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Abstract

In this Supplementary Appendix we present additional new material related to the
main paper “Generalized Autoregressive Score Models with Applications”. We refer to
the model as the GAS model. For reference purposes, we first give a short review of the
relevant equations for the general GAS model. Appendix A presents more existing models
that can be represented as special cases of GAS models. Appendix B formulates new
models including unobserved components models, models with time-varying higher order
moments, time-varying multinomial model and dynamic mixture models. In Appendix
C we present the simulation results for the two illustration models of the main paper :
the Gaussian copula model with time-varying correlations and the marked point process
model.



Basic GAS model specification

Let N x 1 vector y; denote the dependent variable of interest, f; the time-varying parameter
vector, x; a vector of exogenous variables (covariates), all at time ¢, and 6 a vector of static
parameters. Define Y = {yi,...,u:}, F* = {fo, f1,..., [t}, and X' = {xq,...,2;}. The

available information set at time ¢ consists of { f;, F;} where
Fo={ytt =t X' fort=1,...,n.
We assume that ¥, is generated by the observation density

Ye ~ p(ye | fe, Fis 0). (1)

Furthermore, we assume that the mechanism for updating the time-varying parameter f; is

given by the familiar autoregressive updating equation

p q
firi=w+ Z Aisi_iy1 + Z B;fi—jt1, (2)
i=1 j=1
where w is a vector of constants, coefficient matrices A; and B; have appropriate dimensions
forv = 1,...,pand j = 1,...,q, while s; is an appropriate function of past data, s; =
se(yt, fr, Fr;6). The unknown coefficients in (2) are functions of 6, that is w = w(#), A; = A;(0),
and B; = B;(@) fori=1,...,pand j =1,...,q.

Our approach is based on the observation density (1) for a given parameter f;. When
observation y; is realized, we update the time-varying parameter f; to the next period ¢ + 1

using (2) with

_ alnp(yt|ft,}"t; 9)

St:St'vta Vi @f )
t

St:S(t7ft7E;9)7 (3>

where S(+) is a matrix function. Given the dependence of the driving mechanism in (2) on the
scaled score vector (3), we let the equations (1) — (3) define the generalized autoregressive score
model with orders p and g. We may abbreviate the resulting model as GAS (p, q).

Each different choice for the scaling matrix S; results in a different GAS model. In many



situations, it is natural to consider a form of scaling that depends on the variance of the score.

For example, we can define the scaling matrix as
St = ItTtl_la It|t—l = Et—l [Vtvg] ) (4)

where E;_; is expectation with respect to the density p(y;|f;, Fi;0). For this choice of Sy, the
GAS model encompasses the well-known observation driven GARCH model of Engle (1982)
and Bollerslev (1986), the ACD model of Engle and Russell (1998), and the ACI model of
Russell (2001) as well as most of the Poisson count models considered by Davis et al. (2003).
Another possibility is the GAS model with scaling matrix

St = t7t|t717 \715/|t_1\7t|t71 = ItTtlfP (5)

where S; is defined as the square root matrix of the (pseudo)-inverse information matrix for (1)
with respect to f;. An advantage of this specific choice for S; is that the statistical properties
of the corresponding GAS model become more tractable. This follows from the fact that for

St = Jij—1 the GAS step s, has constant unit variance.



Appendix A : more special cases of GAS models

Regression model

The linear regression model y; = x}5;-1 + ; has a k x 1 vector x; of exogenous variables, a
k x 1 vector of time-varying regression coefficients 5;_; and normally distributed disturbances
g, ~ N(0,0?). Let f, = ;. It follows that the scaled score function based on S,_; = Z;'} is
given by

s = (wyae) "y (yr — 2y fioa), (6)

where the inverse of Z;_; is now the Moore-Penrose pseudo inverse to account for the singularity

of zyx}. The GAS(1, 1) specification for the time-varying regression coefficient becomes

fo = w+ Ao(xjze) ' a(ye — ) fior) + Bifior (7)

In case z; = 1, the updating equation (7) for the time-varying intercept reduces to the ex-
ponentially weighted moving average (EWMA) recursion by setting w = 0 and B; = 1, that
is

fe = fie1r + Ao(ye — fi)- (8)

In this case, we obtain the observation driven analogue of the local level (parameter driven)

model,

Yy = U1 + Ey,y e = Phe—1 + N,

where the unobserved level component p; is modeled by a random walk process and the distur-
bances ¢; and 7, are mutually and serially independent, and normally distributed, see Durbin
and Koopman (2001, Chapter 2). A direct link between the parameter and observation driven
models is established when we set 17, = a(y; — 1) = ag, while in (8) we set a« = Ay and
consider f;_; as the (filtered) estimate of u;—1. The local level model example illustrates that
GAS models are closely related to the single source of error (SSOE) framework as advocated
by Ord, Koehler, and Snyder (1997). However, the GAS framework allows for straightforward
extensions for this class of models. For example, the EWMA scheme in (8) can be extended by
including 02 as a time-varying factor and recomputing the scaled score function in (6) for the

new time-varying parameter vector f;_; = (8i_, , 02 ;).

4



The GAS updating function (7) reveals that if zja; is close to zero, the GAS driving mech-
anism can become unstable. As a remedy for such instabilities, we provide an information
smoothed variant of the GAS driving mechanism which we discuss in the next subsection. Al-

ternatively, we may want to consider the identity matrix to scale the score with S;_; = I and

St = xt(yt - xift—l)-

Dynamic exponential family models

Consider the exponential family of distributions represented by

exp(n(0)T'(yr) — C(6) + h(yr)), (9)

with scalar function C' and vector function 7. Let § = ® f; 1, such that the parameters in 6 are

time-varying according to a factor structure. It is well-known that
Ei [T (y:)] = O, (10)

and
0°C oC oC

~ 000 90 o0
with C' = 8C/90, 1 = 9n/d¢’, see Lehmann and Casella (1998). The GAS driving mechanism

with information matrix scaling is given by

B [T (ye) T (ye) 1]

St = (q)/zt—lq))_l (I)/<77/T(yt) - C>7

and 2

T4 = 090
This is a general expression for any member of the exponential family. Shephard (1995) and
Benjamin, Rigby, and Stanispoulos (2003) proposed observation-driven models for the subclass
of natural exponential family members when 7(0)'T(y;) = 'y, in (9). Expression (10) then
reduces to B,_1[y;] = 0C/0n = g(fi_1,Y{ ', Xt, FI=?) where g(-) is known as the link function.

They then model the link function using explanatory variables and autoregressive/moving av-



erage terms. The advantage of the GAS model over these alternative specifications is that it

exploits the full density structure to update the time-varying parameters.

Table 1: Details for the GAS updates for a selection of exponential family distributions

Distribution [t Vi I
Normal (1) Lt 0.5(y; — pt)/o? T, 11 = 0.50; 7
%W o? —0.50;, 2 + 0.50, * (yr — pt)? T 90 = 0.50,*
Zii2=0
Normal (2) Lt 0.5(ys — )/ o} T, 11 = 0.50, 7
W In(02) —0.54 0.50; 2 (g — 1z)> T2 = 0.5
Zi12=0
Exponential In(\;) 1— Ny Ii=1
Aexp(—Ay)
Gamma In(ay) ar (In(y) — In(B) — ¥(ay, 1)) Tia1 = a3V (o, 2)
L ee(ui) In(B¢) Ye/Br — o Tio2 = oy
L2 = oy
Dirichlet In(cv;) i (U (O age, 1) — ¥, 1)) Tiii = cuig [1+ (o, 1)+
v In(yit) it W (ot 2)—

U (3 aje, 1) — ¥ (3 oy, 2)]
Tiij = apai V(D oy, 2)

Poisson In(pe) Ye — It T =
e HpuY

y!
Negative In(ry) re(n(pe) + Oy + 74, 1) — V(re, 1)) Zya1 =72 (U(re,2)—
Binomial E[W(ry + y:,2)])
e =p¥ In(pe/(1—pt)) 7e(1 = pt) — yepe Tio2 =1i(1 —pt)

I1&,12 = —Pt¢

Multinomial In (12?21%) Yit — NPt Zii = npit(1 — pit)
n! T17_ i .

yl—llf‘iiluf!] : j=1...,J-1 Ly ij = —npitDjt

YJ :n72j<]yj

pr=1-%csp;

The GAS model specification is given by the equations (1) and (2). We have defined Vi in (3) and Z; in (4).
The (i,7) element of I; is denoted by Ly ;. We further note that ¥(x, k) = 0¥ InT'(z) /0.

The main obstacle for using GAS models may be the computation of the information matrix
given a specific parameterization. To facilitate this task, we present the elements of the gradient
vector and the information matrix for a variety of exponential family models in Table 1. In
addition to the GARCH and MEM classes of models, the GAS framework also encompasses
the time-varying binomial models of Cox (1958) and Rydberg and Shephard (2003), the ACM
model of Russell and Engle (2005), and some of the Poisson models in Davis, Dunsmuir, and
Streett (2003). The latter three models can be obtained by scaling the relevant score vector

from Table 1 with an identity scaling matrix, S;_1 = I or the matrix square root of S;_1 = Z,_ 11.



Appendix B : more new GAS model formulations

Unobserved component models with a single source of error

Unobserved components or structural time series models are a popular class of parameter driven
models where the unobserved components (UC) have a direct interpretation, see Harvey (1989).
In this section, we describe observation-driven analogues to UC models. For a univariate time
series ¥y1,...,Yn, @ univariate signal 1, can be extracted. The dynamic properties of v, can
be broken into a vector of factors f;_; that are specified by the updating equation (2). For

example, we can specify the signal as the sum of r factors, that is

Y= fre+ .o+ frea (11)

with f; = (fis, ..., fre)'- Inthe case r = 2, we can specify the first factor as a time-varying trend
component (random walk plus drift) and the second factor as a second-order autoregressive
process with possibly cyclical dynamics. For this decomposition we obtain the GAS(1,2) model
with observation model y; = ¥y + &, = fit—1 + far—1 + €, observation density p(y:|¢y;6) =
N(fit-1+ for-1, 02) and updating equation

w ay 1 0 0 0
fi = + S¢ + fio1 + fi—a. (12)
0 as 0 ¢ 0 ¢

The constant w is the drift of the random walk trend factor f;; and the autoregressive co-
efficients ¢; and ¢, impose a stationary process for the second factor fo;. The scaled score
function is given by

Se =Y — U =y — fl,t—l - f2,t-1 = &, (13)

and can be interpreted as the single source of error. The static parameter vector 6, consisting
of coeffients w, ay, as, ¢1, ¢p2 and o, can be estimated straightforwardly by ML. The estimates
of f; result in a decomposition of y; into trend, cycle, and noise. This GAS decomposition can
be regarded as the observation driven equivalent of the UC models of Watson (1986) and Clark

(1989), who also aim to decompose macroeconomic time series into trend and cycle factors.



Table 2: Estimation results for the parameters in the trend-cycle GAS(1,2) decomposition model (11) with the
updating equation (12) and the scaled scoring function (13) based on quarterly log U.S. real GDP from 1947(1)
to 2008(2). The estimates are obtained by ML and reported with asymptotic standard errors in parantheses
below the estimates. Furthermore, the ML estimates of parameters in the parameter driven trend-cycle UC
model (14)—(15) are reported which are based on the same data set.

w ay Qs D1 103 o log-like

GAS 0.825 0.723 0.563 1.328 -0.424 0.905 -324.51
(0.043)  (0.206)  (0.202)  (0.130)  (0.142)  (0.041)

UC 0.825 0.604 0.621 1.501 -0.573 - -324.06
(0.040)  (0.098)  (0.112)  (0.102)  (0.106)

The UC trend-cycle decomposition model is then given by y; = f1++ fo, with

th = w+ .fl,t—l + algl,ta gl,t ~ N(07 1)a (14)
for = O1for—1+ Pafoi—o + asboy, a0 ~ N(0,1), (15)

where the disturbances & ; and &, are mutually and serially independent.

To illustrate the GAS trend-cycle decomposition model, we consider the time series of
quarterly log U.S. real GDP from 1947(1) to 2008(2) obtained from the Federal Reserve Bank
of St. Louis. The vector of static coefficients 6 is estimated by ML and the results are reported
in Table 2. The estimated autoregressive polynomial for factor f,; has roots in the complex
range and therefore factor f,, has cyclical properties. We may interpret fo; as a real-time
business cycle indicator for time t which is displayed in Figure 1. To compare this indicator
with the indicator produced by the Watson (1986) model, we also report the ML estimates of
the corresponding coefficients in an UC trend-cycle model. These estimates are obtained by
using the Kalman filter for likelihood evaluation. Parameter estimates for the UC model are
reported in Table 2 and the one-step ahead predicted estimate of fs, is plotted in Figure 1. We
find that the parameter estimates from each model correspond closely. The second factor from
each model exhibits cyclical behavior and the growth rate of the trend is estimated to be the
same. Estimates of the GAS and UC cycle factors in Figure 1 are almost indistinguishable.

The GAS framework is sufficiently general to provide an observation driven alternative for
the decomposition of univariate and multivariate time series based on UC models including
models with trend, seasonal, cycle and irregular components. For example, the GAS updating

equation can also be designed to incorporate the trend and cycle dynamics as formulated by
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Figure 1: Trend-cycle illustration: estimated cycles from the GAS and UC trend-cycle models based on quar-
terly log of U.S. real gdp from 1947(1) through 2008(1). NBER recession dates are indicated by the shaded

TEGION.S.

Harvey and Jaeger (1993). Regression and intervention effects can also be incorporated in the
GAS specification. Since the resulting GAS models are equivalent to single source of error
models, we refer to Ord, Koehler, and Snyder (1997) for a more detailed discussion on this

class of models.

Time-varying higher order moments

Following the empirical successes in GARCH modeling, many authors have suggested further
generalizations, in particular to the model with Student ¢ errors. Hansen (1994) proposed
to allow the degrees of freedom parameter to be time-varying. Harvey and Siddique (1999),
Jondeau and Rockinger (2003) and Brooks, Burke, Heravi, and Persand (2005) consider models
with time-varying skewness and kurtosis. We develop a t-GAS(1,1) model for y; = o415
where g; ~ t,,. The error term is scaled to have unit variance such that o2 ; is the conditional

variance while 1, is the time-varying degrees of freedom parameter. Define the vector of factors

as f; = (o7, — ln{ boa _ 1}) where the latter factor is the inverse of the logit transformation

ve—a

which is used to keep 14 in the interval [a,b]. In our empirical work, we select the interval



[2.01, 30] to ensure that the conditional variance exists, i.e. v, > 2. We note that it is possible
to select the conditional kurtosis as a factor instead of 14 but for some time series the conditional
kurtosis may not exist.

Taking derivatives of the observation density with respect to o2 and v;, we obtain the score

vector as given by

-1
1 (vi+1) Y vi
v, 2072 += (1 + ( t2)0§> (Vt*t?)cf?’ )
2 Ve 2 - 2 ’
U -T@) - - (U alhm) 45 (U adi) aomr
—2)07 2o )

l/t72) 0.

and with some additional derivations the elements of the information matrix are given by

_ vt _ 3
E, 1|V V)] = 207 (v +3) 202 (i +1) (e +3) (1 —2)

3 1 1 (vl " (v (ve+4)(ve—3) ’
—20'?(111-‘1-1)(144-3)(1/,5—2) 1 {F (tT) - F (it)} + 2(l/t—2t)2(l/t+t1)(ut+3)

where the functions IV and I'” are the digamma and trigamma functions which can be evaluated
in any matrix programming software. Given the results above and the derivatives of the logit
transformation, it is straightforward to construct a GAS(1,1) recursion. We label this model
the tv-t-GAS(1,1) model.

We consider daily returns on the S&P 500 from February 1989 through April 2008 as an
illustration. We compare the tv-t-GAS(1,1) model described above to a t-GAS(1,1) model
with constant v and a standard t-GARCH(1,1) model with constant v as in Bollerslev (1987).
Parameter estimates from each of these models are reported in Table 3 and estimates of the
conditional variance are plotted in panel (i) of Figure 2. Focusing on the t-GAS(1,1) model
versus the t-GARCH(1,1) model, we see that the log-likelihood values are close. Both the
persistence parameter by and degrees of freedom are estimated to be larger for the t-GAS(1,1)
model than for the t-GARCH(1,1) model. Estimates of the conditional variance in panel (i)
are hard to distinguish from one another with the exception of those periods when there are
outliers. To see this more clearly, we also plot the differences between the estimates from the
two GAS models minus the GARCH model in panel (ii) of Figure 2. In the first half of the
sample before 1998, the level of volatility is lower and there are several outliers in the series. The
estimated conditional variance from the t-GARCH(1,1) model is larger than from both GAS

models. These are the large negative values in panel (ii). The difference in estimated degrees
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of freedom is due to the fact that the t-GAS model does not treat outliers like a standard
t-GARCH model. From 1998-2003, volatility increases and, relative to this level, large returns
are not outliers. Estimates of the conditional variance from the GAS and GARCH models are

still significantly different and economically meaningful during this period.

Table 3: Estimates from the t-GARCH(1,1), t-GAS(1,1), and tv-t-GAS(1,1) models applied to
daily returns of the SEP500 from Feb. 1989 - April 2008. The tv-t-GARCH(1,1) model is
from Brooks et. al. (2005). The full sample results are on the left. Split sample results for the
t-GAS(1,1) model are on the right.

tv-t-GAS t-GARCH t-GAS tv-t-GARCH t-GAS t-GAS

pre-1998  post-1998

w1 0.006 0.003 0.004 0.003 0.002 0.007

(0.005) (0.001) (0.001) (0.001) (0.001) (0.003)

Wo -2.373 - - - -
(0.310)

an 0.057 0.047 0.044 0.049 0.026 0.061

(0.007) (0.007) (0.006) (0.007) (0.006) (0.009)

a19 —0128 - - - - -
(0.043)

21 -0.219 - - - - -
(0.033)

929 -1.498 - - 0.005 - -

(0.002) (0.006)

b1y 0.994 0.951 0.997 0.949 0.997 0.995

(0.003) (0.007) (0.002) (0.007) (0.003) (0.004)

b1o 0.000 - - - - -
(0.000)

bo1 0.982 - - - - -
(0.154)

bas 0.026 - - 0.965 - -

(0.121) (0.024)

v - 6.699 7.032 - 5.367 10.96

(0.622) (0.677) (0.610) (2.074)

log-like  -6138.18 -6153.02 -6156.46 -6153.44 | -2359.55  -3778.63

Turning our attention to the tv-t-GAS(1,1) model, the estimated time-varying degrees of
freedom from this model is plotted in panel (iii) of Figure 2 and these estimates demonstrate
significant variability. The log-likelihood for our new time-varying GAS model increases ap-

preciably relative to the t-GAS(1,1) model. Estimates of the conditional variance in panels
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(i) and (ii) are reasonably similar to the t-GAS(1,1) model with some differences in 1998-2004
when the time-varying degrees of freedom increases. We compare this model with the time-
varying higher-order GARCH model of Brooks, Burke, Heravi, and Persand (2005), which we
label as the tv-t-GARCH(1,1) model. In their model, the conditional kurtosis evolves indepen-
dently from o2 according to its own GARCH(1,1) recursion. The implied estimates of v; can
be calculated straightforwardly.

It is a notable result that the estimates of 1, from our model shown in panel (iii) are
significantly different than the implied estimates of v; from the tv-t-GARCH(1,1) model of
Brooks, Burke, Heravi, and Persand (2005). In the literature on time-varying higher-order
moments, the factors are typically forced to evolve independently by imposing zero restrictions
on byp and by;. The estimated autoregressive coefficients by; and byy reported in Table 3 for
the GAS model imply that both o2 and v; are driven by the same factor because by, is close
to zero. Accordingly, the estimates of v, in panel (iii) exhibit a similar pattern with the
conditional variance in panel (i). Estimates of 14 from the tv-t-GARCH(1,1) model, which
imposes these restrictions, result in a different behavior for the time-varying degrees of freedom.
The parameter by is estimated to be significant and persistent in this model.

To investigate this result further, we split the sample in half before and after 1998 and
estimated v using the t-GAS(1,1) model with constant degrees of freedom on the two sub-
samples. Estimates from this model on the two sub-samples are reported in the right-hand
columns of Table 3. The degrees of freedom parameter and its standard error clearly increase in
the second half of the sample. Estimates of v on the two sub-samples from the t-GARCH(1,1)
model (not reported) are similar. Although this result may seem counterintuitive initially,
the reason is that large returns during this period are no longer extreme outliers because the
conditional volatility o2 is higher. This provides support for estimates of v; from our model and
some evidence that modeling higher-order moments independently of the conditional variance
may be inappropriate. The models described in this section might be improved further by
linking the time-varying behavior of the degrees of freedom with a time-varying level parameter

wy in the variance. We leave this extension to future research.
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Time-varying multinomial model

Trade by trade financial transaction prices lie on a discrete grid with most price changes taking
only a small number of values. Russell and Engle (2005) proposed modeling this behavior
using a conditional multinomial distribution with time-varying probabilities in conjunction with
their ACD model. We construct a GAS version of their model. Consider the case where the
observed series 1, for t = 1,...,n, has a J-dimensional multinomial distribution with vector of
probabilities 7; and let 7;; be the jth element of this vector. The vector of factors f; will have
dimension J — 1 with elements f;; = In7;; — In(1 — Zj:_ll mj;) where the final probability m;,
is determined by the constraint that they sum to one. Denote 7, and 7; as the corresponding
J — 1 dimensional vectors with the Jth elemented omitted. The score with respect to f;;—; is

given by
Vit = Yjt — -1, (16)
while the diagonal and off-diagonal elements of the information matrix are given by

Iii,tfl = ﬁ-i,tfl(l_ﬁ-i,t*1>7 (17>

Iij,tfl = _ﬁi,tflﬁ_j,tfl- (18>

Combining these results, a GAS(p, ¢) model for the multinomial distribution reduces to

q—1 P
fi = w+ Z AiSiioa (Gp—i — Tp—im1) + Z Bifi—j, (19)

i=0 Jj=1
where the scale matrix S;_; = Z; | can be constructed from (17) and (18). The ACM model of
Russell and Engle (2005) can be obtained as a special case of the GAS model (19) by selecting
the scale matrix S;_; to be the identity matrix. They also add the expected durations from an

ACD model as explanatory variables in (19).

As an empirical illustration, we use transaction data from the NYSE TAQ database on
Royal Dutch Shell A (RDSA) for the month of November 2007. After retaining trades between
9:30 and 4:00, there are 61,690 trades remaining. Panels (i)-(ii) of Figure 3 contain the observed

price changes and observed durations for the first 23,500 trades, while panel (iii) is a histogram
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of all the trades. The observed durations give evidence of diurnal patterns that are typical
of transactions data. In addition, the observed price changes indicate that the probabilities
should contain a similar diurnal pattern, as trades with large tick sizes are less likely during
openning and closing of the market when volume is higher.

In our sample, 98% of the price changes fall within a + 5 tick range of zero (see panel
(iii)), where a tick is now 1 cent after decimilization of the market in 2001. Decimilization
unfortunately causes an increase in the required dimension of the factor f; and a corresponding
increase in the number of parameters to estimate. For this example, f; will have a minimum
of 10 dimensions meaning that the Ay matrix in an ACM(1,1) model will have 100 parameters.
Our solution to this problem is to define new factors ft as f; = &9 + P, ft where ft has

dim(f;) << dim(f;). The GAS(1,1) model reduces to
fi = AP (5 — Foor) + Bifia, (20)

where the matrix ®; must be restricted to identify the model. For illustration purposes, we
selected dim( ft) = 3 and set the upper 3 x 3 elements of ®; equal to the identity matrix for
identification. Following Russell and Engle (2005), we include expected durations in (20) and
jointly estimate the ACD model. We also restrict the matrices B; to be diagonal. Specifying
a multinomial-GAS(1,2)-ACD(1,2) model for this series, some of the estimated time-varying
probabilities for the first third of the data set are shown in panels (v) and (vi) of Figure 3.
Panel (v) is a plot of the probability of a price increase of 5 ticks or more while panel (vi)
plots the probability of no price movement. The model picks up the diurnal dynamics of the
price changes reasonably well with the probability of an increase of 5 ticks or more changing
considerably throughout the day. An alternative observation driven model for trade-by-trade
data has been proposed by Rydberg and Shephard (2003) using the GLAR methodology of
Shephard (1995). We note that a GAS version of their model will be slightly different but close

to their specification.

Dynamic mixtures of models

The GAS specification can provide a mixture framework for probabilities of several competing,

possibly, time-varying models. Assume we have a mixture model with J components where
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each component or sub-model has a likelihood L£j;. Define the vector of GAS factors as the

time-varying mixture probabilities 7;;, which defines a new mixture model

J
'Ct = Z’ﬂ'jtcjt. (21)
7=1

We parameterize the 7;;’s using the logit transformation to ensure that the probabilities remain

in the zero-one interval. The GAS factors are

M= e f=Tn(ry) —In [ 1= |, 99

for j =1,...,J — 1 with the probability of the last component determined by the constraint
T =1— Zg;ll 7. Taking the derivative of the log-likelihood with respect to f;;_1, we obtain

the elements of the score vector

0L, . Wj,tflﬁjt
) - J
8f],t,1 Zkzl Wk,tflﬁkt

— Tjt—1, (23)

for j = 1,...,J — 1. The interpretation of (23) is intuitive. The probability of model j is
increased if the relative likelihood of model j is above its expectation 7;,_;. Otherwise, it is
decreased. The information matrix for this GAS model is not easy to compute analytically.
In our empirical example below, we use a mixture of two normal densities ¢,(y) for j = 1,2

implying an information matrix of the form

Et_l[VtVQ] = 7T1,t(1—7T1,t)Et—1

( $1(y) — ¢a(y) )2
T1401(y) + (1 — m14)d2(y) ’

where the expectation is taken with respect to the mixture distribution. We use numerical
integration to compute the information matrix, which is feasible when the mixture model (21)
contains say J = 5 components or less.

To illustrate the methodology, we consider a time series of quarterly log U.S. real GDP
growth rates from 1947(2) to 2008(2) obtained from the Federal Reserve Bank of St. Louis.
The GAS model is a mixture of two normals with different means p; for + = 1,2 and a common

variance 0. The GAS factor is the probability that the data comes from the normal distribution
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with low mean indicating the probability of a recession. The GAS(1,1) updating equation is
adopted with an information scaling matrix S; that is constructed using current and past Z;;_;
values which are weighted according some exponentially decaying scheme. The local smoothing
for S; is needed here to avoid that S; becomes non-invertible. This GAS model provides an
observation driven alternative to a hidden Markov model (HMM). We compare it to a simplied

version of the model in Hamilton (1989) without autoregressive dynamics, that is

Y = [+ et g ~ N(0,0%),
1 if S;=0
2 if Sy =1
py = P(S,=jlSia=i). i=01 j=01

He =

In this model, the latent variable S; is a regime-switching variable indicating whether the
economy is in a recession or expansion. We base our comparison on the one-step ahead predicted
estimates produced by the hidden Markov model because the GAS factor is effectively a one-step

ahead predictor.

Table 4: FEstimates from the GAS(1,1) mixture and hidden Markov models applied to U.S. log
real gdp growth rates from 1947(2) to 2008(2). Standard errors are in parenthesis.
(41 15 o w A B log-like

GAS 0.208 1.127 0.869 0.360 2.333 0.672 -329.70
(0.008)  (0.005)  (0.003) (0.017)  (0.113)  (0.006)

251 2 o P11 D22 -
HMM -0.090 1.106 0.830 0.741 0.918 -333.17

(0.019)  (0.007)  (0.003)  (0.007)  (0.003)

Estimates of the parameters of both models are reported in Table 4. The estimated values
for each mean are reasonably close. The recession parameter p; for the HMM model is slightly
smaller and negative. Panel (i) of Figure 4 presents the growth rate of log U.S. real GDP along
with the estimated conditional mean mpq + (1 — 7)o from the GAS and HMM models. The
GAS and HMM estimates nicely follow the changes in the mean of the series. The estimated
probabilities of a recession from each model are plotted in panel (ii) of Figure 4. The estimated

probabilities from the GAS model reflect the possibility of the model to rapidly adapt to
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Figure 4: Mixture model illustration: (i) growth rate of log U.S. real GDP from 1947(2)-2008(2) and the
estimated conditional mean from the GAS(1,1) model and the hidden Markov model; (ii) one-step ahead predicted

probability of a recession from each model. NBER recession dates are represented by the shaded regions.

new signals concerning the current behavior of the time series. As a result, we obtain a clear
division of regimes (switches) over time as depicted in the graph. In contrast, the one-step ahead
predicted probabilities produced by the hidden Markov model do not change as rapidly and are
not as clear. The GAS model offers a convenient method for forecasting economic downturns. A
multivariate model incorporating leading economic variables would be an interesting extension

of the GAS model presented here.
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Appendix C : Simulation experiments

In this section, we provide simulation evidence on the statistical properties of the GAS ML
estimators. We present the simulation results for the two illustration models of the main paper
: the bivariate Gaussian copula model with time-varying correlations and the marked point

process model.

Time-varying Gaussian copula model

In our final simulation study, we focus on the finite sample properties of the time-varying
Gaussian copula model described in Section 3.1 of the main paper. We consider the model
specification in (23) of the main paper with a GAS(1, 1) factor. The parameter settings for the
model that generate the Monte Carlo data-sets are given by w = 0.02, A = 0.15, and B = 0.96.
The simulation sample sizes are T = 200, 400, 600. To ensure stationarity of the factor f; and
for numerical stability, we carry out logit transformations for both A and B.

The results from the Monte Carlo experiment using 1,000 simulations are presented in
Figure 5. The density of the parameter estimates are converging toward their true values as
T increases. The rate of convergence appears to be slower for this model than for the marked
point process model in Subsection . The densities of the t-values appear slightly biased for the

w and B parameters. However, the bias diminishes as the sample size increases.

The pooled marked point process model

To investigate the statistical properties of the GAS model for the marked point processes of
Section 4.2 in our main paper, we consider a simplified version of this model. We consider a
cross-section of firms with two possible ratings, R; and Rs, and possible transitions between
them. Neither of the states are absorbing so that no attrition of the panel of firms over time
takes place. We consider panel sizes of N = 250 and N = 2,500 firms. Since the simulation
results for both panel sizes are similar, we only present the graphs for N = 2, 500.

The Monte Carlo study is based on the log intensity equation that is adopted in the appli-

cation of Koopman, Lucas, and Monteiro (2008) and is given by

Ajr(t) = nj + Ui fer, (24)
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Figure 5: Simulation densities over 1,000 simulations of a time-varying Gaussian copula model. The top panel
contains the densities of the parameter estimates, the bottom panels contain the densities of t-values computed

using the inverted second derivative of the Hessian at the optimum.

where 7; is the baseline intensity and 1); is the vector of loadings for f;, and ¢* the last event
time before ¢. The vector of dynamic factors f; is specified by the GAS(1,1) updating equation

(2) with w = 0. In particular, the GAS update equation which in our case are given by

A =m+ [, Aot = Mo + afy, fi = Asy + B f_1,

where s; is given by

St =

Z wjk(t)wj%] (Z Yir (s — Ryx(t) - (¢ — %) - eXPO\jk(ﬂ)%’) : (25)

where w;(t) = Rjx(t) - exp(Ajr(t)) / D255 Bir(t) - exp(Ajx(t)) = Ply;r(t) = 1] is the probability
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of the next event being of type j for company k. The intensities A;; and Ay, are for a R; firm
becoming a R, firm and for a R, firm becoming a R; firm, respectively. The Monte Carlo data
generation process is based on the parameter values 7, = —3.5, 7o = —4.0, a = —1, A = 0.025
and B = 0.95. The parameter values are roughly in line with the empirical estimates for the
levels of intensities and the magnitude of the systematic factor as reported in Table 2 of the
main paper.

We consider the sample sizes T' = 20, 50, 100 for the time series dimension in our data sim-
ulations. We generate 1,000 data sets for the Monte Carlo study. For each simulated data set,
we compute the ML estimates as well as their t-values based on the numerical second derivative
of the likelihood at the optimum. As in the empirical application, we enforce stationarity by

parameterizing and estimating the logit transform of B in the GAS equation.

25- N1 25 2 - A 15- B
— 1220, — 7122 —T=20 — =20 —7=20 |
— =50/ I 2.0l— T=50 —&zso =50 ||
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5L / 5L \ 0.5+ r \
36 -35 -34  —4.1 -4 -3.9 5 0 0.025 0.075 0.0 25 50
Density Density _ Density Density ~ Density
0.4f— T1=20, 0.4 =20} — 1= 0.4F—T=20 — T=20
T-,Sgi — 1 04— 1 — = 04— 1%
3l —nod‘ — normal —— noral
. . I O.3j

Figure 6: Simulation densities over 1,000 simulations of a marked point process model. The top panel contains
the densities of the parameter estimates, the bottom panels contain the densities of t-values computed using the
inverted second derivative of the Hessian at the optimum.
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The Monte Carlo results are graphically presented in Figure 6. The densities of the param-
eter estimates reveal that for increasing sample sizes T, the estimates peak more at their true
values. There is some skewness in the densities for the estimates of a and A, particularly for
smaller sample sizes. If we consider the t-values, however, it appears that the approximation by

the normal distribution for purposes of inference is reasonable, even for sample sizes as small

as T = 20.
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