 0 for t # 7, and the roots of 1 — a1z — agz?
modulus greater than 1.

NT2. {Xs, Vs, ms} are iid across s. {Zs} are nonstochastic and identical across s.

NT3. (i) [X, Z], where X = [X{,..., X¢] and Z = diag(Z1, ..., Zs) has full rank. (ii) Z.Z,
is uniformly positive definite with minimum eigenvalue A; > A > 0 for all s.

NT4. E[V,[X,] = 0, B[VaV/|X,] = T(a).

NT5. {Xg, Vit, st} is a-mixing of size =25, r > 4, and 22, < A < o0, E[z2, [ < A < o0,
and E[n2|"*? < A < oo for some § > 0 and all i, ¢, h.

oy . . . ~ d I —— .
Proposition 3. If Assumption 2 is satisfied, VST(a@ — o) — N(pB(a),T,'El,1) if
- . T T - _ iy :

% - P > 07 where = = Tlgréoﬁ Zt1=p+1 ZtQ:erl E[vst1778t1778t27}5t2]' In add@tzon, Zf Mst

are independent for all s and t, Z = U%Fp.

Assumption 3. For B(a,T) defined in Lemma C.5,

NT6. B(«,T') is continuously differentiable in o with bounded derivative uniformly in 7'
for all « satisfying the stationarity condition given in NT1.

Proposition 4. If Assumption 2 is satisfied, /ST (&) —a) 4, N(0, F;lEFI;l) for 2 defined
in Proposition 3 if% — p > 0. If Assumption 3 is also satisfied, then / ST(&(l) — ) <,

N(0,T,'EL,1) if 2% — 0.

Proposition 5. If Assumptions 2 and 3 are satisfied and H = Dar(«) is invertible for
all v satisfying the stationarity condition given in NT1 uniformly in T, where Dar () is
the derivative matriz of ar(a) in a, VST(@(™ — a) < N(0,T,'E0, 1) for 2 defined in

Proposition 3.

Assumption 4 (Higher-Order Asymptotics). Suppose the data are generated by model (1)
and

HO1. vy = v;/a + nst, where ng are iid N(0,0’%) random variables, and E[VV!] = T'(«)
is a T x T positive definite matrix with minimum eigenvalue bounded away from 0
and maximum eigenvalue bounded away from infinity uniformly in T.

HO2. (i) {Xs, Zs} are nonstochastic with {Zs} identical across s. (ii) [X, Z], where X =
[X1,...,Xg) and Z = diag(Z1, ..., Zs) has full rank, and the minimum eigenvalue of
X'X - X'Z(Z2'Z)"1Z'X is bounded away from zero. (iii) |zgs] < A and |z4] < A.



HO3. Let M,(a) = (IeT(a) ) —Iel (@) HZ(Z'(IeT(a) ) 2) 1 Z'(IeT(a)™!), M =
JFX@WM4®X74X%@QLA@):éfWanXﬂde@%:ﬁ%XﬂL@Mﬂﬁ
Fori=1,..,p,7=1,...,p,and k = 1,...,p, (i) each matrix in A(«a), 4;(a) = %b,
and A;; = %&j\a approaches a limit as S, T — oo, and lim A(«) is nonsingular,

(ii) the covariance matrices for the vectors in ¥;(a) = %M, and U;;(a) = %M
approach limits as S, T — oo, and (iii) all the matrices in A(), A;(@), Aij(@),
~ 83A ~ ~ ~ ~ Joia\l
Ajji(a) = mla, U(a), Vi(a), ¥i;j(a), and ¥i,(a) = mla are bounded
in probability uniformly for a € A where A is a neighborhood of «.
HO4. B(a,T) is three times continuously differentiable in o with the first three derivatives

bounded uniformly in T for all « satisfying the stationarity condition given in NT1.

Proposition 6. Let @ be the least squares estimator of o, a(®) be the iteratively bias-
corrected estimator, and 3(Q) and ﬁ(&(oo)) be the corresponding FGLS estimators. If As-
sumption 4 is satisfied and % — p as {S, T} — oo jointly, the higher-order bias and

variance of B(a) and B(&<°°>) are

Bias(3(a)) = Bias(3(@°)) = 0 (2)
Var(VST(B(@) — 8)) = A~ +T/ST (3)
+§%§:§:@;B@ym¢meh+oaﬂnﬁ
i=1 j=1
Var(VST(B@™) — 8)) = A~1 + T/ST + O(1/ST?). (4)

for Gj = E[\IJZ\I/;] and T =3F | ?’:1 Cij(%F;l)[i’j} where (%F;l)[i’ﬂ is the [i, j]

element of matriz %F;l. Also,

Var(VST(B(&) — B))~Var(vVST(3(@E") - 8))

1
ST

M'U

SN
ZC@']’TB(O"T)Z'B(C“’T)]' Z 0.
1j5=1

i

APPENDIX A. NOTATION

The following notation will be used throughout the appendix.

Suppose the panel has a cross-sectional dimension s = 1,...,S and a time-series dimension

t=1,...,T with T > 2p where p is the order of the autoregressive process. Let

Cst = 211 + 24, 05 + Vst (5)
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or, in vector notation, Cs = X 01+ Zs05+Vs, where Cg = [Cy1, ..., Cor] isTx1, Xs = [Ts1,...,2s7]

is T x ki, Zs = [2s1,---,2s7] is T X kg, and Vi = [vg1,...,vsr| is T x 1. Also, let x4, be the ht
element of x4 so that ©%, = [Tst1,. .., Tstk, ], and define zgy, similarly.
Let vy, be a p x 1 vector with vy; = [Vst—p), .-+, Vst—1)]"-

- _ / / —1 71 Y / / —1 7/ VAR B - /
Define ¥t = vor — 20, (ZLZ5)" 1 ZIVs, &y = ol — 2L, (2127 2. X, Vs = [Us1,...,0s7), and

X, = [Ze1,...,0s7]"

Throughout, let ||A|| = [trace(A’A)]*/? be the Euclidean norm of a matrix A.

APPENDIX B. PROOF OF PROPOSITION 1 AND PROPOSITION 2
Proposition 1 is verified by combining Lemmas B.3 and B.4 below, and Proposition 2 follows from
Proposition 1 and Lemma B.6.
All results presented below are for asymptotics where S — oo with T fixed.
Proof of Proposition 1. Immediate from Lemma B.3 and Lemma B.4. B

Proof of Proposition 2. That ar(«) is continuously differentiable in o and that H = Dar(«)
is invertible for all a such that N1 is satisfied imply that ar(«) is invertible for all a such that
N1 is satisfied by the Inverse Function Theorem. (See, e.g. Fitzpatrick (1996) Theorem 16.9.)
a>) — o % 0 then follows immediately from the definition of &> and Proposition 1.

To verify the asymptotic normality, expand a(>) about @ = ar(a). This gives

a1 = az'(ar(a)) + H | —= (@ - ar(a)),

where ar(«) is an intermediate value between @ and ar(«). The conclusion then follows from
continuity of H, Proposition 1, and Lemma B.6. B

B.1. Lemmas.

Lemma B.1. Let Bl be the ordinary least squares estimate of 3. Then if the conditions of As-

sumption 1 are satisfied, By — B1 2 0 and V/S(B1 — 1) KA N0, M~'QM~"), where M = E[X/X,]

and Q = E[X;F(Q)XS].

Proof. Using ||AB|| < ||A||||B| and I—Z,(Z.Z,)~" Z, positive semi-definite, E|| X’ X,|| < E|| X,||?> =
Eltrace(X/ X, — X' Z(Z'Zs) 1 Z! X;)] < trace(EX.X;) = trace(X:tT:1 E[zsal,]) < oo by N5. Also,
| XVe|| < (B|| X2|2E|V4][?)/? < oo from the Cauchy-Schwarz inequality, N5, and the same argu-
ment as above. The Khinchin LLN then yields %Zle X'X, % M and %ZSSZI X'V, 20, from
which Bl — 2,0 follows.



To show asymptotic normality of Bl first note that X QVS is iid and has mean zero by N2 and
N4. Also, E|X[VVIX,| < QE|X|“EI[Vi[|)"/* < oo by N5, [ AB|| < [|A[|| B, the Cauchy-
Schwarz inequality, and E||X,||* = E[(trace(X!X,))? — 2trace(X. X )trace(X ' Z4(Z. Z) 1 Z. X ) +
(trace(X.Z:(Z: 7)1 Z! X,))?] < E[2(trace(X . X))?] = 2E|| X;||*, where the inequality follows from
XX, X\ Z(2'Z) 12! X, and I — Z(Z.Z)"1Z, positive semi-definite. It then follows from
the Lindeberg-Levy CLT that %25:1 X'V, LA N(0,Q) since E[X'V,V!X,] = E[X/V,V!X,] =

E[X!T(a)X,], from which v/5(53; — 8,) % N(0, M~1QM~1) is obtained. W

Lemma B.2. Define U to be the residual from least squares regression of (1); i.e. Vs = Cgp— 5t51*
2,38 = var—al, (Bi—B1)— 2 (BS— ) = Dsr—i., (BL—1), where By and B3 are least squares estimates
of B1 and 5. Let vy be a p x 1 vector with Vg = [Vgt—p), - - - Vsz—1)]’s cmd let 1')'; be a p x 1 vector

’

with ¥y = [Vst—py, -+ Vse—1)]'- Under the conditions of Assumptzon 1, 5 Zé 1 Zt —pt1 UstUst =
S T ! _ —
%Zs:l Zt=p+1 Uy Ugy +0p(S 1/2)’ and % 35 Zs=1 Zt=p+1 VUstUst = g Zs:l Zt=p+1 Uy Ust+0p(S™ 1/2)-

Proof.
T

S
_Z Z Stvst - %Z Z Stvst 61761)vst stjélst(gl*61)+i;5(31761)(51761)Ii'st)7

s=1t=p+1

where &, is a p x ky matrix with &_; = [Zs4—p), ..., Zs¢—1)]"- Note

S T
vec( Z Z — P1)bst) = {; Z[ Z (Vs ® JC;)]}(@ —p1) = Op(l)Op(Sfl/Q)

s=1t=p+1 s=1 t=p+1
by Lemma B.1, Assumption 1, and the Khinchin LLN. Similarly,

vec( Z Z Uétxét — 1)) = 0p(1 )Op(S_l/Q)a

s=1 t=p+1
and
vee( Z Z B)(Br — Br) Ee) = 0,(1)0, (S0, (S71/?).
s=1t=p+1
It then follows that § 577, =p+1 ~§t§st =iy, ZtT=p+1 i35t + 0p(S/2) and, by a similar
argument, + Zé 1 Zt —pi1 LU, = + Zs:l ZtT=p+1 b+ 0,(S71/2). m

Lemma B.3. Under the conditions of Assumption 1, & Zf 1 ZtT pt1 i);i);t/ 2 E[ZtT:]DJr1 v;v;l] =

(T = p)(Tpl) + F5Ar(a)). and § 30, 30y e > B[S0 gl = (T = p)(A(a) +
»
ﬁAA(a)), where T'p(a) + ﬂAF( @) is a p X p matriz with i,j element

1 _
T Z Uétvét] = Yi—ji(a) — Tﬁptrace (ZT () Zs,— (2, Z5)7T)

t=ptl [i.4]

trace (Z.T_;(a)Zs,—i(Z.Z) ") (6)

trace (Z.1(a) Zs(Z2,2Zs) ' Z, 1 Zs (2. 2Z5)7Y),

5



Ala) + 75 Aa(w) is ap x 1 vector with it" element

E

trace (Z.T_i(a)Zs,—0(2.Z,)7")

1 & 1
T—p Z ’Ust”l}st] = vila) — T
[i,1]

t=p+1 -p

trace (Z.T —o(a)Zs,—i(Z.Z)") (7)

+

trace (Z.T(a)Z(Z.Zs) ' 2. _iZs —0(Z.2Z5)7")
— p ’

I(a) = E[VsV], T—(a) = E[VsV] (], vi(@) = E[vstvs—iy], Vs,—k = (Vs(pr1-k)s Vs(pra—k)s- -+ Vs(T—k))’
and Z, _y, s defined similarly.

Proof. The proof is given for %25321 ZtT:pH b, o E[Z:tT:]DJr1 ioin ] = (T — p)(Tp(a) +
S T R T R

ﬁAF(Q)); D D tmpr1 Vst st S ED 1 0st] = (T — p)(Aa) + ﬁAA(a)) follows by a

similar argument.

’

S T I O
30 ﬁ > tmpr1 Vsl I8 @ p x p matrix with [i, j] element

T T

Z Us(t—4) Us(t—3)

t=p+1
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=
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=

LV/
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Il
—

Vi jZs~i(Z,Z)7 Z Vs (8)

=3

w
Il
_

\
W0l
‘MU}
!
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=

Zs-i(Z,25) ' 2V Z(2,25) 7 2,

5,7

+
0|~
M
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‘ —
bS]

@
Il
—

—_

T
p S
- E[T— Z UstUst ][i,j]
pt:p-‘,—l

by the Khinchin LLN and repeated application of the triangle and Cauchy-Schwarz inequalities since
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i) (75 St sy Jig) 18 did by N2,
(i) Elvg—iyvs@e—gz | < oo by N1,

B 1/2
(iil) Elvs—iyze_;)(Z2eZs) 1 ZVs| < <E|zé(t W2:Zs) lZ;VS|2E|vS(t_i)|2) ,
(iv) Eley,_)(Z:2s) ' ZVVIZ(Z,Z6) " 2suj) |

<E|zé(t (2.2, 2LV PE2!
(v) by N1 and N5,

1/2
Lo\ 22207 ZVA) T and

Bloyjy(ZeZ) 7 Z Vil = Bleyy_y(202:) N Z,2:)(2,2:) 7 ZVi]?
< Ny (220 2RI 202020 2V
= trace(z! Zg(— j)(Z Z)! Zg(t—j)) X
E [trace(V) Z(Z.Zs)~ 1Z’Vﬂ
< koE[trace(V.V;)) Z v2] < o0,
_p+1
from which it follows that E| | 7=— — Zt —pt1 UstUst ] | < oco. W

Lemma B.4. Let a = (% Zle ZtT=p+1 5;5;/)’1(% Zle ZtT=p+1 U Ust) be the least squares esti-
mate of a using the least squares residuals, Vg from estimating B1. If Assumption 1 is satisfied,

s T s T
Z Z stUst Z Z gy Vst) p (ST 1/2)-
s=1t=p =p+

s=1t=p+1

O:I*—‘
CQ|>—‘

Proof. By Lemma B.2,

Z Z Uétvét + My)~ Z Z Vg Vst + Ma),

s=1t=p+1 s=1t=p+1

where M; = 0,(S7Y/2) and My = 0,(S~'/2). After some algebra, it then follows that

1 S T 1 S T
a = (EZ > ﬁ?ti);)_l(gz > bgba)
s=1t=p+1 s=1t=p+1
1 S T
+ (EZ Z ’bstvst +M1) 1M2
s=1t=p+1
1 S T 1 S T 1 S T
a (EZ Z gty + My) 1M1(§Z stvst EZ Z Vst Ust
s=1t=p+1 s=1t=p+1 s=1t=p+1
1 S T
= (G2 > baby) Z S i) + OpU)on(57/7) + 0, Uiy (5 )0, (10,1
s=1t=p+1 s=1t=p+1

where the last equality is by Lemma B.3, which yields the conclusion. B
7



Lemma B.5. Define jig = i}stfi};/aT(a). If Assumption 1 is satisfied, % Zle(ZthpH Vopfist) A
—_— —_— T T e e . o
N(Oa :)a where = = E[ZtI:erl ZtQ:erl vstl,u'stlustzvsb]'

Proof. Z?:p+1 ¥, fist are iid by N2. Also,

T T
B[ Y i Bl Y iy (i — i3 ar(@))]
t=p+1 t=p+1
T T T T
= E[ Y igia] - B{ Y iy Bl Y dniy )TE Y i}
t=p+1 t=p+1 t=p+1 t=p+1
= O7

where the second equality comes from ar(a) = E[ZtT:]DJr1 U;i};']_lE[th:pH 15 Ust] from Propos-
tion 1. Also

T T
E[ Z Z ’Us(tl_i)ﬂstlﬂstz;‘}s(h—j)]

ti=p+1ta=p+1

P T T
Z Z Vs (ty—i) Usty Usto Vs (s — )] Z Z Z Vs(ty—i)Us(ty — k) Usta Vs (s —j) 1 () 1]
ti=p+1ta=p+1 k=1t1=p+1t2=p+1

D T T
“ED Y D st iyt Ds(ea iy Bs(n—yar ()]

k=1t1=p+1to=p+1

4 4 T T
EDY DT D D batta—iy Bata k) Ba(ta ko) Bu(ta -y (@)k, a7 (),

k1=1ko=1t1=p+1 ta=p+1

< o0
since B|Vss, Uty Vsty Usty | < (Bl|Vst, |*El Vst | ElUst, [*E|vs, |*)/* < 0o by repeated application of the
Cauchy-Schwarz inequality and El|ig||* = Ele,(Vs — Zo(Z.Z) 7 ZV)|* < E(lled|*IVsII* I —
Z{(Z'Z)1Z||*) = (T — k2)?E||Vs||* < oo by N5 and T fixed, where e, is the t** unit vector. Then
the conclusion follows by the Lindeberg-Levy CLT since

T T T T
E[ Z Z ﬁ;1ﬂ5t1ﬂ5t2i}‘;2][’iaﬂ - E[ Z Z Us(tl_i)ﬂ5t1ﬂ5t26s(t2_j)] < oo Vi,j.
ti=p+1ta=p+1 ti=p+1ta=p+1

Lemma B.6. Suppose Assumption 1 holds, then v/S(a—ar(a)) <, ﬁ(l’p(a)—i—ﬁAF(a))_lN(O, =).

Proof. For jiy defined in Lemma B.5, a—ar(a) = (£ 320 S0 1 iniin )7 & S0 Sr 1 Dadisr)+
Op(S_l/Q) by Lemma B.4. The conclusion is then immediate from Lemmas B.3 and B.5. B
8



APPENDIX C. PROOF OF PROPOSITIONS 3, 4, AND 5

The proofs of Propositions 3, 4, and 5 are collected below. All results presented below are for

asymptotics where S, T — oo.

Proof of Proposition 3. VST(a — o) = VST(a — ar(a) + ar(a) — a) = VST(a@ — ar(a)) +
\/gB (o, T) by Lemma C.5, from which the conclusion follows by Lemmas C.5 and C.8. W

Proof of Proposition 4.

VST(@M —a) = VST[a - (—a+ ar(@)) — ar(a) + ar(a) — a]
= VST(@-ar(a)) + \/g(B(a,T) — B(@,T)).

The first conclusion then follows from Lemmas C.5, C.8, C.9, and the Continuous Mapping Theorem,
and the second conclusion follows from Lemmas C.5, C.8, C.9, and a Taylor expansion of B(a,T)
about a = o. i

Proof of Proposition 5. Recall a(®) = a'(@) = ap'(ar(a)) + H- 1|a (a)( — ar(a)). From

Lemma C.5, ar(a) = a+ %_pB(a, T) which implies H~! — I as T'— oo by NT6. The conclusion
then follows from Lemma C.8. B

C.1. Lemmas.

Lemma C.1. Let 31 be the ordinary least squares estimate of B1. Then if the conditions of As-
sumption 2 are satisfied, ﬁl B 20 and v ST(ﬁl 51) 4, N0, M~1QM~1), where

M = Mxx — MxzM, Mk,
Q

1 1
= lim E[Txgr(a)xs] - MXZMZ—;(Thm E[ngr(a)xs])

T—o00

1 1
= (Jim B[ XD () Z) Mz My + Mx zMyz( lim [ 2T () Z]) My M 5,

T—o0

with MXX = lim E[%X;Xé], MXZ = lim E[%X;ZS], and MZZ = lim [%Z;Zé]
T—o0 T—o00 T—o00
Proof. Let Qs = I+ — Z,(Z.Z,)~1Z. Then

1
Bl 7 XiQu Va7 < B QsVall™) < (

9

X ||2+26E||\/_V ||2+26)1/2 < kl A,

1+0
I =@ XM= Bl



where the first inequality is from ||AB|| < || A]|||B||, the second from the Cauchy-Schwarz inequality
and ||QsA| < ||A]l, and the third from

1
E|l— XHQH‘S = E[?trace(X;Xs)]H‘S

1 T k1
= WE[ZZ%?M]H_&

t=1 h=1

T
< el Yol e

t=1 h=1

VT

1

< T1+6

(Tk1A1+5)1+6 k'1+6A

where the first inequality follows from Minkowski’s inequality and the second from NT5, and
EH\/LTVSHQ*Q‘S < A by a similar argument. It also follows that E||4X/Q,X|['*° < k1A by
the same reasoning. So E||£X/Q,X,|| and E| +X.Q,V;|| are uniformly integrable in T. (See, e.g.
Billingsley (1995).) Also, under NT3-NT5,

T T
sztxat T Z Elzsirg] =0, = ZZ: TstZgp — % ; Elzs2,] 0
T
T Zzétzst — hm — Z ZstZngs T Zxétvst — 0, and = Zzstvst -0

by a LLN, e.g. White (2001) Corollary 3.48. Tt then follows from Phillips and Moon (1999) Corollary
1that £ 3% LX/Q,X, % M and L Y5 Lx7Q,V, % 0. Hence, 51 — 1 % 0.

Let K denote a generic constant. To verify asymptotic normality, note that

T 2+4 T 5
s C 2 . 2+35
Bl =XVl < —+ max{y  (Blagve [ 31 5 3 (Blagval* )77 =)
\/_ 2 t=1 t=1
< (CK <o 9)
by NT4-NT5 and Doukhan (1994) Theorem 2. Also,
1 1 1, 1 s
Bl (7 X:Z)(52:25) (TZQ VOIP*s < (kaM)** (EH( X{Z, )||4+6E||(\/T Vo)l
< CK < oo, (10)

where the second inequality follows from [[AB| < ||Al|||B]|, the Cauchy-Schwarz inequality, and
NT3, and the third inequality is from NT4-NT5 and Doukhan (1994) Theorem 2. (9) and (10)
imply E||%X;QSVS||2+% < 00 since
1
_ S\ 5.3 2+§
Bl —= Bl —= X Vi[> ) (Bl = X! 22,2, 2LV |24 2 2
\/_ \/_ VT
by Minkowski’s inequality which yields E|| \/_TX !QsV5||? uniformly integrable in T'. (See, e.g. Billings-
ley (1995).) ﬁX;QSVS 4 N(0,€) from White (2001) Theorem 5.20, from which it follows that

Qr = FEX.Q:I(a)QsX,] — Q. (E.g. Billingsley (1995) Corollary 25.12.) Then Phillips and
10

—=X1Q.VA|PE < [(



Moon (1999) Theorem 3 gives \/% Zle Zthl X1QsVs <, N(0,€2) which implies v/ST(3; — 1) <,
NO,M~'OM~1). &

Lemma C.2. Define vy to be the residual from least squares regression of (1); i.e. Vg = Cgp —
B — 2005 = ver — xly (81 — B1) — 20 (B85 — P2) = Vst — &5y (B1 — B1), where B1 and (B3 are least

squares estimates of 1 and 35. Let vy be a p x 1 vector with Vg = [Vgt—py, - - -, Use—1)]", and let v
be a p x 1 vector with vy = [Vg(1—p), - - - Vs@—1)) . Under the conditions of Assumption 2,
s T
ST 2 i = 5 Z > i oul(5T) )
s=1t=p s=1t=p+1
and
1 s T 1 s T
1/2
D Z Vst = gD > Vgl +0p((ST)7V?).
S(T-p) = .5 S(T—») = 57,

Proof. Using calculations similar to those found in the proof of Lemma C.1, it can be shown

s T . s T T .
that ﬁ D=1 Dutmpi1 UstEse—jyn = 0p(1) and ﬁ Dot Dotmpi1 Tstse—jyn = Op(1) for j =
—p,...,pand h = 1,...,k;. The conclusion then follows by Lemma C.1 and the same arguments

used in proving Lemma B.2. B

Lemma C.3. Under the conditions of Assumption 2,

. S T e ! D S T ORI p
(i) ﬁ Zs:l Zt:p-{-l UstUst — FP(O‘)’ and ﬁ Zs:l Zt:p—i—l Uy Ust — A(a).
.. S T U— S T —

(11) ﬁ 25:1 Zt:erl UstVst = ﬁ 25:1 Zt:erl VgtUst + Op(%); and
1 S T e 1 S T _ 1
S(T—p) pIp Zt=p+1 VstUst = 5(T—p) 2ot Zt=p+1 Vg Ust + Op ().

S T O
Proof. The proof is given for (T ) ZS 1 Zt —pt1 Stvst 2 1,(a); S(T ) D=1 Dtmpi1 Vst st RN
A(a) follows by a similar argument.
11



/

1 T e e . . ..
= Zt=p+1 U,y is a p X p matrix with 4, j element

T p Z Ustv‘st‘| T Z Vs(t—i)Vs(t—75)

=ptl [i.4] Vi
1
T T p Z Vs(t-i)Za(i—) (Z625) " 2LV
t=p+1
1
- Z V(1) ooy (2 Zs) T 2LV
pt =p+1
+ Z 2y (ZLZ) T 2V VI 225 Z6) 2oy
t p+1
1
- T_, D Z Us(t—4) Us(t—3)
t=p+1
— r‘/s/ ZS 7](z/z) IZ;‘/S
1
- m%’,—jzs,—i(zézs)_lzé% (11)
1
+ T—_sz’,Z—(Z;ZS)_lZ;VSV;Z;(Z;Z) 'Z; —j
where Vi 1 = (Us(pt1—k)»> Us(p+2—k)» - - - » Us(T—k)) and Zs _y is defined similarly.

Consider

E|V.Z(Z2,2,) 7 Z, _iZs,_;(Z.Zs)~ lZ;V>||1+%

T p _ 1 1, 1 s
—LE|(—=V/Z —Z’,ZS Zl i Ze =2, Zs) " (—=ZVo)|I'"T2. (12
N RVIZN G L2 (s 22V G L2 (=2 (12)
Note that
1
||T—7pZ;,7iZS,—jH < kA < o0 (13)
by NT5. Also,
1 T
5 5
B2Vl = Bl sl

T

246
< THS Cmax{z E|zgpv |2107€) 2 Z E|zgvs|2T6) 7] 2 }
t=1 t=1

< K<oo (14)

by Doukhan (1994) Theorem 2 and NT5. It then follows from the Holder’s inequality, the Cauchy-

Schwarz inequality, ||AB]|| < ||Alll|B]|, (13), (14), and NT3-NT5 that (12) is bounded away from oo,

which gives ||V]Z,(Z[Zs) ' Z,, _;Zs,_j(Z,Z)' Z[Vs|| uniformly integrable in T'. Similarly, it can be
12



shown that ||V! _;Z, ;(Z.Zs)"' Z[V;|| and ||ﬁ ZtT=p+1 Vs(t—i)Vs(t—j) || are uniformly integrable in
T.

Also, as T — oo,

T p
Lo gty Do im gt Vs(t—i) Vs(e—j) — Vi—j1 (@),
2. V] _Zy_j(Z.Z) 2LV, L W ML,

S,—1%

8. VIZ(ZL20) 7 2, 23 (ZL2,) 7V 2LV 5 WM My MW,

where M7z = TILII;O%[Z;ZS], M;; = Tli_{r;o%[Z;,_iZ&_j], U~ N(O,Tlgnoo%[Z;F(a)Zs],
W ~ N(O,Tli_r}r;oﬁ[Z;’_jF(a)Zsﬁ,j), T, = E[vsv;,_k], and E[\I/\Ilgj] = ZJLII;O%[Z;F,Z'(OL)Z&,]'].

(See White (2001) Corollary 3.48 and Theorem 5.20.) Combining 1., 2., and 3. and (11) gives

1 T

. . P
T_o Z Uy (t—i) Us(e—j) — Vi—g) ().
pt:p-‘,—l

It then follows from Phillips and Moon (1999) Corollary 1 that

s T
1 .. .. P
Sy 2o DO Py i1 (@)
S(T B p) s=1t=p+1
which yields the first conclusion. Also, using Phillips and Moon (1999) Corollary 1 and considering
only 2., 3. and (11) yields the second conclusion. B

~ s T PPN s T -
Lemma C.4. Let a = (ﬁ D o1 Datmpi1 UstUst ) 1(@ D1 Dot—pi1 UstUst) be the least
squares estimate of « using the least squares residuals, Vg from estimating B1. If Assumption 2 is
satisfied,

R 1 S T - 1 S T i

1 S e 1 Sk 1 —-1/2

= (S(T _ p) — Z VUstUst ) (S(T p) Z: Z Ustvst) + Op(T ) +o ((ST) )
s=1t=p+1 s=1t=p+1

Proof. Follows immediately from Lemmas C.2 and C.3 using the same argument as in Lemma
B4. 1

Lemma C.5. For ar(«) defined in Lemma 1, ar(a) — a = %_pB(a,T), where B(a,T) — B(«)

as T — oo, and ar(Q) —a = ﬁB(a, T) if the conditions of Assumption 2 are met.

Proof. Recall ar(a) = (I‘p(a)+TL_pAF(a))*1(A(a)+%pAA(a)) and that @ = I'y(a) "' A(a). Then
ar(a) —a = ﬁ(I‘p(a) + ﬁAp(a))’l(AA(oz) + Ar(a)a) = ﬁB(a,T). That B(a,T) — B(a)
as T — oo follows from the proof of Lemma C.3. ar(@) —a = ﬁB(@, T) follows in the same
fashion. W

13



Lemma C.6. Define jiss = Vgt

/71_, p ;t;_l Uétﬂst

Proof.

T
B[ Y dgjia] =

t=p+1

where the second equality comes from ap(«)

postion 1.

Vgt = Vst

ﬁ;tﬂst - E[”;tﬂst] =

Now consider

Ysr =

S T R
\/ﬁ 25:1 Zt=p+1 Vst st =

Also note that jig = N5 — (ver — Vst) — v
— Z(Z[Zs) 1 ZLV, where Z5 = [z54—1); - - -

— ’i}s_t/aT(a). If Assumption 2 is satisfied,

s S+
/71, p;t;_l”tnt op(1).

s T S I .
\/ﬁ Dot Zt:p+1(vst:u‘5t — E[/ist]) since

T
E[ Z Vg (U5t — Vgy ()]
t=p+1
T T T T
Bl Y il —B{ > nin (Bl Y dniy ) TEL D i}
t=p+1 t=p+1 t=p+1 t=p+1

0,

T e T .l
= E[Zt:p+1 ety 1E[Zt:p+1 4 Ust] from Pro-
« (ar(a) — a) — (i — vy) ar(a) and

) Zs(t— p)] So,

(v — Zg(Z.Z) ' Z V) x

(nst — 2(Z02:) 7 24V — vy (o () — a) + VI Z(Z,2:) 7 25 ar(a))

—El(vy, — Z5(Z2,2.)7" Z,V.) %

(1t — 244 (ZL2:) 71 Z0Ve — w3 (ar () — ) + VIZ4(2.2.) 7 23 ar ()]

Vst — <v;z;t<zgzs>-1zgv; — Blvg24,(2,2) " Z Vi)

~(vgvs — Elvgug (ar(e) — a)

VI Z(Z,2) 7 2y — BlogV] Z:(Z,2:) " 23 ) ar (o)
—(Z4(Z.2) 2 Vs — B{(Z4(ZLZs) " ZLVins))

H(Z(2,2:) 7 2V (20 2.) 7 2LV, (15)

BlZ;(Z,2,) 7 2LVl (2, 2,) 71 ZLV3))
H(Z(Z202,) 7 20V, — B[Z5(Z22,) 7 2V, ) (ar (@) —
(22,2 2V V! 22, 2) 7

~E[Z4(Z.2,)7 2LV, 2,(Z,25) 7 2 ])

a)

ar(a)).

Z (2 Z2) 2V 22, 2) 7 2

V S T - p s=1t= p+1
—E[Z,(Z.2) "\ Z\ViV! 2.2, 2.) ' 23 ).
14



Ys r is a p x p matrix with 4, j element

[YST][H] = mz Z Zs)~ 1ZIVVZ (ZZ) Zs(t—7)

s=1t=p+1
Bz, (2, Z) "ZVVIZ(ZZ) 2s— )

V2L i Zs_(Z.Z) T 2LV

\/TZ (V!Z(Z'Z
)

E[V!Z,(2,2.)7 2} _,Z._,(Z,2.)" ' ZLVi)),
and

1
BINVs ol = 7 BIVIZ(Z2)7 2, 20 (2,2 BV

1
*T—_pl\E[Vs’Zs(ZQZ) 2 i Zs (22T ZVA))? = 0,

where the equality is from independence assumption NT2, since E||A||? > || E[A]||* and

1. E\\V]Zs(Z.Zs)~ 1Z; _iZs, ,](Z’Z) LZIVg||1?
< TR EI VI Zs (5 225) " (755 24 —iZs,-3) (5 Z0Zs) T I *Ell g 22V 1)/
by the Cauchy-Schwarz mequahty

2. [(72:2s) 7520 —iZs )7 22 Z) 1 < (ke M) (| 75 25 —iZs,~i[1?) < (k2M)?ka A by
NT3 and NT5.

3. E||\/_ V|t < T~ QCmax{Zt 1(E|zstvst|4+€)
(1994) Theorem 2 and NT5.

[Zt 1(E|Zstvst|2+6) <]?} < K by Doukhan

Hence, [Ys 7]} 2,0 by Chebychev’s inequality, and it follows that Ys 1 = o0p(1). That all other
terms, except \/ﬁ Zil ZtT:pH(v;tv; — Elvgvg, ))(ar(a) — a), are 0,(1) follows similarly.

’

s B S
To show \/ﬁ Yoy ZthpH(vstvst —E[v,vy |)(ar(a) —a) = 0p(1), note that (ar(a) —a) =
O(%) from Lemma C.5. Also, Vec{\/%—ﬂ) Zf=p+1(v;v;l —Elv, v, ])} 4P~ ~ N (0, ) where

/

0= lim 1 Z Z (U, Vst ® Vit Var) — B, @ v, )B(vg, ® v3p,)]
p t1=p+1ta=p+1

as T — oo follows from a CLT (e.g. White (2001) Theorem 5.20) and the Cramer-Wold device,
and Hﬁ ZtT:pH Vec(vs_tvs_t/ - IE[US_tUS_t/])||2 <, |¥||? by the Continuous Mapping Theorem. In
15



addition,

S T
EH\/?Z Z Vgt Vst —E[UQU;])HQ
T T
= traCe{E Z Z Stl & vstl) E(v‘;tl & v.;tl))((v‘;b & v;Q) - E(v.;tg & v;Q))/]}

1=p+1ta=p+1
T T
Z Z (Va, Ust, ® Vg, Ugp,) — B0y, ® vy, )E(vgy, ® vgy,)] — trace(Q) = E|| P2

as T — oo. It follows that ”W Zle ZthpH(vs_tv;/ - E[vs_tv;;])HQ is uniformly integrable in
T. (For example, Billingsley (1995) 16.14.) Then, using Phillips and Moon (1999) Theorem 3,
= Op(l)a

\/T7p Z Z stvst stU;t ]) < N(O Q m Z Z stvst stU;t ])

s=1t=p+1 s=1t=p+1

and the conclusion follows immediately. l

Lemma C.7. If Assumption 2 is satisfied, \/S(T—p Zé 1 Zt —pt1 Ustlst 4, N(0,E), where

’
e T M SR RIS
ti=p+1ta=p+1

In addition, if ns are independent for all s and t, = = 07271“.

_ d = .
Proof. As T' — oo, ﬁ ZtT:pH vgst — ¥ ~ N(0,Z) by a CLT (e.g. White (2001) Theorem
5.20) and the Cramer-Wold device, and ||ﬁ ZtT=p+1 Vst <, ¥ by the Continuous Map-
ping Theorem. Also, Bl 7= S0 vmnal? = trace(zs S0y S B nay s i) —
trace(Z) = E||¥||?, which implies that E”ﬁ ZtT=p+1 vnse||? is uniformly integrable in 7. (For
example, Billingsley (1995) 16.14.) Then, using Phillips and Moon (1999) Theorem 3,

%T = Z Z vattse > N(0,5).

s=1t=p+1
Also, if the s are independent for all s and ¢, Evg, 0st, 1st, v;t; =0Vt #ta, and Ev;n?tv;’ = U%I‘.
[ |

Lemma C.8. v/ST(a — ar(a)) % N(0,T"YEL"1) for E defined in Lemma C.7 if Assumption 2 is
satisfied.

s T R S T N

Proof. From Lemma C.4, a—ar(a) = (S(Tl ) Dom1 2tmpi1 Ustsr ) 1(—S(T17p) D et Dtmp1 Vst Ust) —
s T . _

ar(a)+o,((ST) /%) = (s(T ) Zs 1Zt p+1 5tvst) (ﬁ PR Zt:p+1 Usefist)F0p((ST)~1/2).

The conclusion then follows immediately from Lemmas C.3, C.6, and C.7.

Lemma C.9. Under Assumption 2, @ — a = max{O0,(T~1),0,((ST)"'/?)}.
16



Proof. Lemma C.4 gives

~ 1 5 d — /N1 1 5 d — -1 —1/2
a = (mz _Z: UgtVst ) (mz _Z: Vg vst) + Op(T77) + 0p((ST) /%)
s=1t=p+1 s=1t=p+1
1 5 T — I\ 1 5 d — —1 —1
= (mz _z: VgtVsr ) (mz—: _z: vist) + @+ Op(T71) + 0, ((ST)1/?).
s=1t=p+1 s=1t=p+1

5 T - _ 5 T —
ﬁ o=t Zt:erl vallst = Op((ST)~'/?) from Lemma C.8, and ﬁ o1 Zt:erl UstUst =
0,(1) follows immediately from a LLN, e.g. White (2001) Corollary 3.48.

APPENDIX D. PROOF OF PROPOSITION 6

The proof of Proposition 6 is quite similar to the proof provided in Rothenberg (1984) and is
sketched below. Throughout, let

M, (@)=(Iel(@ ) -Iel(a) HzZ'(IzT(@) H2) ' Z/(ITeT(a)™).
Denote the GLS estimator of 81 as
Br(e) = (X' M. (0)X) ' X' M. (a)C
and the FGLS estimator of 1 corresponding to & as

Bi(@) = (X'M.(3)X) "' X' M.(@)C.

Also, define
1
A@) = —=X'M,(a)X
and 1
U(a) = —X'M,(a)MV
(@ = == X'M.(@)
fOI’ M=1— X(XIMz(a)X)_lXIMz(a)' Then fOI' 1= 1) Dy .j = 17 e Dy and k = 1) D, let
9A 9%2A 93 A
Ai:_Nm Ai-:ﬁm Ai':ﬁa;
0ai| / 80@80&]‘| " 60‘i80‘j60‘k|
v o2\ RV
U, = — o, P, = Uik = === |a-
aai|“ 9T 00,04y, o

ij mb’
Step 1. As in Rothenberg (1984), note that the residual vector
V=C-[X,Z)(X, 2)[X,2)" X, Z]/C =V - [X, Z)([X, 2] X, Z) "' |X, 2]V

does not depend on 1 and that @ and a(®) are even functions of V and hence V. For a given
a, Bl () is a complete sufficient statistic for (1 since V' is normally distributed. Also, by Basu’s
Theorem (See, for example, Lehmann (1983) p. 46), any statistic whose distribution does not depend
on (1 must be distributed independently of Bl (), so Bl () is independent of &, a(>), Bl (@) 731(04),
and 31 (@l>)) — 31 (). Tt then follows, for & equal to either @ or a(*), that

E[(51(@) — 1) (B1(@) — B1)'] = El(B1 () — B1)(Br(a) — B1)'] + B[(Br(&) — B1()(Br(@) — Br(e))'].

17



Bl( ) — (1 is exactly normal with variance STA 1 so the higher-order variance of 61( ) is %A’l
plus the higher-order variance of 3, (&) — 31 (). In addition, the bias of 31 (@) is

E[B1(@) - 41] = ElB1(a) — 4] + E[B1(@) — B ()] = 0 + E[B1 (@) — Br(a)],
so the higher-order bias is also determined by the higher-order bias of 3y (&) — B («).
Step 2. Expansion of 3;(@) — 31 (). For @ equal to either & or a(>),
Bi(@) = Bi(a) = A(@) (). (16)

Let d; = VST (a — a); be the it" element of the vector v/ ST(&@ — ). Then expanding (16) about
& = «a and noting ¥(«) = 0 yields

VST (51 (@) ZA (a)d; /ST

5 D0 D (A) Wiy (@)did; — Ala) A(@)Ale) )iy (17)

R(a) =¢ DD D [F6A@) T A(@)A(@) T Ay (@) Al@) T Ak(@)Ala) T e(a)

i=1 j=1 k=1

+3A(a) ! Aij (@) A(@) T Ax(@)A(a) T (a) + 3A(a) T A(@) A(@) T Ak (@) A(@) T (@)
+6A(a) " Ai(@)A(a) "1 A (@) A(@) T k(a) — A(@) T Ayr(a)A(a) T (a) (18)
= 3A(a) ™ Ay (@) A(@) T Pr(a) - 3A(@) 1 Ai(@)A(a) T Wi (a)

+ A(@) T Wik (@) did;di

Step 3. Expansion of @ — ar(a). Recall that the least squares estimator of « using the residuals
from the estimation of equation (1), Vs, is

(e

where 5;5/ = (Us(t—p)» -+ Us(t—1)) and Vg = Vgt — 302,5(31 — (1) for 95 and &g as defined in (?7?) and
(?7) in the text and (3 the least squares estimate of ;. Then

Gi = T ) Z Z vétvét

s=1t=p+1

-1

S T 1 S T o
Z Z stUst> (mz Z stvst> =G G2

S(T —p) Z Z (B — )iy i (B1 — B1)ig + (B — B1)(Br — 1) iis, )

s=1t=p+1
=D+ M

18



= o 1 S T o !
where Dy = g3 D001 Dy Uy 5 and

ég Utvst
ATy

s=1t=p+1

T D) Z Z 5By — 1) i (Br — B)ise + 55 (B1 — B1)(Br — 1) iist)

s=1t=p+1

= EQ + ﬁlaT(a) + M2
where .52 = ﬁ Zle ZtT=p+1 Vpibse and fise = Vgt — ijs_tlaT(a). It then follows that

a—ar(a) = éflég — ar(a)
= (D1 + My)"Y(Dy + My — Myar(a)).

It is shown below that M; and M, are 0,(1/8T), and it then follows from Lemmas C.3-C.9 that &

and a(>) are consistent and have the asymptotic distributions described in Proposition 3.

A Taylor series expansion then yields

VST(@ — ar(a)) =T, 'VSTD, (19)
I, Y(VSTM, — VSTMar(a)) — T, Y (Dy — T,)T, VST Dy (20)
— T, "ML, "VST D, — T, Y (Dy — )T, (VST M — VST Mar(a))
1 ~ ~ -
+ —r—l(D1 —Tp)T, (D1 — )L, ' VSTD, (21)
7].—‘ 1M1 (\/ MQ — \/ MlaT( ))
1 -
+50 1M1 YDy —T,)0,'VSTD,
+ %r;l(f)l —T,)0, ML, VST D,
I 15 o177 et S
+ 5Ty M T MAT, VSTD,
l= |, ~ — — =~ —
— 55 YDy —Tp+ M), Y (Dy — T + M), N (Dy — Ty + ML, x
(\/ STﬁQ + VvV STM\Q —V ST]/W\laT(a)) (22)
=1 + 2 /VST +1p3/ST + R/(ST)*/?, (23)

where fp is a matrix of intermediate values that satisfy ||fp Tl < | Dy — r,+ J\/J\lﬂ

It is shown in Lemmas C.3 and C.6 that 131 -Tp,+ 7\4\1 2,0 and that ﬁl — T, = O0,(1/VST),

and it follows from Lemmas C.6 and C.7 that Dy = O,(1/V/ST).
19



To show M = O »(1/ST), let Mz =1— Z(Z'Z)"'Z" and define Mz, similarly. Recall that

—~ —1
My = — ST pZsztVXXX) ST pzz i (X' X)X Vi
s=1t=p+1 s=1t=p+1
1 S T
+WZ iy (XX XV EXX) T (24)
p s=1t=p+1
Then

e e 1 1
/ / —12 < / 2 / —1712
EIV'X(X'X) 7 |* < (E||—STV MzX]|| )||—ST(X MzX)"

ky/? *
!
S( Ao (3 X’MZX)> (ST XQE”VMZX”

/2 s
1
E t (XIMz QMy X
Amin STX’MzX)) (ST 2 tracelX oMz QM X.)

1/2 2 A\ @
§ <)\m1n X/MZX)> (ST) Ztrace A ZkIZTZTZkl)
< /

1 2

2
Amax(Q) k1 A2/ST,
Yo X,MZX)> (Q)k1A%/

where the first inequality follows from the definition of ||A]| and the second inequality follows from
boundedness of zsp, and ¢ Ac < Apax(A)c’c. Also, defining e; to be a T' X 1 unit vector with tth

element equal to 1 and all other elements equal to 0 and e; = [e;_1, ..., e1—p]’,

T p Z Z $5t®vat”2 T p QZ Z Z trace 5txéT®U5tU57:))

s=1t=p+1 s=1t=p+117=p+1
ey M2 = -
1 _ 7/
A trace e; )Mz QM. e
(S(T*p))Qsz:; ((t:zp;rl ' ‘ (t:zp;rl =
S T T
klM )\maX(Q) Z - =
trace(( Z e )( Z e )

(S(T=p)? = t=p+1  t=p+l
klpM2>‘maX(Q)

- ST-p
where the first inequality results from boundedness of x4, the second from ¢’ Ac < Apax(4)c’c, and
the third from the definition of e; . It then follows that

1 5 ) e e 1 S T o
ST s;tz;-l B VX (XX) Ny = <S_T s;tz;-l B @ v:’f) vee(V'X(X'X)™H)
= 0,(1/VST)0,(1/VST) = 0,(1/ST).

Using similar arguments, it can be shown that the second and third terms of expression (24) are

0,(1/8T). It then follows that M, = 0,(1/ST). That M, = 0,(1/8T) follows similarly.
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Finally, making use of M; = O,(1/8T), M, = 0,(1/8T), Dy — ') = 0,(1/vST), and Dy =
O, (1/vST) yields that 11, 19, 13, and R are all O,(1).

Step 4. Expansion of @ — a and a(®) — a.

i. VST(@—a)=+VST(a—ar(a))+VST(ar(a)—a) = VST(@—ar(a))+ \/%B(a,T) by Lemma
C.5. It then follows that

~ S
VST(@ = a) =1+ =B, T) + 92 /VST + 443/ ST + R/ (ST)*"? (25)
for 11, 19, 93, and R defined above.
ii. Recall
) = a;l(m
7 (ar(@) + H o (o) (@ — ar(@))
P OH- @ ~
Z e |aT(a> a —ar(a))(@ — ar(a)) (26)
p P 2 1
0°H~ ~ ~ ~
Z Z s, | (@ —ar(@)(@ — ar(@))i(@ — ar(a));
i=1 j=1
where ||a/T—(\&/)) —ar(a)]| < ||l@ — ar(a)|]. From Lemma C.5, ar(a) = a + ﬁB(a T), so H =
3
[+ 75 2200, S = Tlpiaaﬁ(a“f’ O(1/T) by Assumption HOS, and 5235 = 745 Sagacter =
1
O(1/T) by Assumption HO5. Thus, 2 Ba |aT(a) =-H! 6]HH Yar(a) =0(1/T) and gahéa] |a/\T(E)

H G H S = H G = S = — Y G Y —— = O(1/T) by Assumption HOS.

Also, we have

oo, 1 1
H™'=1——— 8B(a,T)+(T_ )Qa (a, T)dB(a,T)
—~ H'—/——08B(a, T)H ' =——0B(o, T)H ' =——0B(o,, T)H
1 1 1
=I+—H+—=Hs+ ——7»Rn

ST ST (ST)3/?
where Hy, Ha, and Hj are O(1) by Assumption HO5 and % — p. Finally plugging the expansion
for H=1, the expressions for the derivatives of H and H~!, and (23) into (26) and collecting terms

of the same orders yields

VST (@™ — @) = 91 + 92 /VST + Hilap(ayd1/VST
+13/ST + H1|aT(a)7/}2/ST + H2|aT(a)1/)1/ST

p
->_H 1\/_T% H ™ a1 (¥1)i/ ST + R /(ST)*?

= 1 + 5 VST + 9> /ST + R /(ST)?/2. (27)
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Step 5. Higher Order Bias and Variance. Recall
Bi(@) = B = Bi(@) — Bi(a) + Bi(a) - Bi.
(i) Plugging (17) in for 31(62) — Bl(a) and (25) in for the d; in (28) yields

VET (31 (@)~0) = VT (Bilo) = i)+ 3 A (o -+ | 2 B0, 7)) VET

p

£3AT W),/ST
=1
1

+ 5 Z

i=1 j=1

([ Ba T+ | B0, 1)), ST+ R/ STP

Ail\I/ij — AilAinl\I/i — AilAiAil\I/j)X

-

(28)

where R = O,(1). Since the ¥;, ¥;;,... are odd functions of V' and @ is an even function of V, it

follows that
Bias(B1(a@)) = 0.

Using the independence obtained in Step 1, the higher order variance is

Var(vST(51(@) - 1)) = A"

ZA Ly, ¢1+\F B(a,T)); /VST)( ZA 'y, ¢1+\/§ B(a,T))i/VSTY].

Following Rothenberg (1984), note that since @ is an even function of V' and S; is an odd function

of V., the ¥’s and W, are uncorrelated. Hence,

B3 A B 1) VTS A7 0+ B ), VT

1 P

=57 > <E[\I/i\I/;]E[(1/)1)i(w1)j] + ;B(Q,T)iB(a,T)j) ,

i=1 j=1

Lemmas C.6 and C.7 and Assumption 4 imply that E[¢1¢]] =
Str—5 L, "+ O(1/T). Then defining ¢;; = E[¥;¥/] and

22 Gl ST

S(T p)(
S(T P)

H
i M@

yields

Var(VST(B(Q)—B1)) = A~ +T/ST+ ZZQJT (a,T);B(a,T); + O(1/ST?).

i=1 j=1
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1 1p-1 —
I+ Arter,

=

(30)



(ii) The derivation with @ replaced with a(>®) is similar. In particular, the expansion for Bl (al>) —

ﬁl) is
VST(B1 (@) =p1) = VST(Bi(e) = B1) + D A7 W(01)i/VST + 3 A 0,0, /ST

p p
+ % DD (AT AT AT = AT AATI) (1) (4) /ST

i=1 j=1
+ R/(ST)*/2.

It then follows as in (i) that
and that
Var(VST(B(@%))—p1)) = A~' + Y/ST + O(1/ST?). (31)
Finally, the O(1/ST?) term in (30) and (31) is the same, so
Var(VST(B1(@) - p1) — Var(VST(B1(@™) — 1)) = SLT z,,: z,,: Q;-%B(a, T)iB(o,T);

i=1 j=1

is positive semidefinite since

LA g 1S P P
T S G 7B, T)iB(a,T); = S_TTE[(Z B(a, T):%:) (Y B(a, T);9%)].
i=1 j=1 i=1 J=1
]
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