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We provide nonparametric methods for stochastic volatility mod-
elling. Our methods allow for the joint evaluation of return and
volatility dynamics with nonlinear drift and diffusion functions, non-
linear leverage effects, and jumps in returns and volatility with pos-
sibly state-dependent jump intensities. In the first stage, we identify
spot volatility by virtue of jump-robust nonparametric estimates. Us-
ing observed prices and estimated spot volatilities, the second stage
extracts the functions and parameters driving price and volatility
dynamics from nonparametric estimates of the bivariate process’ in-
finitesimal moments. We present a complete asymptotic theory un-
der recurrence, thereby accommodating the persistence properties of
volatility in finite samples.

1. Introduction. Understanding volatility is of fundamental importance for effective portfolio choice,
derivative pricing, and risk management, among other issues. A successful strand of the literature on volatility
estimation has focused on stochastic volatility modelling either in continuous time or in discrete time. This
literature provides alternative methods to filter volatility - an inherently unobservable state variable - by using
return data sampled at relatively low (generally daily) frequencies. An equally successful, but alternative, re-
cent strand of the literature on volatility estimation has recognized the identification potential of return data
sampled at intra-daily frequencies to effectively treat daily volatility (estimated by aggregating squared intra-
daily returns) as an ”observable” quantity, without need for filtering on the basis of low-frequency return data
(for a review see Andersen, Bollerslev and Diebold, 2010 and Mykland and Zhang, 2009a). This second body
of work has seldom investigated the implications of high-frequency volatility estimation for stochastic volatility
modelling. The parametric approaches of Bollerslev and Zhou (2002), Corradi and Distaso (2006) and Todorov
(2009), however, are important exceptions and promising contributions in this area.

We further bridge the gap between arguably the two main strands of the current literature on financial
markets volatility by providing functional inferential methods. Specifically, we study nonparametric stochastic
volatility modelling in continuous time using high-frequency asset price data for the purpose of spot volatility
estimation.

Consider the price/variance system:

(1) dlog(ps) = plof)dt + oy dW{ + dJf,
(2) df(of) = mypy(07)dt + Agy(of) AW +dJf,

*We thank the participants at the SoFiE Inaugural conference (New York, June 4-6, 2008), the Festschrift in honor of Peter
Phillips (Singapore, July 14-15, 2008), the Far Eastern and South Asian Meetings of the Econometric Society (Singapore, July
16-18, 2008), the Hitotsubashi University’s International Conference on High Frequency Data Analysis in Financial Markets (Tokyo,
October 25-26), the LSE Conference on Recent Advances in High-Frequency Financial Econometrics (London, November 15, 2008),
and the North American Winter Meetings of the Econometric Society (San Francisco, January 3-5, 2009) for discussions. We are
especially grateful to Valentina Corradi, Fulvio Corsi, Cecilia Mancini, and Eric Renault for useful comments and suggestions. The
usual disclaimers apply

Keywords and phrases: Spot variance, stochastic volatility, jumps in returns, jumps in volatility, leverage effects, risk-return
trade-offs, kernel methods, recurrence



2 F.M. BANDI AND R. RENO

where {dW],dW7} = {p(c7)dW} + /1 — p?(c?)dWE, dW}} with —1 < p(.) < 1, {W}}, W} are standard Brow-
nian motions, {J;, J7 } are Poisson jump processes independent of each other and independent of {th, Wtz} with
intensities \"(.) and )\‘]{(')(.), f(.) is a monotone transformation, and u(.), ms()(.), Af)(.), and p(.) are generic
functions satisfying suitable smoothness conditions. A similar system, but without jumps in both returns and
variance, has been considered by Reno (2006, 2008) and in recent, concurrent, work by Kanaya and Kristensen
(2010), Comte, Genon-Catalot and Rozenholc (2010) and, in discrete time, by Comte, Lacour and Rozenholc
(2010). The absence of discontinuities in their frameworks naturally results in drastically different approaches to
spot volatility filtering and nonparametric modelling of the dynamics. In light of the presence of jumps in both
volatility and returns, leverage effects, and nonlinearities, the specification in Egs. (1)-(2) nests and generalizes,
as we will discuss below, a large number of popular stochastic volatility models in the extant literature.

The unobservable nature of variance leads to the two substantive aspects of the nonparametric identification
procedure which we propose. In the first stage, we filter spot variance by localizing (in time) appropriately-
chosen high-frequency estimates of integrated variance ftt+¢ o2ds (with ¢ > 0) which are robust to the presence
of jumps. In the second stage, we use the resulting spot variance estimates to identify the parameters and
functions driving return/volatility dynamics (for instance, solely focusing on the volatility equation, )\;(')(.),
my()(-); Agey(.) and, given assumptions on the jump size distribution, the moments of the volatility jumps). The
second stage requires controlling the measurement error introduced by the first-stage spot volatility estimates.
We provide conditions to do so.

Differently from existing work on parametric stochastic volatility modelling, we avoid imposing (possibly
affine) parametric structures. Specifically, we identify the relevant functions (through estimates of the system’s
infinitesimal moments) using nonparametric kernel methods for jump-diffusion processes as originally proposed
by Bandi and Nguyen (2003) and Johannes (2004) in more traditional frameworks, namely in the context of
scalar models with observables. While our identification methods and limiting results apply more broadly, we
provide asymptotic inferential theories for nonlinear generalizations of the successful stochastic variance model
with exponential jumps in variance in, e.g., Duffie, Pan and Singleton (2000), and Eraker, Johannes and Polson
(2003) and the log variance model with normal jumps in variance in, e.g., Jacquier, Polson and Rossi (1994)
and Andersen, Benzoni and Lund (2002).

In order to present ideas in the context of a classical estimation problem, we use Nadaraya-Watson kernel
estimates. However, as we illustrate below, extensions to alternative functional estimation methods may be
readily derived. To this extent, we discuss the local linear and the local polynomial case explicitly.

Finally, identification does not require stationarity. Rather, it relies on recurrence, which is known to be
a milder assumption than stationarity and mixing (see Bandi and Phillips (2010) for a review of identifica-
tion methods for recurrent continuous-time processes). Because of the persistent behavior of daily volatility
series, methods which only hinge on recurrence and do not rely on the information contained in a potentially
inaccurately estimated (in finite samples) stationary density may, arguably, be particularly suitable for this
problem.

2. Infinitesimal moment estimators: asymptotics. We start with the assumptions on the bivariate
process.

ASSUMPTION 1. (The return/variance system) Define the system in Eqs. (1)-(2) on a filtered probability
space (£, (S¢)g<i<oo » P) satisfying the usual conditions. Let f(-) be twice continuously-differentiable. Let all of
the system’s functions be twice continuously-differentiable and uniformly bounded. We assume that there exists
a unique strong solution and that the spot variance process is recurrent in a bounded set.

Sufficient conditions on the system’s functions which guarantee existence of a strong solution and recurrence
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can be found in, e.g., Bandi and Phillips (2010). Under recurrence, for any = in the domain of af and 7 > 0,
ch(|0't2 — x| < r for a sequence of times increasing to oo) = 1.

In other words, the variance process returns to open sets in its range an infinite number of times over time,
thereby making consistent point-wise kernel estimation possible even in the absence of a time-invariant sta-
tionary density. Recurrent processes for which a stationary density exists converge to it and are called positive
recurrent (or ergodic). They are called strictly stationary when started at the stationary density. Recurrent pro-
cesses which are not endowed with a stationary density are called null recurrent. See, e.g., Bandi and Phillips
(2010) for discussions.

The requirement in Assumption 1 of uniformly bounded driving functions is a classical, often implicitly-made,
assumption in the nonparametric literature when letting 7" grow without bound along with a vanishing sampling
span. The requirement of volatility recurrence in a bounded set is less traditional. However, it is important to
remark that both assumptions are far from empirically restrictive since the data - and its transformations -
are clearly bounded. It is easy to show that these assumptions can handle virtually all stochastic volatility
models studied in the literature by suitably modifying the driving functions outside of the domain of the data.
Consider, as a relevant example, the Heston (1993) model. In this case, f(-) is the identity, there are no jumps,
and A(atz) = c\/g , i.e., not uniformly bounded. Denote by &2 a value greater than the maximum variance level
observed in the data. Then, it is observationally-equivalent to consider the Heston model with A(-) replaced by
A(0?) = cy/min(c?,5?), which is uniformly bounded. The requirement of boundedness of the domain of o7 can

be treated similarly. It is observationally-equivalent to replace A(-) with A(0?) equal to A(0?) when o7 < 2 and
to c\/202 — 07, when 52 < 07 < 252. This transformation would create a reflecting upper barrier, analogous
to the reflecting lower barrier at 0 of the Heston model, which would imply recurrence in a bounded set. Also,
notice that the requirement of boundedness of o; makes the requirement of uniformly bounded driving functions
extremely mild. For example, in the Heston model this latter requirement is automatically implied by the first.
Similarly, it would be satisfied by any function of the spot variance process (the price drift, for instance) under
very weak regularity conditions preventing the insurgence of an asymptote at infinity. The addition of jumps
is also not a problem. When the distribution of jumps is not bounded, e.g. when the jumps are exponentially
or normally distributed, we can always replace it with truncated distributions differing negligibly from the
original ones and, therefore, satisfying the assumption.! Importantly, treating the case of variance recurrence
in an unbounded set, and possibly unbounded functions, in full generality solely leads to conditions on the
vanishing rate of the discretization error which cannot be verified empirically. This theoretically-interesting,
but empirically-uncompelling, general case is studied in the Appendix.

The persistence features of variance should be a concern when identification is conducted by heavily relying on
the informational content of the variance process’ stationary density. The use of identification methods which do
not hinge on stationarity (but only on recurrence) is expected to lead to less distorted estimates in regions where
the variance’s stationary density cannot be estimated reliably and, as we will show below, a somewhat more
objective representation of statistical uncertainty. In effect, the size of the point-wise (asymptotic) confidence
bands of each infinitesimal moment estimate will be shown to be an inverse function of the number of visits made
by the spot variance process in the local neighborhood of each spatial point at which estimation is performed.
Such a number will be represented here by the chronological local time of the spot variance process, namely
L, (T, z).

IFor example, we might replace the exponential distribution with parameter pe with a truncated exponential distribution with
truncation parameter b and pdf f(x) = iefm/”é/(l — eib/”f). Instead of having mean pe, the truncated exponential has mean

1—(1+bug)e bre
1ie [7%

T } . This is arbitrarily close to pe for b sufficiently large, and similar considerations apply to the higher moments.
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ASSUMPTION 2. (The sampling scheme) We assume availability of n discretely sampled price observations
over the time span [0,T]. The distance between these n observations is Ay, 7 =T /n. We also assume availability
of k equispaced high-frequency price observations in each interval [iA, 7,iy, 7 + ¢]. In the limit, T — oo,
n— o0, k— o0, Ay — 0, and ¢ — 0.

For any subinterval [iA,, 7, iA, 7+ @] of size ¢, the k intra-period price observations are employed to estimate
spot variance (E?T In with 7 = 1,...,n). The n resulting spot variance estimates {8% In EST o O'T} along with

the observable price observations {log PT/n> 108 Par /s -, O pT} are then used to identify the dynamics of the
bi-variate system in Eqgs. (1)-(2). Asymptotic conditions on T',n, A, 7, k and ¢ for consistency and asymptotic
normality of the relevant estimates will be listed in what follows.

The functions driving the dynamics of diffusion and jump-diffusion models are known to have infinitesimal
conditional moment representations which can be exploited for the purpose of nonparametric identification.
Our strategy will be to identify (and discuss an asymptotic theory for) the infinitesimal conditional moments of
the bi-variate system (in this section) before backing out the relevant functions from the estimated infinitesimal
moments (in Section 3).

To this extent, we identify the j-th infinitesimal moment of the variance process, i.e.,

(3) 0/(x) = lim B [(f(o}a) ~ @D lo? =] =1

A=0 A

by virtue of

n—1 .
ZK ( din_ > |:f(A(2z+l)T/n) - f(azzT/n):|j
An,T ZK( zT/n_x>

where K(-) is a kernel function and the unobservable spot variance is replaced by suitable estimates EET In for

0 (z) =

i =1,...,n. Specifically, we use a localized (in time) threshold realized variance estimator (Mancini, 2009):

(4) 'LT/n = ¢ Zrm r2 <o}

where 7 j = 108 Pir/ntjo/k — 108 DiT/nt(j—1)¢/k 1 the return between two consecutive intra-period observations
in the interval ¢ and ¥ is a threshold such that ¥ — 0. The spot variance estimator we use ought to be robust to
jumps in returns and identify spot variance (as ¢ — 0 with & — 00) even in the presence of price discontinuities.
By eliminating discontinuities larger than the threshold ¢, threshold realized variance is a natural way to filter
jumps in prices. By adapting the results in Mancini (2009), which are for integrated variance, to the spot variance
case, it can be shown that

(5) K2 {57 - o}} MN (0,201)  Vt>0

k—o0 ¢—>0 ¥—0

where M N stands for mixed normal, provided % (% log (%)) — 0 (as ¢,9 — 0 with £k — o0) and k12412 - 0

(as ¢ — 0 with k — o0). The former condition guarantees that the threshold goes to zero more slowly than the
(squared) modulus of continuity of Brownian motion, thereby only annihilating the genuine jumps, while the
second condition eliminates the asymptotic bias of the estimator. A similar approach in the absence of jumps
has been followed by Fan and Wang (2008), Mykland and Zhang (2008) and Kristensen (2010). Importantly,
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Eq. (5) leads to a probability bound O, (kl /2> on the measurement error {Etz - af} which is point-wise and,

hence, insufficient for nonparametric inference on the infinitesimal moments of the system. In Appendix A,
Lemma 6, we provide a uniform result.

The kernel function K(.) satisfies the following property:

ASSUMPTION 3.  The function K(z) is a nonnegative bounded, twice continuously differentiable, and sym-
metric kernel defined on a compact set S satisfying [(K(s)ds =1, [(K?(s)ds < oo, and [ s°K(s)ds < co. The
kernel’s derivative are absolutely integrable.

Finally, we turn to the conditions on T',n, A, 7, k, the bandwidths ¢ and h, p, and the threshold ¥ for
consistency and weak convergence of the infinitesimal moments when spot variance is estimated.

ASSUMPTION 4. Define Lye (T,x) = Z K ( ZT/" >, a classical (infeasible) nonparametric estimate

of the spot variance’s local time. Assume k n, T — 00, AnT —0,¢—0, hyr — 0, and 9 — 0. The following
conditions will be requested, when appropriate, as specified in the statements of the Theorems (C' is a constant):

(4.0) % <Z log <2>) o0,

(4.1) hn,TlAng (T,z) “3 o,
An T

(4.2) — — 0,
hy

(4.3) RS ;L2 (T, z) 23 O,

AnTVEa2 T,.%' a.s

(4.4) : 372 ( ) = 0,

hn/T

4 T =
( 5) g(”’? 7ka¢) h Tk1/2 hnT _>07
hnT
(46) g(’I’L, Ta ka ¢) — — Oa
An,T
1
(47) g(n7T7ka¢)F — 01
n, T’
(4 8) hn TLU2(T7 l’) (n T, k, ¢) —S> 0,
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(4.9) 1 Loz (T, 2)g(n, T, k, ¢) L g

n, T’

Assumption 4.0 is needed to guarantee that threshold realized variance eliminates discontinuities whose order
is larger than that of the modulus of continuity of Brownian motion. Assumptions 4.1 and 4.2 are necessary
for consistency (in probability) of the kernel estimates of the infinitesimal moments under observability of
the spot variance process. Assumption 4.6 and 4.7, along with Assumption 4.1 and 4.2, yield consistency of
the infinitesimal moments when spot variance is not observable but is, instead, estimated by virtue of the
estimator in Eq. (4) above (Assumption 4.6 applies to the case j = 1, Assumption 4.7Aapplies to the case j > 1).

Assumptions 4.1, 4.3 and 4.4, guarantee weak convergence, at the optimal MSE rate L2 (T, x)_4/ 5 of the kernel
estimates, again under observability of the spot variance process. Assumptions 4.8 (j = 1) and 4.9 (j > 1), along
with 4.1, 4.3, and 4.4, yield weak convergence when spot variance is estimated. Assumption 4.9 suffices for the
weak convergence of all infinitesimal price moments and the drift of the price equation (risk-return trade-off)
since prices are observed.

REMARK 1. Call a(T) the almost-sure divergence rate of the spot variance’s local time. Consider the case
j > 1 (estimation of all functions excluding the drift). To make the relevant orders explicit, it is worth rewriting
the assumptions for consistency in 4.1, 4.3 (with C' = 0) and 4.7 as follows: h, 7 ~ a(T)™# with $ < 8 < 1,
¢ = o(a(T)"2PA, 1) and o(k) = A, L log(n)a(T)?. The orders are compatible with low-frequency - daily -
data (n) for the purpose of estimatiné; the dynamics and high-frequency intra-daily data on a liquid stock (k)
for the purpose of spot volatility estimation in the first stage. Since the more stringent condition 4.6 replaces
condition 4.7 and hn,T/Al/2

The conditions for weak convergence (4.4 and 4.8 for j = 1 or 4.9 for j > 1) imply n ~ T35+ with o > 0,
and more stringent conditions on ¢ and k. See Appendix for further details.

— 00, the case 7 = 1 (drift estimation) requires lower (than dally) frequencies.

We now turn to the asymptotics. Here and throughout the paper, Assumptions 1, 2, and 3 are assumed to
hold. We will be specific about which conditions in Assumption 4 will be required for our subsequent theorems
to hold. All proofs are postponed to Appendix A.

- n 52 _
THEOREM 1. (The chronological local time.) Define L,2(T,x) = %"; K <W) Given Assump-
tion 4.0, it holds that

Lyo (Taar)_z =1+0, (ig”) +Oylg(n, T, k, ).
hon, T f() ( )dS n,T

Thus, if Assumptions 4.0, 4.2, and 4.5 hold, then
n T ZAn T 7
Zz 1 K ( hn,T )

r 0 (0 _m>ds

REMARK 2. When T" — oo (jointly with A, 7 — 0) and the bandwidth satisfies the listed assumptions,

A2

2.

3 z . . . . . .
then 7 B, ZZ 1K A"TT) is asymptotically equivalent to the spot variance’s occupation density even when

spot variance is estimated.
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REMARK 3. The bandwidth conditions in Assumption 4 are written with respect to the infeasible local time
estimator L,2(T,x). This is not problematic. Notice that, in light of Theorem 1 and its proof, we can write

ZO.Q (sz)

= 02—z A"vT
Ly (T, x) Pt foTK<hSnﬁ>dS B 1+ 0, <hi7T> + Op(9(n, T, k, 9)) »
E T N EO-Q (sz) o A’n ?
0’2( ,$) : p crgfz 1+Op (h,QYT)
hn,T fO K( hn,T )dS n,T

i;*T — 0 and g(n,T, k,¢) — 0.

n,T

thereby yielding asymptotic equivalence between Eoz (T, x) and Egz (T, x) if

THEOREM 2. (The infinitesimal moments.) If Assumption 4.0, 4.1, 4.2 and 4.6 (for j = 1) or 4.7 (for
j > 1) hold, then
07 (x) 5 07 (x) Vj>1.

If 4.0, 4.1, 4.3, 4.4 and 4.8 (for j =1) or 4.9 (for j > 1) hold, then

Vhng L2 (T,2) {#(2) = 9/(2) = Ty (2) } = N (0,Ka6% (2)) V) =1,

where, given the process’ invariant measure s(dx),

Ty (2) = h2 7K, [e]”(.@i () | %ej” (m)] .

REMARK 4. The look of the result is similar to that of classical findings in nonparametric kernel estimation.
However, because of our assumed robustness to deviations from stationarity, the empirical chronological local
time of the process replaces T in the rate of convergence whereas the invariant density of the process s(.)
replaces the stationary probability density p(.) in the bias expression. The stationary case is a sub-case of this

more general result for which L2 (T, z) "> Tp(z) and % = %. Importantly, the result provides an intuitive
representation of statistical uncertainty by inversely relating the width of the asymptotic confidence bands to

the number of visits at the level x at which point-wise estimation is performed.

REMARK 5. (Local linear and local polynomial estimates) As indicated in the Introduction, while we
illustrate the results by employing traditional Nadaraya-Watson kernel estimates, extensions to kernel estimators
with superior asymptotic mean-squared error properties can be conducted similarly. Among other methods,
67 () could be a local linear estimator of the form

n—1 .
~ - R J
) > K (2, hnr) [f(0(2i+1)T/n) — [(@irm)
=1

) = 5 — ; j=1i
" Z K’L (LU, hn,T)
=1
h
e = 1 812T/n - 9 1 6-\'LZT/n -
K, (x,h = K Iy — (03 — K Tr
2 ('T7 n7T) hn,T hn7T n,2 (UZT/n x) hn,T thT n,1
with

n

~2
~ s 1 Oir/n — T
L = Z(U?T/n - z) h K ( / >

i—1 n, T hn,T
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for s =1, 2. More generally, it could be a local polynomial estimator defined by minimizing {ag, o, ..., ap} in

2
~2
UiT/n -7
K| ——
( hn7T >

where 5{[(33) = aop(x) for p = 1 (see, e.g., Fan and Gijbels, 1996). Local polynomial methods for diffusions
without jumps are studied in Fan and Zhang (2003) and Moloche (2002). Consider, for example, local linear
estimates of the conditional moments. All bandwidth conditions would be preserved. In fact, the statement in
Theorem 2 would remain unchanged with the exception of an intuitive (given existing work in discrete time)

modification of the asymptotic bias: T'g; () would become hinKl [Oj/(:v) i((f))] .

o ((FG2 ) — FGE) @
3 (f(a(%+1)T/Z> - f(UlT/”)) =3 (@), — )"
n, u=0

=1

3. Return/volatility dynamics: asymptotics. Recent empirical work has emphasized the impor-
tance of models allowing for rapid increases in stock returns’ conditional volatility (see, e.g., Bates, 2000,
Duffie, Pan and Singleton, 2000, Pan, 2002 and Eraker, Johannes and Polson, 2003). Such increases cannot be
yielded by the small Gaussian changes implied by classical diffusive stochastic volatility models. Jumps in
volatility provide an important means by which sudden volatility jumps translate, due to persistence in the
volatility dynamics, into lasting, higher volatility levels (see Eraker et al., 2003, for discussions). In the pres-
ence of jumps in volatility, the high-order infinitesimal moments of the volatility process can be employed to
learn about the intensity of the jumps and the moments of the jump size distribution as suggested, in more
conventional scalar contexts with observables, by Johannes (2004) and studied formally by Bandi and Nguyen
(2003).

To this end, we now turn to the identification of nonlinear generalizations of two stochastic volatility mod-
els which have drawn particular attention in recent years, namely the square-root stochastic volatility model
with exponential jumps of Duffie, Pan and Singleton (2000) and a log-volatility model with Gaussian jumps
in the spirit of Jacquier, Polson and Rossi (1994, 2004). It will be apparent in what follows that alternative
specifications may be readily adopted provided the identification scheme is modified accordingly.

Generalized Duffie, Pan, and Singleton (2000) model. Write Eq. (2) with f(0?) = ¢? and dJ7 =
E7dNY, where £7 ~ exp(j¢). In Duffie et al. (2000) and Eraker et al. (2003), m,2(07) is affine, A,2(0?) is a
square-root process (A2, (07) is also affine) as in Heston (1993), and A,2(07) (i.e., the intensity of the Poisson
jump NY) is constant and, hence, independent of the state (see, also, Andersen, Benzoni and Lund, 2002 for
an affine stochastic volatility model with \,2(c?) = 0). Other papers allowing for jumps in returns, stochastic
volatility, but without jumps in volatility are, for example, Bakshi, Cao and Chen (1997), Bates (2000), and
Pan (2002). These papers find evidence for misspecification in the volatility dynamics pointing to the likely
presence of discontinuities in the volatility sample path. We leave the functional form of the variance drift,
diffusion, and jump intensity unspecified. Now, notice that

el(i) = mUQ(x)+HE(x))‘02(x)a 93(33) = 6:“’2(1:))‘02(1‘)7
0°(x) = AZ:(x)+ 2u¢(x)A2 (), 0 (z) = 24p¢(x)\2(2).

Hence, consistent identification of the relevant functions may be conducted by computing:

(6) pe(r) = ——,
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ENPY PR )
(7) )‘02() = 242221(1‘)’
(8) A2:(z) = 0°(2) — 20 (2) Ao (@),
(9) Mo2(z) = 0M(z) — fig(x)Ag2(2).

Alternative identification methods may of course be employed. We choose here to present the main ideas by
considering the most intuitive scheme.

Generalized log-variance model. Write Eq. (2) with f(0?) = log(c?) and dJf = £°dN7, where £7 ~
N(O,ag). As earlier, we extend the classical log-linear model by allowing for a nonlinear drift, diffusion, and
intensity of the jumps. Write

el(x) = mlogaz(x)7 94(‘T) = 30’21(1"))‘10,@;0'2(1")7
02 (z) = ARg,2(2) + 0F(2)Nog o2 (@), 0°(z) = 150¢(2)Nog 02 ().

A potential identification method, along the lines of Johannes (2004) and Bandi and Nguyen (2003) in other
contexts, is:

2 . 56@)

(10) 53(z) = e

TR AC))

(11) )‘logch() - 38?(.%‘)’
(12) AL, (1) = 0%(2) — GE(x) g2 (@),

(13) Muogo2() = 0'(z).

3.1. Implied drift, diffusion, intensity of the jumps, and jump size: asymptotic properties. For both models,
we now discuss asymptotic inference on the functions of interest. Notice that, for added flexibility, we let even the
moments of the jump sizes be functions of the latent volatility process and estimate them pointwise. If we were

to assume that these moments are parameters, we could estimate them by averaging higher-order infinitesimal
. _ ) R o552, ) I
moments over any fixed time period T* jig = & Z 6 ZT/" ;@ 2 1 Z e ZT/" ) with T'/n — 0 as m — o0
zT/n ZT/'”'

over T < T.

THEOREM 3. (Variance moments: Weak convergence) Assume 4.0, 4.1, 4.3 (with C =0), 4.4, and
4.9 hold.

Generalized Duffie et al.’s model

Expected jump size:
2
n T o § ’ 2 )\ ) (1‘)

(e

Jump intensity:
mfgﬂﬂ@{&qm—xﬂ@§:»ngwKMﬁ@».



10 F.M. BANDI AND R. RENO

Diffusive function:
h1Ly2 (T, ) {K%; (z) — AZ, (x)} = N (0, 40K\ 2 () () -
Drift function (with (4.8) replacing (4.9)):

hn Loz (T, ) {2 (2) — my2(2)} = N (0, Kz (A2 () + 38X, (2)pd(2))) .

Generalized log-variance model
Jump standard deviation:

04 x
L e (.
ogo

Jump intensity:

189

rZorT.2) {Ruogor (1)~ Negon (0] = N (0. 2 Koy () ).

Diffusive function:
h TL 2(T, ) {A o(x) — A2 2 (x )} =N|(0 —88K2)\ 2(:5)04(33) .
n, o logo log o ’15 log o 3

Drift function (with (4.8) replacing (4.9)):

VL2 (T, ) {Titog (@) = migg 2 (1)} = NV (0, Kz (AL, 2 () + Mg o2 (@) () ) )

REMARK 6. In light of Theorem 3, statistical inference on all functions and parameters of interest is now
straightforward given estimates of the asymptotic variances.

3.2. Risk-return trade-offs and leverage effects: asymptotic properties. We now focus on the full system

inclusive of the return dynamics. Given spot variance estimates {GET /n 1=1,..., n} and infinitesimal moment

estimates pertaining to the return process (which we denote by (/9?;(02) with j = 1,2, ...), the relevant functions
and the features of the return jump distribution can be estimated by using an identification scheme in the spirit
of those reported above.

While any jump size distribution may be assumed (by simply modifying the identification scheme reported
below accordingly), here we assume Gaussian mean-zero jumps, i.e., dJ; = ¥dN] with ¢ ~ N(0, Ui), as done
in, e.g., Eraker et al. (2003). We may therefore employ

0p () 5 0} ()
14 Ax:@}x, 02 (x) = =~ N(z) = L,
(14) i) =@, T = £ )= 303
with
i, A'L2T/n €z j
) ZK (h . ) (logp(i—f—l)T/n_lngiT/n)j
DA i=1 ™ -
07 (x) A j=1, ...

n,T ZK( iT/n .T)

Importantly, if fi(x) is a statistically increasing function of x, then a risk-return trade-off exists. Theorem 4
discusses weak convergence of i(z).
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THEOREM 4. (Risk-return trade-offs: weak convergence) Let Assumptions 4.0, 4.1, 4.3, 4.4, and 4.9
hold, then

hn 1 Lo2 (T, x) {fi(x) — p(x) — Tp(x)} = N (0, K20 (2)),
with

L) = 2K lu’ @5+ <x>] ,

where 04(z) = z + X" (z)E(¢?).
To complete the system one now has to identify the leverage function. Influential recent work
on leverage estimation in parametric stochastic volatility models includes Harvey and Shephard (1996),

Jacquier, Polson and Rossi (2004), and Yu (2005), among others. Yu (2005) also provides a thorough discussion
of the existing parametric literature. Write

n—l1 G2, —x . .
£ 8 (T ) Gotiirnyrsa) = Youlpiayn)) (@ cayry) ~ £,,))

n ~2
T n % 1o
AN Z; K <hn,T ) acAf(.) (x)

ple) =

)

where Kfc(_) (x) may be estimated by virtue of Eq. (8) or Eq. (12) (depending, of course, on the assumed variance

model).

Theorem 5 shows that p(z) identifies p(z) consistently. The theorem assumes that the same bandwidth is
used to estimate numerator and denominator of p(x) and explicitly distinguishes between the linear variance
case and the log variance case.

THEOREM 5. (Leverage: weak convergence) If Assumption 4.0, 4.1, 4.3, 4.4, and 4.9 hold, then

hor Loz (T, ) {p(z) — p(z)} = N (0, K207 (),

with 07(z) = —29_ Asyvar (A2, (z)) and
{ (2) AT (@) Y ( f(_)( ))

~ [ 40Kz (2) g () if f(.)==
Asyvar (83, (@) —{ %KQAIOgOQ(:f)ag(x) if f(.)=logz.

4. Finite sample adjustments. Identification of the quantities which hinge on high-order moments,
namely the jump intensity and the function(s) controlling the jump distribution, may be improved upon by
allowing for higher first-order terms in the relevant conditional moment representations. Consider only the price
process, for conciseness, but similar expansions may be conducted for spot variance. Write

0 (@) = 3N (2)o () + 3 [03(2)]” Anz + O(AL 1)
—_———
correction

and

05(x) = 15)\’”(3:)03(:6) + 1593(9@)(3)\r(x)af;(x))Aan + O(A%T)

correction



12 F.M. BANDI AND R. RENO

= 15)\7"(3:)05‘,(@ + 1502 (x) (02 (x) — 3 [03(9@)}2 Ap1)An 1 + O(Ai’T).

Hence, if we assume 012/) is a parameter, as in the next session:

~ . ~ - 2
| o B 158G, (0467, 3 [3@,)] Aur) Au

~2
v~ 5, P P 2 ’
n 01(G2r) — 3 |026%,,)| Anr
~ 2
wr o 0MG) ~3|0Gy) | Aur
X (z) = — Gy .

~4
30y,
These additional terms are asymptotically negligible (thereby not affecting our limiting results), but may play an

important role in finite samples. Because of the noisy nature of returns, they do so particularly when estimating
return dynamics, as we show below by simulation.

5. Simulations. We simulate S&P 500 returns from the bi-variate system:

(15) log(pia,) —log(pr) = bA 4 \/07Dvep + e J],
(16) UterAt _th = H(e—U?)At—FJU\/O'%At&g—i-f?Jf,

where {J/, J7} are Bernoulli random variables with constant intensities \"A; and A\?Ay, {e}, €7} are standard
Gaussian random variables with correlation p, i, is a mean zero Gaussian random variable with standard
deviation o, £ is an exponential random variable with mean /i, and A is a time-discretization (one day).
The parameters are those in Table III, Column 5, of Eraker et al. (2003). To illustrate the impact of measurement
error, we implement our estimation procedure using the true spot variance af as well as a noisy spot variance

4
measure contaminated by estimation error. Coherently with equation (5), the latter is defined as 67 = o2+ 2%

€, where the €,’s are iid standard Normal draws and k& = 1,000. This choice of k is consistent with the typical
number of intra-day observations available for liquid financial assets. We use a second-order Gaussian kernel for
all moments. The corresponding bandwidths h,, 7 are selected using the rule of thumb h,, 7 = 1.06std (?7}2) n=1/5,

Fig. 1 reports the means and the empirical 95% confidence bands of the estimates along with the true
functions. The volatility dynamics are accurately estimated. The most significant deviations from the true
values occur in correspondence with the intensity and the standard deviation of the price jumps. Panel (a),
which is in logarithmic scale to display the true function and its unadjusted estimate on the same plot, illustrates
this result. The use of first-order corrections (as described in Section 4) restores approximate unbiasedness of
the price jump size and intensity estimates. Such corrections are implemented here solely for the price moments.

The impact on the estimates of the introduction of measurement error in spot variance is small, the most
relevant effect being on the leverage estimator. This is a small-sample issue which is well known even for alter-
native approaches to nonparametric leverage estimation with high-frequency data, see e.g. Mykland and Zhang
(2009b). We leave the study of a suitable small-sample correction for future research. Finally, even though our
bandwidth choice is sensible, the use of smoothing sequences tailored to the divergence properties of the local
time factor is expected to deliver superior performance. The design of optimal data-driven bandwidth selection
procedures for infinitesimal moment estimation in the presence of jumps is an important open problem which
is beyond the scopes of the present paper and is, therefore, better left for future work.

6. Conclusions. We study stochastic volatility modelling with jumps in continuous time by employing
functional estimation procedures. Preliminary jump-robust estimates of spot variance are employed, in conjunc-
tion with functional estimates of the model’s conditional moments, to learn about the functions and parameters
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F1G 1. Displays the true functions of the system (15)-(16) and mean estimates across 1,000 replications. On the x axis we report
the square root of the spot variance in daily units and percentage form. When using the true variance, the mean of the unadjusted
estimator 33, 18 3.47, while the mean of the adjusted estimator gf/, 15 17.72, with a 95% confidence interval given by [4.56,33.91] (the
true value is 8.94). With noisy variance these estimates are virtually the same. When using the true variance, the mean estimate of
e 1s 1.64, with a 95% confidence interval given by [0.782,3.03] (the true value is 1.798). With noisy variance, the mean estimate of

pe @8 1.67 with a practically unchanged confidence interval.
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driving the joint return/variance dynamics. The model and identification methods allow for nonlinearities in
the drift and diffusion functions as well as in the intensities of the return/variance jumps. Nonlinear leverage
effects are also permitted. Our limiting results control for the measurement error induced by the preliminary
spot variance estimates and are derived under the weaker (than stationarity) assumption of recurrence. We
show consistency and weak convergence of all the relevant functions and jump parameters of generalized (i.e.,
non-affine) versions of two widely-employed stochastic volatility models.

A very successful, recent literature as focused on the efficient use of intra-period price observations for the
purpose of estimating variance over the period. This literature aims at being as much as possible model-free.
In the same ”"model-free” spirit, we view this paper has an initial effort to render this literature’s contribu-
tions operative in the context of continuous-time finance modelling under weak assumptions in terms of model
specification and conditions needed for identification.
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APPENDIX A: PROOFS

The proofs are for the general case of driving functions which are, possibly, not uniformly bounded and a volatility
process which is recurrent in an unbounded set. This is a case of theoretical interest when letting T grow without bound.
The proofs, and the statements of the theorems, may however be easily re-conducted to the more familiar uniformly
bounded case. Hereafter, we assume Assumption 1, 2, and 3 to hold. Assumption 5 relaxes Assumption 1 by permitting
unboundedness of the system’s driving functions. The symbol A £ B signifies that A is O,(B).

ASSUMPTION 5. (a) Using Markov’s inequality, we write 1maux LXHT)A"”T‘F(Ug)’ds < sup’F(ag)‘An)T L
n T

A . . E[S‘lpng‘f*("’?) ]
E (:ng’F |> Ap = A} p. The function F(-) satisfies the property Elup, <7 [F(07)]

M(F(c2)) is the mazimal process of F(a?), for all relevant functionals f*(c?) of o2 of the type u(.), m(.), A(),... and so

S

on in our treatment. (b) We further assume that (E [./\/l(F)])?’/2 Apr — 0.

_ BMG )
= EBM(FD)] S L where

REMARK 7. Assumption 5 (a) is a purely technical assumption. If the functions p(.), m(.),A(.),... and the process

o? are not uniformly bounded as T — oo, then f*(0?) will not be uniformly bounded, in general. Thus, the condition
7f+1)An T *

max [y, oo

However, , max f(H_l)A”’T |f*(0?)]ds £ E (sup |f*(a§)’) A will always be valid since M(f*(02)) = sup |f*(c2)] is
s<T s<T

|ds e Ay, 7, which is a routine approximation in this literature, may not be valid as 7" — oo.

lAy, T s

the maximal process of f*(0?) (see, e.g., Borkovec and Kluppelberg, 1998 and Jeong and Park, 2010 for a recent use of

. . . . . 1—0—1 n
the notion in continuous-time econometrics). We therefore write max f ( - ’F (o
1<

iAo g)’ds < SuPng’F(Ug)‘An,T r
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E (sup |F (0§)|> A, =AY . for an asymptotically-dominating function F(-). In other words, we assume the existence
s<T ’

of a "mazimal” maximal process M(F(c?)) and write, by virtue of Assumption 5 (a), max;<;<y, z:rlT mTf(02)] ds X

E (M(f*(02))) Anr < E (M(F(02))) Apr := A} . Assumption 5 (b) is also technical. It simply states that the prob-

ability order of the given power of the maximal process does not dominate the vanishing rate of the distance between

observations.

REMARK 8. In the discretization conditions, we will sometimes use Aj ;. along with A,, 7. The symbol A} 5 should

always be interpreted as having the same probability order as E (M(F(02))) A, 7. Hence, in general, A*’T = 0,(1) (or

0,(1), as in the uniformly bounded case in the main text). In practise, since A% . 1s process specific and cannot be known,
one always has to empirically treat A} ;. as being A, 7, the uniformly bounded case. Treating A}, - as A, r, or assuming
uniform boundedness of the relevant functlonb is - as we have shown in the main text - not restrictive in practise. Since
asymptotics are approximations of data behavior, and the data is bounded no matter how large the time span, using A;T
instead of A,, 7, when needed, is simply an issue of theoretical interest, one which we tackle here explicitly.

LEMMA 1. Write Ly, . r(x) = 2 f) K (” ‘"‘) ds. It holds that hy r Ly, . () “3 00 if, and only if, hy ra(T) —

oo. Similarly, hyrLn, ,7() 50 if, and only if, hy 1a(T) — 0, where a(T) is the almost-sure rate of divergence of the

spot variance’s local time.

Proor. Write Ly, . r(x) = h g fo (U —;) ds. Since o7 is a Harris recurrent strong Markov process, Num-

K (‘Zn_x) ds, where

{R, :n > 1} are the regeneration times, constitute a stationary and strong mixing sequence so that o {(x,k < g} is
independent of ¢ {(y4:,! > 2}. In other words, the increments are not independent but (, is independent of (4o
(Locherbach and Loukianova, 2008). Denote by N the total number of regenerations between 0 and 7' and write

1 Ro o2 —x 1 N rRa o2 —x 1 r o —x
L ) o) = K s dS + / K ( S ) / K ( S ) dS.
h ,T,T( ) hn,T -/0 < hn,T > hn,T Z Ry 1 hn,T hn,T Ry hn,T

n=1

melin splitting in continuous time (Nummelin, 1984) implies that the increments (, := T R .

Since there exists a function a(T") such that N ary = Oas. (1) (see, e.g., Theorem 3.1 of Locherbach and Loukianova, 2008),

we may work conditionally on w € Qp = {w ca <limsupg_, o % < a} for some « and @, so that 0 < a <@ < 00, as
in Bandi, Corradi and Wilhelm (2010). Now,

a(T) R 2
1 " -

S :/ K (”S m) ds + 0q.5.(a(T)),
hn,T =1 Rn—1 hn,T

where a(T") should be interpreted as its integer part and the order term derives from the same argument as those in the
proof of Theorem 5.1 of Karlsen and Tjostheim (2001). Then,

o) R 1 o2 —x
L = K[| ds | —
hn, T,T( ) Z ‘/Rn1 h/n,T ( hmT ) S Hh,, (LL')

n=1

L, rr(x) =

+ a(T),uhmT (SU) + Oa‘s.(a(T)%

where pup,,, () ( o fR (U _m> ds) . This implies that

a(T) 2
1 o —x
hnTLthT = nT E [(/ h TK< ;L - )d‘s)lu’hn,T(x)
R, 1 ''n, m,

Since Var ( a(T) [( R hn p. ((Zn_;) ds) — Phyr (x)D =0 (Z(iTTU7

+ O(hp1a(T)) + 04.s.(hpra(T)).

(17) hp1Lh, »7(x) = O)p ( a(T)hn,T) + O(hp,1a(T)) + 0q.s.(hn,ra(T)).
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Thus, hn 1L, ».1(2) % 50 only if hpra(T) — oo. In addition, hy, 7L, .. 7(x) %0 only if hyn,ra(T) — 0. We now turn
to the ”if’ part. Let hj'y = ca —A(T), using the method of proof in Bandi, Corradi, and Wilhelm (2010), Proposition 1:

a(T) R, 1 o2 _
R / K( S )ds a z)| >0
Tp ’ 7;1 Rn—1 hn,T hn,T MhnaT( )

2m
a(T )hzm «1) Bu g 02—z
< K S _
— 62m z:: /n ) hn,T < hn,T )dS :uhn,T(x)
h2m
< %ammh;?
< amH(T)hZL,T
— 52m

am—i—l—,é’m (T)
= Y\ gem )
Thus, the bound goes to zero if m+1— pm <0 or § > mT'H or 8 > 1 for m arbitrarily large. This, however, implies that
hyra(T) = ca™P+1(T) — 0. Then,

hn,TLhn‘T,T(z) = Oa.s.(a(T)hn,T) + O(a(T)hnT)

which implies that by, Ly, . r(z) “3 0 if hy pa(T) — 0. Similarly,

R 2
" 1 ol —x
K= ds | — T
/Rn1 hn,T ( hn,T ) ) /’l’hn,T( )]

1 a(T)
limsup P | ——
Tp a(T) Z l(

n=1

- (am+1+5m(T)> ’

52m

In this case, the bound goes to zero if —m + 1+ fm < 0 or 8 < mT’Ll or 8 < 1 for m arbitrarily large. This, however,
implies that h, ra(T) = ca #TY(T) — co. Then,

L, ».1(%) = Oa.s.(a(T)) + 04.5.(a(T))

and
hn,TLh,,ﬁT,T(x) == Oa.s.(a(T)hn,T) + Oa.s.(a(T)hn,T)7

which implies that hy, Ly, . 7(z) ©3 00 if a(T)h, 1 — co. O

REMARK 9. The above result makes explicit that h, 7Ly, ,.7(x) = oo is possible only when h, ra(T) — co. More
generally, the result gives a one-to-one map between conditions written in terms of empirical local time (in its continuous
version) and the same conditions written with respect to the almost-sure rate of divergence of the theoretical local time.
The mapping between empirical local time (in its continuous version) and empirical local time (in its discrete version) is
given by Lemma 3.

LEMMA 2. Given Assumption 5,

n—1 oir/n=® \ (+)T/n 2 T o2
i T (TR ) B ot K (5 miothts (257}

T o2—x - T o2—x 2
K (h )ds e K(,;j)ds hy
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PROOF. Write

1 T o2 — ac) 1 =l DAL 02—z 1 An,T 02—z
K(=—=)m(c?)ds = / K(S )ma?ds—&— / K(‘S)mafds
hn,T /0 < hn,T ( ) hn,T Z; Ay hn,T ( ) hn,T 0 hn,T ( )

1

1 (l+1)An.T 0.2 —r A* T
= K(- d 2
hn,TZ/AnT <hn7T> ( )S+O <hnT>’

i=1

where the order term derives from the fact that

1 An,T <02—x> 1 (0’2—1')
K- m(o?)ds < sup | K [ =
hn,T /0 hn,T ( ) o hn,T 5317:)“ hn,T

for some K, given boundedness of the kernel function, in light of Assumption 2. Using It6’s lemma,
1 n—1 L(Gi+1)A, 1 02— U‘ZT/ —x )
K(-=2 ~K | =L ) | m(o?)ds =
hn,T Zl /An T < hn,T > hn,T ( ’ )

n—1 i+1)A, T s 2
1 / o / /(0 _x> 2 :
E K - m(o;)dv| m(os)ds
h121,T ; AT [ Ay, T han ( ) ( )

oup m(62)| B % - <
s<T n,T n, T

i=1

1 n— (’LJrl)An’T s 2
Y Z /A /A K" (0;; Tx> A (o) dv| m(c?)ds
n,T ,;,— [ZAV o 1Qn, T n,

=1

n—1 i+1)A, T s 2
1 /(+ | / /(a _x> 2 :
E K - A(oy)dWT | m(oZ)ds
B2 o = Jin, [ - oy 1 (03) (03)

5

-1 .
1 < (i+1)An,r 02+ Ao? -z 02—z

K> '1="v =) _ K||x_= m(c?)ds
P N S (x(EEE) - (%)) | med

Ac2#0, iA, r<v<s

= O+ Oy + P3 + Dy

Thus,

1 T ((')'2 _ Qj) 1 n—1 U‘QT/ — (i+1)T/n
K= m(o?)ds — K| —"— / m(o?)ds
hn,T /0 hn,T ( ) hn,T Zz: hn,T iT/n ( )

=1

Anr
= Bt Dyt Pyt D+, ().
n, T’

Using integration by parts (see, e.g., Protter, 2004, Corollary 2, page 68):

(’L‘Jrl)An,T S 2 (’L‘+1)An7T 2 (’LJrl n, T
/. [ [ow(% T“)m(oﬁ)dv] n(o?)ds = ( [ e (%), )( [ a§>ds>
(i—‘rl)An’T S 2_
- / / m(o2)dv | K ( ) m(o2)ds,
iAo A 1

n—1 1
1 (i+1) A, 1 s o2 _ g
b, = —— / / K’ ( v ) m(c?)dv| m(c?)ds
hguT Z AT [ZA h"7T

i=1

n—=1 LG+1)A, 1 (i+1)An, T 2
1 / : / : 5 , (0’ — x) 5
= m(o;)dv| K' | = m(o)ds
h%z,T Z Ap,T l s ( ] hn T (

i=1 )

so that
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A* T 2 _

p “n,T [ Os — X 2

~ K m(os)|ds,
hi,T/o ’ (hn,T )" Sl

since, as earlier,

(i+1)An,r (i+1)An, T
/ ’m )| dv < max / |m(cr§)| dv X E (M(m(c2))) Ap g < AL r

1<i<n iA, T

by Assumption 5. By the limit-ratio theorem (see, e.g., Revuz and Yor, 1994, Theorem 3.12), ¢’1< — ) =
fo T ds
hp T ,T

O, (i T) given that the kernel’s first derivative is absolutely integrable. We now turn to ®5. Integrating by parts, again,

n=l o(i4+1)An 1 s 2
1 ol —x
Q= 5 / / K" (”) A2 (0?)dv| m(o?)ds
2h§1,T Z iAo [ iAot hon, T () (o5)

i=1
n—1 i i
1 (i+D)Anr [ p+1)An r 2 _
= — Z/ / m(o?)dv| K" (05 m) A?(0?)ds
2h’n7T i=1 iAp T S han
A¥ o2 —
p n,T " s 2
E K A
h?z,T ‘ < hnT )‘ ( ) >
by Assumption 5. By the limit-ratio theorem, q)z = ) =0, (%), since the kernel’s second derivative is
()

absolutely integrable. Similarly,

1 n—=1 LG+1)A, 1 s ) o2 — ) )
o3 = / / K(” )Aavde m(oz)ds
B2 1 Z Apr N ho, 1 (@) (o)

i=1
n—1 1

1 (2+1)An,T (’LJrl)An'T ) , 0_3 _r ) .

- Z; /An ) / m(o?)dv| K <hn,T > A(o2)dW:
A* 1 =l o)A 2 _
~ f?/zT 1172 Z/ K’ (Us 33) A(o2)awy | .
hn,T hn T i=1 Anr hn,T
The order of the term 1/2 P fl(itlT mTK (02—7:> A(o2)dW? is O, L and may be derived as

2
1 T o2—a
\/;LH,T fo K< P T )ds

in the proof of Lemma 5. Thus,

0% AZ T

=0
S G PR VN ey =

Finally, using the fact that the variance process is right-continuous, writing 52 as a point on the line segment connecting
2 2 o
oy and o + £7:

n=l (i) A 2 2 2
1 : o5+ Ao, —x o, —x 9
o, = E E K{————— | -K|—+ m(oy)ds
! h’mT i— /iAan < < hn,T ) ( hn,T )) ( S)

1 Aoc2#0, iA, 7<v<s

hj,T §/<l+mw V T/( (U s _x) - K (“2;:)) vg(dv,df")] m(o2)ds
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- hj,T 21/ ; jARVT VAT m(o‘z’)dl}] / <K <0';x) h§0 )U”(ds’dgg)
L me] (e (27) 5 e
hj,T nz_; /;;AT /:AM i) | ‘K (UZ_T:C O (271/5 )) hio,—T
G S L ] (e (0, (22) ) B
g0 (LS e (2 o))

n,T’ n,T i=1
0'2 — X
K’ ( 2 + op (1)) ‘ )\(U?)dS) :
hn,T

Uy (ds, dE7)

) No3)ds

A* . 1 n—1 (i+1)An 1
+-"=0 /
hn,T p(hn’T; iAp, T

Thus, by virtue of Lemma 4 and the ratio-limit theorem,

P A
4 I T

T o2—x p
h,nl,T Iy K ( Pt ) ds 3/2\/

*
AnT

(ggfgc)ds +Op<hn:T>.

hon,T 0 hon,T

Finally,

ol—=x n— 1 iT/n (i+1) T/n
hon,T fO ( hon,T ) m(UE)dS hn, T Z K < —— > sz/n g)ds

e Jy K (5 as e Jy K (55 ) as

DO+ Py + D3+ Py AL r

_ +0, o (o 7 K () )

ano (U;Tx)ds

*
n

A% An, Ao,
O, (m;) +0, <h3j> +0, 3/2\/ — T (02_:6) - +0, o (ﬁ fOT£<G§—z) ds)

hn T
n,T hn. T ’

The result follows from the fact that ﬁ foT K (f—x) ds % oo regardless of the bandwidth choice (see, e.g., Eq. (17) in

the proof of Lemma 1). O

LEMMA 3. Given Assumption 5,

paz 50 K()
(U w)'ds =140, (%) :

n,T
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PROOF. Straightforward from Lemma 2 by setting m(o?) = 1. Clearly, the discretization’s order here is O, (A"—T)

h2
rather than O, <h2 )
n,T

n,T

LEMMA 4. Given Assumption 5, if T AN 0, then

h?L,T
n— 1 i n_ (7,+1)T/1’7, lodres o
1 — X b, T Z K < i ) sz/n fgg UU(d&dg )
VhnT 3 ) ds o =N (O,KQ/\(x)E((f")Q)) .
n,T fO (a T) ds
n. T 7L T
. Ol = i+DA, o o .
ProoF. Write wir/pn (iv1)7/n = \/hilniTK( me >IZ(A+T) T f£§ Ty (ds,d¢7). For all n, T, and h, 7, the objects
{uiT/n,(i—i-l)T/na Sinm, 1 <i<n,n> 1} constitute a martingale difference array. Write
n—1 1 n—1
1 (+1)An7 iT/n o—
Unr = Z/ K 7/ /5 U (ds, d§7) ZUjT/n,<j+1)T/n-
V hn,T i—1 JiAn,T j=1

The conditional variance of U,, ¢ is, for all n, T, and h,, 7,

2
1 n—1 U’QT/ — (i+1)T/n
V., = K=" |E / / Ty (ds, dE Sin
R ( - D [emtasas) s,

1
n—1 2 _ +1)T/n
1 ir/m — T /(+ 2 2
= K| | E; Mo2E((£7)7)ds | .
o 2 ( b ) (/ (B

7 n o +1)T/n o e
Now, write B; [57 07/ MNo2)E(e7?)ds = B, [§107/" E(e7?) (/\(0—5) —A(o—fT/n)) ds + A%, ) B(E?) Ay = a1 + as.
Notice that

(i+1)T/n s , 1 (i+1)T/n s .
a; = El/ E(¢7?) / X (02) m(o2)dv derfEi/ E(¢7?) / X (02) A*(02)dv | ds
iT/n [7ANSY 2 iT/n AT

(i+1)T/n s , (i+1)T/n s ,
+E; / E(¢7?) / A (02) A(o2)dW, | ds + E; / E(¢7?) / A (o) / €7%0(dv, d¢°) | ds
ZT/’I'L Z‘AnyT ZT/’I’L ’L‘AnyT §

(i+1)T/n s ,
(18)  +E: / E(c72) / A (ﬁ)A(ﬁ)E(gﬂ)@) ds

iT/n

(i+1)T/n s , 1 (i+1)T/n s .
= Ei/ E(£7?) / A (02) m(o2)dv ds—l—fEi/ E(¢7%) / A (02) A*(02)dv | ds
iT/n [7ANSS 2 iT/n iAp, T
(i+1)T/n s ,
+E; / E(¢7?) / X (o) Mo2)E(E7)dv | ds
iT/n iDp, T

= 11 + a2 + ag3.

Given monotonicity of the expectation operator,

(i+1)T/n (H+D)Anr ,
on < BEE, | / X (o) mo3)ldo ) ds < A, BB (Anirsup N (o) m(o?)]).
i t<

’LT/’!L .An,T
But, using the law of iterated expectations

/ 1 /
P (Ei (AmT sup |\ (o7) m(of)|) > e> < -E {EL <An7T sup [A (o7) m(af)|>}
t<T t<T

€
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Thus, aq1 e A:‘%TA,L’T. Similarly, o 2 A:‘L’TAH,T and a3 2 A;TA,L,T. Thus, as is the dominating term, yielding
A, T — U7L2T/n -
Vor & =Y K| = | Ao, E(E7
n, hnT ; hn,T ( zT/n) ( )

. (i+1)T/n 0%, —x (+1)T/n
( L ) [ aehEe) ZK2 </> [ (Nt - M) Bl

iT/n iT/n

The lower-order terms in fTZ'/F;)T/n (/\(O’?T/n) — Ao )) E(£7?)ds are fTZ—/T)T/" E(¢9?) (szn . Y (c2) A(Ug)de) ds and
fZ(ZH Tin g(eo?) (szn . A (02) fﬁ"%(dv,df")) ds (c.f., Eq. (18)). Now notice that

T/n
(i+1)T/n s ,
/ E(¢7%) ( / A (02) A(ag)dWU> ds <E(E7?)Anr max

iT/n i, T Ay p<s<(i+1)A, 1

/z Y (02) A(o2)dW,

vAn,T

, 2
Burkholder-Davis-Gundy inequality (e.g., Revuz and Yor, 1994, Theorem 4.1) implies that, for f*(02) = (/\ (c2) A(a%)) ,

)

E((¢7)%)A, 7E < max /S X (02) A(o)dW,

Ay, 7<s<(i+1)A,, 1T iy 1
(i+1)An.1 s\ V2
< o\2 ! 2 2
= CE((& ) )An,TE (/iAn,T ()\ (Uv) A(O’v)> dU)
1/2
< OE((f”)Q)AmTE( yAnT)
<T
1/2
< CE((€7)?)A 3/2E(sup|F !)
1/2
< CB((E))AY? (E <sup 1F<a§>|>)
s<T

£ An,T (AZ,T) 1/2

Hence, the order of the term f(jz,—;;)T/" (€72) N Ao

( 2)dW, ) ds is An’T(Ath)l/? The same applies to
fZ(H—l T E((€9)?) (fls X (02) [ €7%0(dv, dg” )ds In consequence, f(Tlﬁ T ND)E((€7)2)ds 2 AprM(N) 2 A
)

T/n AnT
A: TATL T

is of lower order than Hl)T/n Ao, ) — X0?)) E(€792)ds and dominates. Note indeed that A, 7(A* )1/2 =l
iT/n ) n,T (A% 1) /

1/2 /2
and % can be written as ;EA(}”MT(} , but (A(” T(])c 57— 0. Finally, by Lemma 2,

(a3,
(i+1)T/n
iT/n — T o
( / ) [ aebE(e)as
A iT/n
» 1 T 02—z AL r
2 /K2 (S)A(UE)E(gﬂ)ds =0, / K2’<S>‘]m )| ds
hn,T 0 hn,T hn,T 0

A¥ T o2 -z AN 1
_n, K2// s " A2 2d _ n,TO 7/
oo ([ e (2 wemms) - o (3 |

n,T n,T
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K <“Zn:> ‘ / §0v0(d5,d§”)) .

Now, uniformly in T and h,, r in the set H = [(A;’T)lm/e, €], for an arbitrarily small ¢ > 0

A¥ 1 [T
- 3/2T Op 1/2 /
hn’T h, 0

T

VnT —> U

An,7—0
where U = hﬂ% fOT K? (%) Ao2)E((€9)?)ds. If an appropriate negligibility condition (i.e., a conditional version of the

Lindenberg condition) is satisfied, namely

D,
(19) Ve > 0, Z E{ Uit /n, (7,+1)T/7L1(IU7T/TL (z+1)T/n\>€)|\SZ n} A = 0,

n,T‘)[)
then, for every T" and uniformly in h,, 7 € H
(20) U,r = Z, with characteristic function E(exp(—fUtQ))

Aw T—)

which is a martingale central limit theorem (Jacod and Shiryaev, 2003, Theorem VIII.3.33). Write

ZE{ Ui /o, (i4+1)T /0 (luzT/n (7+1)T/7L\>€)|‘SZT/”}

= ZE{ WiT i, (i+1 T/n|‘slT/n} ZE{ Wi /i, ( z+1)T/n1(|u1T/n (1+1)T/n\<€)|‘slT/n}

n—1

_ _ 2 .~

= Vur E E ¢ it /n,i41)7/m1 TN ISiz/m ¢
=1 K s ) Jianr o (ds,d87) | Sey/hn .1

(21)

Ol i _ . . o
but K (Z/”T> fi(AHT)A"’T §70,(ds, d€7) = Op(/ A}, 7). Hence, since A}, 7 — 0 faster than h, 7 in H , the indicator

converges in probability to 1 uniformly for h,, r € H and, given boundedness of INJ', the Lindenberg condition is verified.
It follows that, as A, 7 — 0, uniformly in 7" and h,, r € H,

d
Un,T — Wﬁ,
where W is a standard Brownian motion. By the scaling property of Brownian motion

Un.r 4w
1 T o2—x ~
\/hn,T Jo K ( hon T ) ds ( — L<Jc,z ,z) )
K| -—2=—_ |das
b, T 70 b, T

Given the definition of V,, 1, the ratio-limit theorem now implies that, as A, — 0, 7" — oo, and h,  — 0, provided
ﬁ;"T — 0 as in Lemma 2,
n,T

Vn,T
T o2—zx
h:,T I K ( ) @
s P K2 (£52) M@)B((€°))da

e ST K (2

3

N—
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S K2 (1) Muh 1 + x) ((€7)2)s(uhn,z + x)du

_ - 1
f K (u) s(uhy, 1 + z)du +op(1)

(/7 ) s@B( ) + 0,00,

Un,T

where s(.) is the variance process’ invariant measure. Hence, 1f " L — 0, =
< v)ds Ay, 7—0, T—o0, hn,T_H:)
ho, v, T ©

s

<\/<focoo K2 (u) du) A(a)E((f”)2)> Z, where Z is a standard normal random variable, by the same argument as in, e.g.,
van Zanten (2000), Theorem 4.1. O

LEMMA 5.  Given Assumption 5, zf — 0, then

h

n— 1

iT/m —+1)T n -
< T/ )‘/;(T/n) / )dWS

it [ () ) w1 (5 ’”)ds o N

PROOF. As for the proof of Lemma 4. O

THEOREM 6 (Consistency of the infeasible estimator.). Write L,e (T,z) = Bn,T Zz 1K (T/’Tm> Given Assump-

tion &, if Sz .

h
1 K3 n 2 2
Pt Zn K (T: pe ) (J(iJrl)T/n - UiT/n) . 1 A% L
-0 (x) =0, +0, h27 .
n n—1 iT/n x A
e D K(”> \/h ( ,LTleK(LT/n w)) n,
o2y,
s D D 11K< 1;4:; )(0(21'+1)T/n*%27"/n) v
Thus, zf }2 — 0 and hy, 1L,2(T,2) “3 0o, then CE— = 0(z).
n T Zn 1 K<7,”11"/7ﬂ>
n,T
PRroor. Write
o2
h'n — Y 1 K( 114?} )(”(Zi+1)T/n_Ui2T/n)
1 -1 T 2 2
hn,T Z?=1 K < ;;7/7T (U(H'l)T/n - UiT/") h,an ‘[()TK(Z%:;)dS
—0'(z) = : ) —0'(z).

A n O Ap,T i/
n,T iT/n n, n K 3 n
D DD (e D DINE (VLR
T 627m>
K(hb ds
n, T

After compensating the measure v, (ds, d¢%) and writing v, (ds, d€%) = v, (ds, d&) — A(0?)E((€7)?) and m(02) = m(0?) +
Mo?)E(£9) instead of v, (ds,d¢) and m(a?), we have

2
1 iT/n "
;LHTZW K( h"I/L,T )(U(QiJrl)T/n*U?T/n)
z 1 An,T
P57 ) 0'(2) ' ()0, ()

1+op(h§ﬁ) 140, ( “T)i 1+0, ( "T)
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nT

it e ) g e

anO < nT)dS

1+0, (522)

nT

T/n " i+1)T/n -
( i /n )fz(T/n) / A(Gi)dWs
Ty (o5
hnlyT Jo (hn )ds
1+0 (—”)
P\ hor

i T 1K< L )ff;ﬁ”/"f£(50>aa<ds,ds°>

Ay,
" i G 0'(2) 0 (@0, (555)
1+O ( nT) 1+O ( nT) 1+Op<2;,T)
T n,T
P ot w TR ) s K( o ) T T e
(72—1‘ (72 o —x
B R Tjo (h;T>d5 n hanjo ( bT) n <hn )ds
140, (37) 140, (787) 140, (%)
An, A
0'(x) 0'@)0, (1) 0, ()

n, ATI
1+O( T) 1+Op(hi;

A*
= a+ﬂ+’y+0p<h2 )
n,T

Finally, as in Bandi and Nguyen (2003),

K( 5 mioas
91 12 9s(a?)
i <H )i (K ) (2552 5 + 420 )

rLT

o) ECON

Also, by Lemmas 4 and 5,

O, -

1/2
h /T\/h T fo (hn;r>dG

’ vo, (52)
and
O h1/2\/ e f: ( i%)ds
' 140, (%)
Thus,

1 n—1 Tl
P Zi:l K <}TL7/IT) (U(2i+1)T/n — Uz'QT/n) 91( o
r)=Up

AL
- = O 75— |-
nT ( iT/n I) hl/Q\/ 1 fTK(UE_a:)dS hn,T

n T n T n, T hn,T

However, the last expression can be written as follows

Anr
vy v RECA b
hn,T LU2(T71‘) nT
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nT
h2

—>0L

since, when — 0, which is implied by (T, z) and ——

S K

) ds are asymptotically equivalent
O

h2
(see Lemma 3)

h

(%

THEOREM 7 (Asymptotic normality of the infeasible estimator.). Given Assumption 5, if hn,Tfaz (T,z) = oo,
~ 5. A% /L 5.

1S Lo2(T,2) 3 C, and 2erYie T g

n,T

n— 1 01.2 n—T
= hon T i1 K ( Z:LT > (J(2i+1)T/n - J?T/n)
BrLo2(T, ) — 0 (z) — Ty (x) | = N(0,Kabs(x))
Ay, n— 1 1T/n -
90" (02) 222

Oo?

s(a2)
where Los (z) = b7, p ([ *K(s)ds) ( et + 4 X )) .

PROOF. Write

hnl,T Z?;11K( 72:/71 x) [1(;“+711)T/nﬁ(“2)d5
Sy G thrn )mw/waﬁmwg
=~ 140, ( "T) + Ap, T —n—1 "z‘T/n””
hn,Tng (T7 1‘) T Fon, T Yo K T 1
e T fK(f/i"; JGEDTI™ [(€7 Y0, (ds,de”) e 6" ()0, ( n:)
ety e wo(5pr) - mon(527)
o2 —x
Tz 2o K( Tonir ) St meds
-6 (2) A
- e I (e )as 0 (2)0, (722)
= hn,TLUQ (T7 I) A -
1+0, (h;T) 140, (% "T)
n,T
—1 T im (i+1)T/n o —1 Ol (i+1)T/n - -
v o7 i K( o )f”/n MoDdWy = Z?—1K< e )J;T/n S (€7) T, (ds, dg°)
Jr
n,T n—1 iT/n x n, T n—1 iT/n z
Rz K () pur stk ()
i I K (55 Jmtoas Hz)
2 o -\ Ay AL
. () 0@0, (32) | 0n(55)
= ho Loz (T, 2) ' : i - nll 4 n
n,T n,T 5
140, (327) 150, (37) 140, (557)
1 n—1 iT/n " (H‘l)T/" o ’ﬂ iT/n (H‘I)T/” o o
T ict K( r/ )sz/n o2)dW S ( 7/ ) T [ (€0) o (ds, de)
_|_
nT n— 1 LT/IL - n— 1 LT/?L T
The result now follows from Lemma 2, Lemma 3, Lemma 4 and Lemma 5, since f}T hn,ngz (T, x)
n,T
in light of the requirement h,, 7 Lq2(T,z) 3 c0. O
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REMARK 10. For the classical uniformly bounded case (A, 7 = A} 1), the above Theorem relaxes the bandwidth
conditions provided in Bandi and Nguyen (2003).

THEOREM 8 (Consistency of the infeasible estimator of higher order moments.).
An

Let p > 2. Given Assumption 5, if
72 ,’T — 0:

n— 1 i n z
Fomot o i K < TZLT ) (U(2i+1)T/n - U?T/n)p

1 AZ,T
! . —Op(z) =0 +Op<h2 )

n,T n— iT/n T n,T

nTZ K< Fon 1 ) hi/; :TTZz 1K(7,T:LnT >

( ihT/niAT)(”(z‘H)T/ —0irm)?
- p— i nmoirm)’
Thus, zf h2 — 0 and hy, 1Ly (T,2) “3 oo, then 5 = 6P(x).
'n. T En 1K<"ihT/n_”>
‘n, T

ProoF. Using Ito’s lemma,

2 2 G+)T/n 2 2 p=l 2 GHOT/w 2 2 p=1 2 o2
(O'(iJrl)T/n — UiT/n)p = p/lT/n (Us* - OiT/n) m(as)ds + p/ (Us* - UiT/n) A(Us)dWs

iT/n
1 @+)T/n 2 2 P=2 5 9
+§p(p - 1) /T/ (Us* - UiT/n) A (Us)ds
P P
) 3 [ At ) (a2 )]
Aoc2#0

S [(o2 802 —o%,,) = (02 — oty ]

Ac2#0
p—l (+1)T/n .

= ( t ) / / (02 = o2yn) (€)™ vy (ds,dg”).
k=0 iT/n 13

Now, breaking up the summation into the term 0 and the term Zk 1, write
Fone, 1 i 'K (GETTI) (U(2i+1)T/n - UiQT/n)p
YK ( e )pfi&”;i”/" (72 o) o
P ()
ey Li K ( T ) Ryl ( - = U?T/n)ZFl A(o2)dwe”
e ik (T

1 n—1 T\ 1 (+1)T/n [ o 5 P22 0
T 2im1 K <hT) 3P0 —=1) [ir), (Us— - UiT/n) A*(o3)ds

2
AnT n— 1 K 9ir/n T
'n T Z < h'n,T

+

+
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k
n— i n- +1)T o — o
nTZ 1K< T )Z ( )fz(;"/n) /n( - _UzzT/n) fg(é- )p kV(dS,df )
n, n—1 iT/n x
fer i (Tt
n— iT/n +1)T/n -
i S (e )m " e vtds, de?)

n,T iT/n T
nTZ ( nT )

= a1+ a2+ a3+ a4+ as.
p
=0, (1 /AZ,T) ,p > 1. We start with

_|_

_|_

Now we prove that sup;r,,<s<(i+1)7/n o2 — T /n

wp o2 oty
iT/n<s<(i+1)T/n
= sup /W(aﬁ)du—i—/ A(oy)dW,, + / /f" (ds,dg?)
iT/n<s<(i+1)T/n
T /n iT/n iT/n

S

sup /m(ai)du + sup /A(oi)qu + sup / /f”ﬁ(du,d&”)
iT/n<s<(i+1)T/n T iT/n<s<(i+1)T/n 7 iT/n<s<(i+1)T/n 7 3

IN

Write
(i+1)T/n

/ m(o = / |m(03)| du & Op(E(M(m)An 1)) z Aj 7
’LT/’I’L<S<(’L+1 T/n |

iT/n

Now notice that, by Burkholder—Daws—Gundy s inequality,

s s 1/2 1/2
E sup / A(o?)dW,| | <CE < / A2(ag)du> <C <E <supA2( A, T)) ~( Z,T)1/2
iT/n<s<(i+1)T/n ) iT/n s<T

1/2
/)'

which implies, by Markov inequality, that the second term is O,((Af 1) The remaining term can be

treated in the same way. We conclude that sup;r/n<s<(is1)r/n |72 = Oirjn| = Op((A% 7)'/?). Now consider
2
SUD;T /n<s< (i41)T/n o2 — U?T/n . Using Ito’s lemma and a similar reasoning we have:
2
wp ot oy,
iT/n<s<(i+1)T/n
- [ @2 = amaius [ o2 - oyaehaw, + [ 26
iT/n<s<(i+1)T/n
T/n iT/n iT/n

° o\2 o ° 2 2 o o
+/mn /5(6 )2 (du, dé )+~/iT/n/§2(Uu 02 1 )E7V(du, dE ))7

which is, again, O, ((A} 1)'/?) since, using the above result, the leading order is fl“;/n Je(€7)?v(du, d§”). Now, by induction,

we obtain the same result for sup;r/,<s<(it1)r/n |75

P
o2 — g?T/n’ with p > 1, since using Eq. (22) and the same previous
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logic, its leading order term is p [, @+ )T/n Je(€7)Pp(ds, d€7) which is Op (A} 7)'/?). Thus,

T/n
Anr
hr

Oy ((A5,0)V2) (140, (

o 140, (337) o
Op ((AZ,T)l/Q) Op \/h ( 1 flTK<"21>d )
T\ vy Jo hl:‘L,T ®
@2 = 1+0, ( - T) 7
0y ((43:0)2) (140, (3:2))
o '

o, (32)
ar = 0, ((A52)"?) Oyfas).
Finally,

711

—1 iT/n 7.+1Tn o— o T/ 7.+1Tn U
Z?_lK( ) S feovtan ) i T K (T ) 1T B )
a5 = +

T Zn 1K <072,T/n_x) nT Zn 1K( iT/n ’E)
n,T hn, T hn, T hn, T

h
x
S 1 K( LT/?L ) Z(T-}-:l)T/ 7D (ds,dE)

N L CNC AL
e Jo ( ) ,LanD (j’ I)ds Op( )

140, (32) 1+0p<ié:;§)

1 ﬁff ( ,LT) o (A;,T>

Op
(e () TG
= +
Ap, n,
1+0, (5) 10, ()
The proof now follows from that of previous results (see, e.g., Theorem 6). |

THEOREM 9 (Asymptotic normality of the infeasible estimator of higher order moments.). If hn,TEO-Q (T,r) “% oo,
h;r’l’TZUQ(T,@ 2 C and # 30, forp > 2,

n,T

n— 1 0-7;2 n— T
Z K ( Z,/LT > (J(2i+1)T/n - J?T/n)p

hn,TLo-Q (T,J)) N o2 .
n, n iT/n
v (G

—07(z) — Tgn(2) | = N(0, Kooy (),

P 0.2 68(02) P
where Too (z) = h2 1 ([ s?K(s)ds) (f’%éz)s?;% +%8%2(2)>

PrOOF. Given the method of proof of Theorem 8, the result follows from the same arguments as for Theorem 7. It is
sufficient to notice that the (sufficient) condition for a vanishing discretization error for the terms ay, as, ag, and ay is

vV L,2(T,x) a.s.

An hn, TLaz (T, x) “¢ 0, and that « is the leading order. Notice, however, that the condition AT 0 can be
n,T



30 F.M. BANDI AND R. RENO

rewritten as follows:

AZ TEO'2 (T7m)h"’l7T a.s.
PRSP =0
h' L ()

n,T"n,T

(23)

a.s.

Now, the vanishing-bias condition hfL)TEUz (T,z) “% C implies that A;‘MTEUQ (T,xz)h, v = 0 (given Eq. (23)) regardless

of whether C' =0 or C # 0. O

2
LEMMA 6. Assume G?T/n is given by Eq. (4). If, as n,k — oo, we have % (‘fc’ log (%) M?(0?) + (%) M%m) %0,

then
~o, ((‘,ﬁ)QMm?)E(M(A)))

max
1<i<n

~2 2
Oir/n — 9iT/n

+0, ((2) MeeME MO +0, ((Z) (B (Mo

SN—
SN—"
2
~
[\V)
=
<
—
>
v

1/2>
- 1/2 oo 1/2 #1/2( 4 oo N
EM(0%)) W) +Op<<¢) M2 o MT) +0, (MV2(42, 0672 + M(m)o)

where M**(f, g) = max(EM*(f), EMF(g)).

ProOF. Write the price process as logp = logp + J, where p is the continuous price component and J is the jump
component. Without loss of generality, for notational convenience, let ¢ < A, 7.2 Write p; = pt, where t; = [l] Ly

‘ . kln
(£ —[E2]) ¢, 4 =1,...,nk. Write

nk—1

~ ~\2
TiT/n =g Y Licieisn) (l0gBin —logp;)”,
=1

which is the spot volatility estimator applied to the continuous component of the price process. Using Ito’s Lemma,

1?%}(” UiT/n U’LT/’I’L
9 nk—1 tit1 s ) nk: 1 tii1 s ,
- 1211?2(” Z 1{7< <1+1}/ /t] )d’U ( )dS + 121%}% ¢ Z 1{z<%<z+1} /tj /tj Uvde N(Us)ds

nk—1

2 tit1 s nk 1 i1 s
-|-1I£La§>§” ¢ Z Lici <’+1}/ (/t TvdW, ) 7sdWs +1I£?§Xn @ Z Liicy <z+1}/ /t o)dv | odW
j=

J J
1 ZT/TL+(,‘Z5 ) )
¢/T/ ogds — iy, | -

+ max
1<i<n

2 Also, the condition ¢ = o(A,, ) is required for estimation of the dynamics, as implied, for example, by conditions 4.6 and 4.7
in Assumption 4.
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We begin with the first component:

9 nk—1 tit1 s ) ) 9 nk—1 i1 s , ,
- i<l i < - Sy
6 2 Mickern) / / ot | edhls < 23 icpauny / / (o) dv ) |(o?)lds
nk—1 ts £
2 J+1 j+1
s 35 > 1{i<%<¢+1}/ (/ Iu(ffﬁ)ldv> |u(?)|ds
j=1 tj tj
nk—1 t. 2
2 i+l
< @ Z 1{i<%<i+1} </ |#(U§)|d5>
Jj=1 tj
2 nk—1 tj+1
(by Jensen’s inequality) < - Z 1{i<%<i+1} / 12 (02)ds
j=1 ) tj
2 ZT/n+¢ ) )
= %/ 2 (Us)ds
iT/n
2
(24) < MW

k

since ;TT//17+¢ p2(02)ds < maxo<i<t [p?(02)|¢p = M(u?)p. The second term can be bounded, using Cauchy-Schwartz

inequality, as follows:

2 nk—1 i s )
P ; 1{i<%<i+1} /tj </tj Uvde> w(os)ds
2 nk—1 s tes i

< p ; 1{i<%<i+1} (SG[IS?;};U /tj o dW, ) /tj |p(o%)|ds

nk—1 1/2

2 i1 Znk—1
g Zl{i<%<i+1} </t ,U/s|d8> Zl{i<i<i+1}< max

= s€[t5t541)

IN

Jj=1

>2

Now, fix € > 0. From Markov’s inequality we have:

/avdWU
tj
S 2 1 S
Pr max /avde >e| <-E max /avdWU
s€ltjstya |Je; € s€ltytyra |Jey

) 2
The probability order can now be found using Burkholder-Davis-Gundy inequality, since

nk—1 s 2 nk—1 b, iT/n+é ,
17._i_. W E wdWy, <C 1 _i_.. . E sdu | < CE sdu | < CoE

Z {i<f<it1} se[ftrj}:dtiiﬂ] /tj o ; {i<f<it1} /tj o, du /iT/n o,du ¢PEM(07)

for some C. Thus, using the steps leading to Eq. (24), the probability order of the second term becomes

= (¢3M(“2>EM(”2))1/2 =2 <¢)1/2M1/2(u2> (EM(0) 2.

Jj=1

é k k

Now we turn to the third term. Write

nk—2

L tit+1 S tnk_2+b¢/k? S
®; (b)) = E 1{i<%<i+1}/t /t 0, dW,, | osdWy + 1{i<%<i+1}/t /t oy dWy, | osdWs,
7 - n nk—2

j=1 J k—2
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with 0 < b < 1. Now, for any two events A and B,
Pr(A) = Pr(AN B) + Pr(AN B) < Pr(AN B) + P(B).

Thus, for every i such that 1 <17 <n,

Pr((max fod,0) 2 ) < Pr (81,4012 618, dor < o) + Pr(®hidis > Buss)

2

IN

2nexp{2 ¢

— } + Pr([®} et > Bakg),

for a generic positive sequence 3, x4, Where the second inequality derives from a Bernstein-type inequality for continuous
martingales (see, e.g., Dzhaparidze and Van Zanten, 2001, Eq. (1.5)) and Boole inequality applied to the max term. Using
Doob’s representation,

. nk—1 i s 2 )
@l nplo=t = Y Liicicitny /t /t ondW, | olds
j=1 j j
nk—1 tit1 s ) s u ,
= ; 1{i<%<i+1} /tj /tj oydv | +2 »/t]- »/t]- oodWy | udW,y, | | ods
k-1 i+ i+ nk—1 tis1 s u
2 2 2
< Z 1{i<%<i+1} (/t (/t Uvdv> asds> +2 Z 1{i<%<1ﬁ+1} (/t </t </t gvde> Uuqu> gsd8>
]:1 J J J:l J J J
nk—1 ti1 2 nk—1 i s w
2 2
= Z 1{i<%<i+1} (/t C’sd5> +2 Z 1{i<%<i+1} (/t (/t (/t O'vdWy) Uuqu> asds>
j=1 J J=1 J J 7
nk—1
<

b ti+1 A nk 1 i1 s u )
E D Licieirn) / odds | +2 ) 1 i / / / oo dW, | 0udW, | o2ds
=1 t; =1 t; t; t

J

) iT/n+¢ . nk—1 i1 s u )
= - ds+ 2 1o, ;i . wdW,, | o, dW,, ds | .
Ely O ; (i<i<i+1) /t /t /t o o olds

Thus, given Markov’s inequality

RSN

Pr([®}, Jo=1 > Buke) <Pr

zT/n+¢ nk—1 ti+1 s u
/ olds +2 Z 1{i<%<i+1} / / / oodW, | 0, dW, | o2ds > Bk
iT/n j=1 t; t; t;

1 ¢ ’LT/’I‘L+¢ nk—1 tit1 s U
< 3 » 7B /T/ otds | +2E 21{i<%<m} /t /t /tovde oy dW, | olds
mE, wl/m j=1 i i i
o 28

Now notice that ) .
o s FEMEY,

since fiT/nH) olds < maxo<i<r |0t = M(0*)¢. Now we turn to the term B. Denoting the continuous martingale

iT/n
/, ttj o,dW, by M; and integrating by parts, we obtain

nk—1

tja s
8 = E Z 1{i<%<i+1} </t (/t MuUuqu> aids)

Jj=1
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nk-1 ti+1 s — nk1 i1 tivn
= E 21{1< Liv1) / /agdv Mo, dWy | | +E 21{1.@@,“} / oldv M,dM,
=1 tj j=1 5 tj tj
nk—1 tjt1 tivr __
2
= E Z 1{i<%<i+1} </ Uvdv> ( Mdes>
j=1 ' tj tj

Now, by Jensen’s inequality, Ito isometry, and Burkholder-Davis-Gundy inequality, we have

nk—1

tit1 5 tiv1 __
E Z 1{i<%<1’+1} /t o, dv \ MdMs
j i j

=1 3

nk—1 . 9
1 i+ g+1 .
= 3 > Licicimy | B </t Uvdv> +E ( )
j=1 j
nk—1 i
1¢ o ! .
< Z 1{z< <z+1}E (/ Uvdu> + = 5 Z 1{Z< <l+1}E ( MS Usds
j=1
| 2
1¢ iT/n+¢ . 1 nk—1 - 2 )
= . ! " d daw,
= 9k </iT/n o.as +2 JZ: {i<i<i+1} /t]» oids se[rtrﬁfﬂ] /tj oy dW,
) ) -
1¢ iT/n+¢ . 1 nk—1 - 2 s
< —-—E d 1 E i o
- 2k (/iT/n ogas +4 JZ: {z< <7,+1} /tj osds + seﬁiﬁ” /tj o
3 Qb iT/n+¢ 4 1 nk—1 . .
- 4k /iT/n ogas | + 1 ; {i<i<i+1} SG[IE?E§+1] /tj oy dWy,
. 2
3¢ iT/n+¢ o 1 nk—1 - 2
S ZEE <[T/n dS —|—C Z 1{z< <z+1}E /J O'SdS
1) iT/n+¢
(25) < GiYE / s
k iT/n
In sum
2 4
5 < 0, BME).
k
and "
Pr([q)zl,n,k]bzl > Bmk,qﬁ) < CQM

kﬂn,k,g{)
Thus, for every By 1.4 > 0,

P (e 81,40 > ¢) < 2mesp { =} 4+, 22D

1<i< 2Bn.k,6 kB k.o

which also implies, for a sequence C, j,

in |@ b 25202 . 2 4
Pr<1maX1<< @44 (0) 2(;) :Pr<max @1, 4 () zc¢>0n7k) SQnexp{_c n,k}+02¢ E(M(oh)

(b Cn,k 1<i< 2/37L,k,¢ kﬁn,k,(ﬁ
Set, now, B ke = c% and Cp p = (EM ) VNog(n /\f Then,

Pr 1 maxi<i<n |(I)z n, k(b)| >cl| < 2n1—c/2 + @
(;5 Cn,k ¢
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which proves that 1  Maxi<i<y 1@}, £ (0)] is Op(Crk) = O, ((EM(U4))1/2 \/log(n)/\/E).

As for the fourth term, write

) nk—2 tit1 s tnk_o+bo/k s ,
@7,k (b) = Z Liicq <Z+1}/ /t o2)dv | o dW, + liicy <z+1}/ /t wlo?)dv | o, dWi.
J nk 2 nk—2
As before,
2
>c) < - 2 7
Pr (112?2(” |(I)z \n, k( )l = C) = 2n exp { 2Bn,k7¢} + Pr([q)z,n,k]bfl > ﬁn,k,¢)'
But,
) nk—1 i s , 2 )
(@5 klb=1 = Z 1{i<%<i+1} / / w(oy)dv | oids
j=1 tj tj
nk 1 i1 s
< % Z 1{7,< <i+1} / /t p(o2)dv | o2ds
nk: 1 i 2 ti 2
< Z {i<i<it1} (/t u2(a§)d8> + (/t a?ds)
J J
<

(e £

]71 J J

1/6 2 iT/n+¢ iT/n+¢
= <> / /14(03)515—1—/ otds | .
2 \k iT/n iT/n

Thus, using Markov’s inequality

zT/n-i—qS iT/n+¢
Pr([@2, s > Buis) < 1 (02)ds + / otds | > B

T/n iT/n

1 zT/n+¢> iT/nto
E / o?)ds + / o.ds
2 k2 Bn k,¢ T/n iT/n )

_ 1B MEY) | 19B(M)
=2 k2B k.0 2 K2Bnke

which implies, for a given sequence C,, 1,

1 max 7, (b 2P*C2 1 P M* (ot 1t
Pr 1<z<n| k( )i >c) <2nexpd — ¢ k _’_7¢-/\/; (o 7“)’
¢ Cn,k 2Bn,k,¢ 2 k ﬁn,k,(ﬁ

IN

where M*(o*, yi*) = max(E (M(c?)) ,E (M(u*))). Now set By o = cw and C, p = M*(c*, u*)\/log(n)¢/k,

then
Pr 1 maxi<i<n ‘(I)z n, k:(b)| >el < 2TL1 c/2 L=
P Ch i 2¢’
. /2N M*/2(6% ut)logn
which implies that 1 3§ MaXi<i<n |<I>Z nk (D) 18 Op(Crk) = Op ((%) ( \/’E‘ JAVALEES )

We now come to the last term:

1 iT/n+¢
7/ Usds - U7L2T/n <

sup
¢ iT/n

2 2
Os = 0iT/n
iT/n<s<iT/n+¢
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S

sup m(o?)ds + A(o?)dW, + &%v(ds,dE”)
Jres [ s |

1T /n<s<iT/n+¢
iT/n iT/n

S

IN

iT/n<s<iT/n+¢ iT/n<s<iT/n+¢ T /n<s<iT/n+¢

/n
Notice that
iT/n+¢
/ m(o2)ds| < sup / |m(o?)|ds = / im(0?)|ds < sup [m(02)] ¢.
zT/n<s<zT/n+¢ zT/n<9<zT/n+¢ s<T
iT/n iT/n
By Burkholder-Davis-Gundy’s inequality
s iT/n+¢ 1/2 1/2
E sup / A(o?)dW,| | < CE / A?(0?)ds < CE (supA2(03)¢> ,
T /n<s<iT/n+¢ o 1 s<T

for some constant C'. Hence,

S

1/2
sup / A(o)dW,| = O, (SupAQ(agkb) .

iT/n<s<iT/n+é | s<T
Similarly,
1/2
/ €7v(ds, dE”) (Sup A(ag)qs) .
zT/n<s<zT/n+¢ s<T
Thus,
max swp |0 ok, [ = 0, (MVR(AZ )62 + M(m)g)
1<iSn T /n<s<iT/n+¢
In sum,

~2 2
1r£ia<xn Oir/n — 0iT/n

- ¢1/2 M*1/2(04,u4)10gn M1/2(J4)logn
= OP<k1/2 \/E +Op T +

(2 0) o (2) e )

+O0,(M2(A2 N2 + M2 (m)g).

2
Finally, using the results in Mancini (2009) we have that, provided limy, s o0,¢—0,0—0 % (f log (%) M2(g2) + (%) M2(N)) =

0, the difference between E?T /n and c?fT /n satisfies

1<i<n
{(log 5j11-log5;)?>9 }

with N; defining the number of Poisson jumps over 1 < i < n. Now notice that

_ > tj+1 s tj+1 s
(logpji1 —logp;)” = 2/ / p(o?)dv | p(o?)ds + 2/ / oo dW, | p(o?)ds

sup /m(a?)ds + sup /A(crf)dVVS + sup /f”z/(ds,dfg)

35

a.s.

~ ~ 1 ~ ~y2| _ 1 ~ ~ 12
WA |G Opr | = mAX P > Licgcipny (08P541 —logpy)") = 7 max (Vi) Oy ((logpj+1 —logp;) ) )
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tj+1 s tj+1 s tj+1
+2/ / o, dW, | osdW +2/ / u(og)dv osdWy +/ des,
tj t; tj tj t;

J

where

2 [ ( /;ma?,)dv) o< [ ( [ ¢u<az>|du> )< ¢ [ ,ﬁ((fg)ds:op((z)z M(M2)>,

2 | | o, / (o) ds = 0, ( (ﬁ)B/ZEwU?(a?»M(m) ,

4 S +
(/ avde> w(o?)ds < sup
j t; tj<s<tji1 J t
tj+1 é
/ o2ds =0, (<k‘) M(02)> .
t.

J

We turn to 2 ft”l ( ft dv) 0sdWs. By Ito isometry and Jensen’s inequality,
ti+1 s ? i1 s g ¢ [l ti+1
E 2/ / w(o?)dv | o,dW, = E 2/ / pw(o?)dv | o%ds | <E 47/ / p(0?)dv | o2ds

IN

4 (fj) E (M(e)M())

i R 3/2
< / | u(cn%)dv) o AW, < 0, ((@ (B (M@%M(u%))”) :

Thus

)

tit1
J!
t;
Finally, consider 2 fttj + ( ftj Uvde) osdW,. By Ito isometry and Doob’s decomposition,
2
( < ovdW ) osdW )
= ( ( avdW ) ggds>
t]+1 tj+1 £ u
- o2dv | o%ds | +E 4/ / 0, dW, | 0y dW, | o2ds
ta tj i tj

/
é tj+1 tj+1 s u
= 2-E / olds | +E 4/ / /avdWU o dW, | o2ds
= by +b

Now writing, as earlier, jj o,dW,, by M, and integrating by parts
J

o tit+1
by < 1 E / olds
t’.

J

tjt+1
J+1

using the same steps above. Thus,

Q/t:ﬁl </t avde> oy dW, = O, ((i) (E (M(U4)))1/2> :
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and

(g1 —logy)’ = op<(‘,f)2M<u2>> +o, ((ﬁ)g/QEwW(o%)M(u)) +o, ((jﬁ)/ (8 (M<02>M<u2>))1/2>

To conclude,

Hence, max |Ni| = Op(E (M(X)) ¢) and

~2 ~9
[2aX 10ir/m — 9iT/n

which completes the proof. O

REMARK 11. In the case in Which the driving functions and o? are uniformly bounded the statement of Lemma 6
simplifies and O(n, T, k, ¢) = (log” 2 g1/2,

THEOREM 10 (Local time estimation with estimated spot volatility - Consistency). Define Zgz(T, x) =

~2
An,T n UiAn,T_l‘
her > i K (hn,T . We have,

- (Tff)_l =1+0, <§2 ’T> + Oy(g(n, T, k, 9)),
R, T 0 ( [ ) ds n,T
where g(n, T, k, @) = @(n T,k,¢).

PRrOOF. Using the mean-value theorem, letting GEA” be a value on the line segment connecting o2

2
) 71A7L,T and O-iAn,T7
write

n
n y—

~ An 3 -
Lop(Toa) = 3% ZK( A"TT )

i=1
_ Aar iK ( iAo +Ai2A",T - U?An,T - x)
hn,T Py hn,T
AN iy T Ant e [ Fian s = Tinnr Tingp =
S () s (e ()
nT 5 nT 5 n,T n,T
Thus,
n T iAp, T x azzAn,T - U?An,T An,T - ’ O—zzAn)T + Op(@(nv T7 k7 (b)) -z
Lo (T, a) ZK( ) S max Tt Fo 2 K ( o7 )‘
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Now, using Lemma 2 and 6:

~ o2 (T, x) 1-0, (A ) 0, (g(n. T, k )
han,T fO (‘71_;7)d8 h% ( ( o )) p( )’
where g(n, T, k, ¢) = @(n Tk, o).

THEOREM 11 (Consistency and weak convergence of the feasible estimator.). 1. Given Assumption 5, for p = 1:

n— 1 AT /m ~ n— 1 iT/n
hon, T Z K ( Ty/L T > (@ (21+1)T/” B O-ZZT/”) hn T Z K < Tr/z,,T ) (U(2i+1)T/” n O'iQT/”)

n n— 1 iT/n T n, iT/n T

n’]’l: Z K ( nT ) n’Iqj ( nT )
A;T g(naTakv¢)hnT

- Op<h27T>+Op( Anr >

0t 5ot
— 0, hmTZ[,z (T,z) “% 0o and % — 0. Also,

Thus,

ifh

n,T

Loz (T, 2)h (51@;) —0'(z) — Ts (:1:)) = N(0, K20%(z)),

if BorVlnr@ Thsf;m(x) — 0, hn’TZ(,z (T, z) “% oo, hn Tng (T,z) “% C and \/nTLig(" Tk ¢)h" T2,
n,T
n 1

2. Given Assumption 5, for p > 1:

n— 1 iT/n T\ A2 =2 P T 2 P
Ton >i1 K ( Bt ) (U(i-i-l)T/n UiT/n) T ( ) a(i+1)T/n aiT/n)
—~2 -
n T n— 1 Gir/n " n T n— 1 iT/n_z
hn,T Z K ( hn,T ) o, T Z K ( o, T

A% g(n. T, k,§)A%1*
on(22) o (o988

P2 g
%1/2
n 1Lo2(T, ) “3 00 and % — 0. Also,

Thus,

if 3
Lo (@)har (07(2) = 07(2) = Tor(2) ) = N(0, Kz6% (),

* T - - = " /2
if 7ATW =0, Aoz Loz (T,2) 3 00, 15 pLoa(Ty) 3 C and \/hy pLpa (T, 2) L 0pD00r @3,

n,T
Ki=K|—2er —) K, =K ([-8er =
< R, ) ' ( R ) ’

= g(’”’? Ta k7 ¢)h7L7T- We have

PROOF. Write

~2 2
and M, k7 = max (UiT/n - UiT/n)

1<i<n
n—1 5 5 p
N ; K; [f(‘f(iH)T/n) - f(UiT/n)}
Op(x) — = n =

An,T Z Kz
i=1
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:i K [ (@ 2+1)T/n) f(az'QT/n)r Z K; { (U(Hl)T/n)_f(AfT/”)r

An,T Z I/i1 An,T Z Rz
i=1 =1

n—1 N N p n—1 v
g:l K; [f(o'(2i+1)T/n) - f( 7,2T/n)j| Z K; {f(U%Hl)T/n) — f(a?T/n)}

+ _ =1
An,T Z Rz An,T Z I/i1
i=1 i=1
(b)
= 2 2 S 2 2 P
Ko |[F(0ayrn) = FOh)] T K [F0faymgn) — Fot)]
+ i= _ = _ )
A1 Y K Anr Y K,
i=1 i=1

()

First we notice that, by the mean-value theorem,

(26) max

1<i<n

F@irsn) = F(07rm)| = Op Mukr) = Op(g(n, T, k, ¢)hn,1).

We further notice that, as in Lemma 4,

max
1<i<n

{f(ggmmn) . f(agT/n)}P o, (AZ}#).

Thus, we have, by the mean-value theorem,

n—1

i; (Kz - K1> [ U(z—i—l)T/n) f(E?T/”)]p O, ( - T) Z K’ <U?T/"+O,ifi\;["’k'ﬂ_w> [f(0(21+1)T/n) f(EiQT/n)r
- Anr 3K, - Anr S K, '
i=1 i=1

Note that
[f(3(2i+1)T/n) - f(az‘QT/nﬂ

= [f(3(2i+1)T/n) - f(5(21+1)T/n) + f(JiZT/n) - f(aizT/n) + f(g(21+1)T/7L) - f(UfT/n)r

p

~ o~ p
< x| [F@yrsn) = F0fayasm) + F@0y) = F@p) + FOFinyzs) = £ |
p k —k
} : p ~ ~ P
- k=0 ( k ) lﬁllnﬁaszl (f(0(2’i+1)T/n) - f(0(2i+1)T/n) + f(UiQT/n) - f(UiQT/TL)) 1§I}1§arz{—1 (f(0(2i+1)T/n) - f(U?T/n))

(27 0, (M, 0+ 2777

Using Theorem 10, the bound becomes

n—1 2
M,, & *1/2 i /ntOp(Mp 1)~
O;D( hn’wkT'T>O(MnkT+A /)han Z:K/( - hn,T = )
(a) = =

JAYR:

LYK,

i=1
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o ([ e (2 ) o

Mn,k,T D *1/2 n,T n, T A,

Op (An,Thn T) Op(My o+ A7) e 2\g + Op n2
hyp, T J0 hn, T s

M, k1 #1/2
S E——

We now turn to (b). Write

n—1 j2 P
Z:l K (f(0(1+1)T/n) f( 1T/n)> (f(g(z+1)T/n) f( zT/n))
a b
(b) = .
An,T Z Kz
i=1
Since a? — b = (a — b) (Yh_, aP~*b*~1), then
2 ~2 P 2 P
| Jnax ‘(f(g(i+1)T/n) - f(aiT/n)) - (f(o—(i—&-l)T/n — (77 n ) ’
_ ~2 ~2 2
= lgr;lgf_l ‘((f(%ﬂ)T/n) - f(UiT/n)) - (f(o(i+1)T/n - zT/n ))

<XP: (f(&?i+1)T/n) - f(E?T/nDpik (f(0(2i+1)T/n) - f(UiQT/n))k1> ‘

k=1

= 0, My k1) Jnax

zp: ( Tlir1yr/n) f(AfT/n))pik (f(0(2i+1)T/n) - f(U?T/n)) o

<i<n-—1
k=1
- ~2 ~2 p=k 2 2 k=t
= OpMaxr) -, x| (F@nyryn) = S@Ern)) | o | (F@hnyrsn) = S@F)) |
Thus, if p = 1, the bound is
Op (Mn,kT) .
If p > 1, the bound is
p p—k k—1
2 2 2 2
Op M) 32z | (FFinyry) = FGlrya)) | | (FoFisnyzyn) = S0ty
p—1
_ ~2 ~2 >|<1/2
= O0p (Mpy,1)0p <1<f{1<a7§_1 (f(J(H»l)T/n) - f(aiT/n)) +A, )

= 0 (M) O (Ml + A1)

using Eq. (27). Thus, if p =1,

OIJ(Mn,k,T) " ’ ; K

mr ’% T fo ( tn T) Mn,k,T

(b) = =0, A )
1+ 0, ($22) + Oylg(n, T, k,6)) n
Ifp>1
n—1
o, (M” oMo TA”/"‘) Anr 3 K
Apn,T *1/2
(b)* anO ( )ds —0 <MnkT+MnkTA />
= =0, )
1+Q(%f)+%@@ww¢» A
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Finally, for (¢) we have

n—1 P n—1 __ n—1
_Z KZ |:f( (z+1)T/n) f(o’zT/n)i| An,T (Z Kl - Z KZ)
o i=1 =1 =1
(C) - n X noo_
A”vT Z K; An,T Z K;
i=1 i=1
CHNEE N A n o -
12n, T 12n, T n,T ! 1B, T
jnax Fon.T R it K ( R, T )‘
= Op(l) X OP — noo_
An T
P, K;
n, T
=1
Y P
= 0,(1)0, ( hn ' )
n,T
Now, if p =1,
M N M M
(@) + (b) + (¢) = O, (”kT (Mn,k,T n Anl:/r2)> Lo, ( n,k,T) o ( n,k,T) .
An,Thn,T N An,T hn,T
2
Note that = m — 0, hence hz” L — 0. This implies that, h” ’;T = MA"’“TThA"TT = 0, (Nk‘k T) In addition, % =
M?L A"- M?L Mn 7" A*l/z Mn
Ai}f;"Thn,fT = Op ( A2k)T) - Op ( Ank T) Flnally’ ’Lk;h",T B Op ( A”kq:T) In Sum’

() + (0) + (¢) = O, (“Z’L’f) .

Consistency now follows from Theorem 8. The same theorem implies asymptotic normality provided
hog L1 () (%) L0 T p > 1,

p+1 x1/2 D *1/2
b _0 M, Y P ANY 0 M, vr  MugprA, 7 0 M, k1
(a) + (b) + (¢) = O, N S~ +0p | 1 + A tOp (=5~ )>
n,Tln,T n,THnT n,T n,T n,T
. . Arl? M, ot M,k r A AL My, o0 AL - M,k r A2
Now notice that, since Ay 700 R = AL R PR o\ Anrhns ) Similarly, — R =
M, o, AL o
OP <AnThnT . In addltlon7
2
) *1/2 p—1 *1/2 p—1 *1/2 x1/2
(28) Mn,k,T i M"yvaAn,T Mn,k,Thn,T o kTA Mn kTA h A —0 Mn7k7TAn,T
- - — B
An,T An,Thn,T Ajy,l’l/'? An,Thn,T An,Th'rL,T An,T An,Thn,T

Similarly, using Eq. (28),

M Morb M (o)
p

An,Thn,T - An Thn T A1/2 A*1/2 B An,Thn,T

n, T —n,T

Thus,
, O MnkTA*1/2
(a) +(b) +(c) =0, m :

Consistency now follows from Theorem 8. The same theorem implies asymptotic normality provided

> Mn,k,TAf,,lf a.s.
hmTLn’T(x) ( = 0.

An,Thn,T

O
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PROOF OF THEOREM 3. For conciseness, we focus on two cases for the generalized Duffie et al.’s specification (f(0?) =
o? and £ ~ exp(pe)). The estimation error induced by the spot variance estimates is handled as in proof of Theorem 11.

L (@ -0@) 0@ (@) - @)

Pel) = ele) = =gty 4(63(2))?
Thus,
= o 6% () (0*(@)* %) . 0 (2)07(x)
b rLo2(T, ) {fie(z) ()} = N <0, 16 (63(x))° + 16.(63(2))" 21693(1,) (93(x))2> :
Similarly,
AMz) — Mx)
o (@ -0®)  16'0) (iels) — pel)
24p* (x) 241> ()
B (94(30) y (x)) 104(2) (54(@ —94(3:)) 0% (z) (@3(33) —93(33))
= di(x)  24(x) 103() 1(63(2))?
(AR @) (1) — 244 (@) (aa, 40°@)°
- (Flammere ) (0-re)+ sty P -ew)
Thus,
hor Loz (T, 7) {X(x) - /\(x)}
4(24)5 (@)6° () — 2411 (@) \ 1)\
= vo. (e ) T+ (24u5(x)4(93(m)>2> r
(24)/2° (2)6° () — 24ps° () 4(04(@))°
+2( 4(24)21(2)63(2) ) (24p5(x)4(93(a?))2 07(33)).
Replacing the infinitesimal moments in the theoretical variances with their definitions leads to the stated result. O

PROOF OF THEOREM 4. The same method of proof as for Theorem 11 leads to the result. Notice that, since prices are
observed, only terms (a) and (c) are to be treated leading to the stated conditions - on the vanishing discretization error
- for weak convergence. O

a.s. h T T, a.s. K T T.,x) a.s.
-8 n, 7L, 2(T,x) 18 o P -2(T,x) -4

THEOREM 12. Given Assumption 5, if hn’TZUz(T,x)i L v , A

= «1/2
ho, L, 2(Tx) [ 9(n,Tk,d)hn, AL 4 a;s>. 0. then
Ap,T An,T ’

0, C and

\/hn,TEUz (T,x)/An {6(:1:) —z(z) — I‘C(x)} = N (0, KQHC(Q:)) ,

with
09 (x) = A*(2)z(1 + p*(2)) + 2A6 (2)E[(67)°] + A*(2) A (2)E[$?] + Ao (2)E[(£7)*] A () B[]

~ ~ * n *1/2 a.s.
Moreover, if hyrLo2(T,z) “3 oo, h3 1 Ly2(T, z) @3, Sn 3’3/22( 50 and /n h, ( Tk(ﬁ)AnT ) =5 ),

TL
then
hn,TEU2 (Tv JU) {Z)\(ZC) } =N (O K2 4 1') AU )

4A



NONPARAMETRIC STOCHASTIC VOLATILITY
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where

[ A0Ko A2 (@) p () if f(.)=
V(z) = { K2)\log02( 5)021(95) if f()

= log x.
PROOF. For conciseness, as earlier, we only consider the case f(

) = 0% and £7 ~~ exp(ue). The case f(0?) = logo?
with €7 ~» N(0 05) can, of course, be handled analogously. We start by separating measurement error as in the proof of
Theorem 11 and write

R ; K; (log(p(i+1)T/n) - 1Og(piT/n)) (0(2”1)1,/” — Z2T/n)
Bla) - = ]
An,T Z K1
i=1
— n—1
2 K; (log(p(i+1yr/n) = 108(pir/n)) Gfii1yr/m = Oor/n) ; K (108(pi+1)7/n) — 108 (Piz/)) (5214 1y2/m — 5% )
T Z Rl An,T Z Kz
i=1 =
n—1 _
_Zl K (log(p(is1yr/n) = 108(0ir/n)) (GF1yr/m = Oir/m) Zl K, (108(p41)7/0) = 108(Piz/n)) (04 1y2/m — 01 m)
+= _ i= n
Anr Y K Anr S K,
i=1 =1
n—1
_Zl K (log(p(is1yr/n) = 108(0ir/n)) (0% 10 /m = T /m) Zl K (108(p1)7/0) = 108(Piz/n)) (024 1y2/m — 01 m)
+= — = n
An’ Z K An,T Z Kz
=1 i=1
(a) + (b) + (o).
We focus on (a) first.
n—1
Z:1 (K KZ) (log(p(iJrl)T/n) - log(piT/n)) (U(2i+1)T/n o 0(21+1)T/n + 0(21+1)T/n o-izT/n + az'ZT/n - O-Z'ZT/n>
() = = —
An,T Kz
i=1
52 n—1
max iDp T iAp.T E K 1T/n+o ( n, k,T)*{E
>;<1/2 1<i<n hn, = hn, T
OP(Mn,k, A + A ) T
An,T K1
i=1
w TR (R ) s
*1/2 Y1 T 02;.7@ + Op ( h2n T)
Mz (Mo AR 4 A% )\ g S (7 ) as o
O, : : :
An,Thfn,T

0 M?lkTA*l/2 Mn,k,TAZ,T
P An,Thn,T * An,Thn,T

1f

L — 0 and g(n,T,k,¢) — 0. We now turn to (b)
7L T

. z; K; (log(p(i+1yr/n) — log(pir/n)) {(8(27;+1)T/n = Grm) — (Ol yr/m — U?T/n)}

At S K;
=1
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n—1
Mn}cTA*l/z An,T Z KZ MnkTA*l/z
LD n,T
R v o\ Tar )

if 7 AnT 50 and g(n, T, k,$) — 0. Finally,

n—1 n o n
> K (log(piy1yr/n) = 108(0ir/n) (07 1y0/m = Ofr/m) D (Z K-> Kz>

i=1 i=1 i=1
(C) = n x noo_.
A"vT Z K; An,T Z K;
i=1 i=1
A'ZA - '2A A ”'ZA -
iBn,T iBn,T n,T n / N A
[pax T 7 o iet K ( T T >’
- P n
An,T P )
hon,T K;
oa=1
_ 0 M, .7
= v, ,
n,T
*1/2 *1/2 1/2
. An,T . Mn,k,T o Mn k, TA An,T o Mn k, TA An,T o
if R — 0 and ¢g(n,T,k,¢) — 0. We notice that e = B A A R AR =
M, ke AL\ AL, A, M,k rAL ;| My pAR2 AZY2 M,k rALE
op | — = ) since h2 T — 0 (and, of course, h2 — 0). Also, Ao = Ar = A )
Thus,
M2, AR M ALY M, o AL M r AL M A*W
nk,T Mg M, MogrB, 17 Mokt AV nk,T
- - - P - X )
An,Thn,T An,T hn,T An,T An,T A*l/zh T An,T
n, T "N,
leading to
1/2
M,, A"
L n,T
(@+ () +(0) =0, (A -
n,T

We can now turn to the estimator based on the true spot variance process. Ito’s lemma yields

(log (p(i+1)T/n) — log (piT/n)) <0(2i+1)T/n - O—i2T/n)
(i+1)T/n (i+1)T/n

_ 2 2 2 2 _ 52 r
= o (O'Sf UiT/n) M(O'Sf)ds + /iT/n (O‘S, UzT/n) osdWy
G+1)T/n
_|_/ /(a?_ - 0,»2T/n> Yo, (ds, dip)
(i+1)T/n
+ / (log(ps—) — log (pir/n)) m(o3)ds

(i+1)T/n
+ / (log(ps_) — log (pir/n)) A(c2)dW?

T/n
(i+1)T/n
+ /T/ / (log(ps—) — log (piz/n)) €00 (ds, d€°)
(i+1)T/n
Y mkad) [ p(02)0uA(0?)ds
iT/n

iAn, r<s<(i+1)An 1
(29) = 0;+05+03+0,4+ 05+ 04+ 07 + Og,
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where Alog ps = log ps—log ps— and Ao? = o2 faf_. For convenience, in what follows we compensate the random measures

vy (ds, dv), vg(ds d¢9) and, consequently, write m(o?) + A\, (02)E[£9] in place of m(02) and [i(02) = u(o?) + A\-(02)E[]
in place of p(0?). Consider all of the terms in turn. As earlier in Lemma 2,

n-l T 2 2 x
K.p(o)osA(oZ)ds AL
3 K0 Ik /}E)TiSdJ sy o) (hz T)

n,T
ATI,
Anr > Ki 1+Op<h2'TT)

In addition,

n—1
E Kl@l 1/2 Al T
=1 * n,
n = OP(An,’J/" ) (1 +OP <h2 )) )
An T Z Kz nT
i=1
n—1
E K164 1/2 A7 T
1=1 * n,
n = OP( n’1/")<1+010<h2 ))
An T Z Kz nT
i=1

Notice also that,
n—1
> K07

i=1

An,T Z Kz'
i=1

=0 a.s.

since, by independence of the jumps, the probability of common jumps is zero (see, e.g., Cont and Tankov, 2004, Proposition
5.3). Now write

1 n—1 n—1
o~ Z K,;0, Z K
R, = 1= =1
1 A r n + - n
- oK r 2
i=1 1=1
Riq Rip
and
1 n—1 n—1
o > K03 . > K
R2 _ =1 + To=1
R Az SN
T 2 - 2
1=1 1=1
Ro.a Rap

Start with R . Express the conditional variance of the standardized numerator ft?;,m = ( Z’;TT) Z K,0O;5 as

(NT;)’”)Q nTAn - Z K2 {/(7+1) (logpsf _ 1ngig)2A2(a§)ds} .

Now, write A;logps =logps— —logp,r. Ito’s formula gives

hn,T

S S

(Aiogp) flo)du+2 [ @y s [ [ ntanan)
T /n iT/n

(A log p)? = 2 /

iT/n

s ‘ B s ) s , ,
+2/1T/n/(AZ 1ogpu)wvr(du,dw)+/ Uudu—i-/ A (02)E(?)du,

iT/n iT/n
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and, as a consequence,

(i+1)T/n
\/iT/n

(10gps_ — logp;

Noting that

(i+1)T/n
[
iT/n

log ps—

we have

i+ T
/.

2
1) dS

202/ 2 2/ 2 (T
~logpiy)’ Notds = (o) [ T
n T’I’L

(IOg Ps— —

F.M. BANDI AND R. RENO

(i+1)T/n s
2/ / (A;logpy) fi(o?)du | ds
iT/n iT/n
(i+1)T/n s
+2/ / (A;logpy) 0, dW, | ds
iT/n iT/n
(i+1)T/n
/ / /w U, (du, d) | ds
T/n T/n
(i+1)T/n
= / [ (itogp. )i (dudv) ) ds
iT/n iT/n

(i+1)T/n (i+1)T/n
+f ( [ @ A ehBw) ~ (o + Ao

iT/n iT/n "

)E(W))} du> ds

2
—logpiryn)” ds

2
—logpir/n)” (A*(03) —

(i+1)T/n
+/ (log ps— A (o ZT/n))ds

iT/n

2
log piT/n) A?(0?)ds

(i+1)T/n s
= 2A*%(o zT/n)/ / (Ailogpy) fi(o?)du | ds
iT/n iT/n

(i+1)T/n s
+2A% (o ZT/n) /T/ /T/ (A;logpy) 0, dW, | ds

9 5 (i+1)T/n
+A (UiT/n /

+2A%(o ZT/H)/

+5 Az( zT/n)/

+§Ai

) (i+1) L 2, 9, o
+A%( zT/n)/T ((Ingsf —10g pir/n)” (A*(0F_

o ( /T/n / V20, (du, dip ) ds
B (/T/n/ (A; log py U, (du, d1/))>

(i+1)T/n /(z+1)T/n

iT/n

({(02 + A (@DEW?) = (0%, + Arlo?r JEW?)) } du) ds

iT/n iT/n

( zT/n+)\ ( 1T/n) (QZ} ))Az( 1T/n)

)= A2o%y,))) ds

n

= a1 t+aytaz+ag+as+ag+ ar.

Now write

~ 2
num
(Rii”)
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n—1
1
=—— Y KZE;
hn,TAn,T ; L {QG}

n—1
_ 1 2 1 2 2 2 2 20 2
n hn,TAn,T Zl K’L B {QAH’T(O—ZT/n + )\T(UZT/n)E(w ))A (0—1%)

=

n—1

TN L

T Z iKzz(Ung/n + AT(UET/TL)E(¢2))A2(G?Z)
=1

n
s

2

po 11 T LUQ 2(62) [o2 o2 %] ds
» /K( )Au)[sﬂr( 9E?)] ds,

An1—0 2 hy P, T

*

An,T
2

hn,T

using the same methods of proof leading to the results in Lemma 2 and Lemma 4 if — 0. We now turn to as.

Integrating by parts, note that

(i+1)T/n s (i+1)T/n s (i+1)T/n (i+1)T/n
/ / / V20, (du,dyp) | ds = — / / du / V2T, (ds, dip) + / du / / V27, (ds, dip)
iT/n iT/n iT/n iT/n iT/n iT/n

(i+1)T/n
/ (i + )T/~ s) / T, (ds, du).

T/n

Hence, E; {a3} = 0. Similarly, E; {as} = E; {as} = 0. Consider

1 5 o (i+1)T/n s S

= A [ [ @ogpa o ) ds

2 iT/n iT/n
“ ~r 2 ~ 2
/ u(avmv) u(au>du> ds
iT/n

(i+1)T/n s
- xe) [ /
" JiT/n iT/n
/ avdW;") ﬁ(ai)du) ds
iT/n

(i+1)T/n s
FA%(02) / < / (
" JiT/n iT/n
(i+1)T/n s u
+A2(0'i21)/ </ (/ /z/wr(dv,dw)> ﬁ(ai)du) ds
" JiT/n iT/n iT/n

= a1 + o2 +aag.

(i+1)T/n s u
Bion) < Bit’e?) | [ i) e2ian ) as
" JiT/n iT/n iT/n

Y 0T/ 2
EA2(0%) A / i(0?)]ds

" T/n

Notice that

A

IN

IN

2 2/ 2 )T /n ~2( 2 p 2 *
EiAn,TA (UiT/n) T M (Us)ds ~ A’mTAn,T'

By Holder’s inequality, Jensen’s inequality, and Burkholder, Davis, Gundy’s inequality,

(i+1)T/n s u
Ei(alg) S El'Az(O—%T/n)/ E / |ﬁ(0’i)| du IH?X / O—q)dm’f ds
i Uss \JiT/n
2
) ds

iT/n T/n
(i+1)T/n s 2 u
EiAz(U?T/n)/ E / lp(o2)|du | E m<ax/ o, dWr
iT/n iT/n uss \Jir/n

IA




48 F.M. BANDI AND R. RENO

(i+1)T/n (i+1)T/n (i+1)T/n
CE;N*(07r),) / AnrE / fi(o2)* du | E / o2dv | ds
iT/n iT/n iT/n
. 1/2 o 1/2
(i+1)T/n (i+1) L A*
< CEAX0%, A2 | E (o) du E o2dv RAMZAr = A2 T
g; /n n, T n u T v n, n, n, A1/2
n,T

where i’;}g =E (M(F)A1/2) — 0 as implied by Assumption 5(b). Finally, focusing on «;3,

/T/n [ vt de

(i+1)T/n s
Ei(a3) = EiA2(O'i2T/n)/T/ E /T/ ‘ﬁ(ai)|du max

IN

5 o (i+1)T/n s _ 2
< Bk [ B( [ edia) B (max [ [ ) i
iT/n iT/n T/n
(i+1)T/n (i+1)T/n ) (i+1)T/n
< BN(oky,) [ ey e B( [ BN | ds
iT/n iT/n iT/n
Y s 3/2 +0)T/n - 1/2 (i+1)T/n , , 1/2
< Boh, a7 (B( [ [l du B( [ E@A@D
iT/n iT/n
A*
3/2 n,T
!Z/ A’n/T n,T — A%,T 1/2°
n,T

Thus, ay is of higher order than ag. We now turn to as. Write

(+1)T/n  p>i+1)T/n
Ei(as) = B, (AQ(afz) / / ({02 + A(02BWA) — (020 + M0 BW)) } ) ds> Lm, (82,000).

iT/n iT/n
*3/2 NS
which is, again, of higher order than as. The last term, a7, is of order A, pA /" = A?LT AjTT = op(Ai)T) since
«3/2
AA““% =(E (./\/I(F)))S/2 A1/2 — 0 given Assumption 5(b).

Finally, note that {f(zﬂ T/m (log ps— — log piT/n) A( _)dw¢e \%T/n} is a martingale difference array. Using the same

method as in the proof of Lemma 4, as A,, r = 0,7 — oo and h, r — 0, with h2 L — 0, we have:

n,T

horlox(Tyx) | REG™ <\/K2 2+ A( >W])A2<w>> Z,

AnT nT O‘2

and, similarly,

hn L2 (T, ) 1o <\/K2 E[€2] + A2(x)) )Z'

An,T nT 0'2

In addition, the asymptotic covariance term can be expressed as

hn,Tf/az (T, il') R?’%m hn,TEU2 (T7 LL') R?}(le

jzaz 117:E) 7 An,T 2302 (Q”,LC)

asycov

*sz (z)zA*(z)

%
Ap 70, T—00, hy 7—0 2
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This result yields

. A (2B
lurloe Tt g, K(+%<mw1<>) z
e +(1+p%(2)) A*(2)

Using the same reasoning (combined with the independence of the jumps), we obtain:

s Lo (T, 2) Ky ( (A2(2) + Ao @) B[E)A () Bl
Anr I”$<¢2( (+ru>[n%uEW]>)Z

Now write
nz—:l @ nz—:l @ nz—jl 6
= K,;06, K,0, K,07; *1/2
B Ly2(T, = = = M, x17A
,TA 2( x) i=1 _ + i=1 _ + i=1 _ + Rl + 1—{2 + Op ( i )
mT Anr Y K A XK Ayr Y K T
i=1 i=1 i=1

7 * *1/2
_ hnrLo2(T, x) #1/2 A% M, w7,
= Ay {OP(A )1+ 0, h% . +Ri1+ R+ 0, Anr

2
hn7T An,T An,T An,T

ho L2 (T, . N By L (02 B L1 (02 nie AL
= e Tt (i) <1+0p ( T)) SV EEETEAGR W ( 1Ln (%) ( T
T

Finally, consider the bias term

n—1
Z K,0Og
— = — p(x)VaA()
A,r Y K,
i=1

n—1
Z K; [T (p(02)0,- Ao?))ds
An,T Z Kz

f&%ﬁﬁ“s pEVIAE) +0p (1) (o) VTA@) Oy (327)
140, (3#) 140, (32)

10, (32) 140, (52)

Define 2(.) = \/:;p(.)A(.). An application of the ratio-limit theorem combined with a second-order Taylor expansion leads
to

To(e) = W21 (12"(95) + () Sl($)> .

2 s(x)
Thus,
\/hn,ngz (T,x)/An {a(:v) —z(z) — I‘C(x)} = N (0,K20%(z)),
with
0°(2) = A(2)x(l+p°(@)) + 2Ao(2)E[E?

]
A (@) A (2) B[] + Ao (2)E[E%] A (2) E[4?),

)



50

if hyrLy2(T, z) zoL Bur w3

A,

hnfTL”'z (T,z) g(n,T,k,¢)hny, TA*l/Q a.s
An,T An T

4 o~
Oas(1) implies 42 = O, ., ((hn,Tng(T,x)
n,T

by 1L _2(T,x) a.s.
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h’i,TLa2 (T,Z) a_; A:,,T hn,ng2 (Tv'l/) (L_9>

AL
Ao s C, R 0, - — 0 and

An,T h? 1

WS pLoa2(Tw)  h3 L »(Ta)AL 1

. . = AN as
= 0. Given hn,TLUz(T,a:)A—; 0, however, —~fg= = A A
n n, n, n,T

TR

—146 .
A:i) ) for some 1 > & > 0 if C = 0. Thus, 22T — 0 and the

— 0

conditions
A;kL,T hn,TEUQ (Ta x) A:z T \/hn,TEUZ (T, ‘T)AZ,T - A::I/“Q \/hﬂ,TZtﬂ (Tv x)A;,T
hor Anr Cn2 TA*1/2 An,r hor Anr
—0 —0
N Clx Cl(z
Ala) - pla) = =& )

NEINEY

 VaA(z)

fw— et O (R0 -A@) MurAR\ | (Murallf
» 0w o €@ ( ) . Op( i n,T>+ Op( ni n,T>

VaA(z) 2\/xA3(x) Apr A rhnr
2 L *1/2 n,T A:L T
p O(hn7T) + Op ( hn,,Tia‘Z (T,0'2)> + O ( ) <1 + O ( )) + O ( n,T )
- olA(c?)
2 _ Al
O(h? 1)+ O, ( thﬂ(ﬂﬂ)) +0, (72 ,T) (Mo N
—r@) 2A2(0?) O n,Thn,T

Hence, if hn,ngz (T,2) — oo, hn’TZUz (T, z)A% 7 =0 Aur hn’TZ(,z (T,x) — 0, the asymptotic distribution of the

leverage function is driven by A2(02) — A2(o2

Asyvar(p(x))

a.s.

Finally, under condition h? TLa2 (T,2) =0, p(o

of Theorem 9, that the condltlon

*

An,T
2
hn,T

can be rewritten as follows

(30)

The vanishing-bias condition hZ,TEJZ (T,z) “3 0 implies that Ay

)hz

) and has variance

p2(0(27)) (Asyvar (KQ(x)))

4A%(
p2(0?) [ 40Kz (x)uE(2) o
4A* (o) ( hn7TEo-2(T7 x) ) op(1).

2) — p(0?) has a vanishing asymptotic bias. Now notice, as in the proof

A¥ v/ Ly2 (T, )

a.s

o7 Lo2 (T, ) = — L300

3/2
hn{T

A% L2 (T, @) 1

5/271/2
hn{TLn{T(I)

Ega (T,x)h,, 7 — 0. Thus, we can dispense with the

condition hn’TEgz (T, z)A;, 7 — 0 and the proof is complete. O



NONPARAMETRIC STOCHASTIC VOLATILITY 51

PROOF AND FURTHER DISCUSSION OF REMARK 1. First, we focus on the conditions that are needed for the estimation
of the dynamics. Three conditions were presented for weak convergence: 1) h,,, TL,,z (T,z) “% o0, 2) K> TL(,z (T,z) “% 0,

and 3) Bnry b2 (Thr) ;;/ZZ(TI) “% 0. Given Lemma 3, if 7 St (), then Ly (T, ) = Oa.s.(Ln, r(x)), where Ly, . r(x) is defined

n,T
in Lemma 1 (it is clear that the probability result in Lemma 3 extends to an almost-sure statement). Furthermore, in

light of Lemma 1, Ly, pr(z) “5 oo for all hy, p. This implies that 1°) h, Ly, ,7(z) ©5 00, 27) hS 7Lh, . 1(7) 20,

L v a.s. .
and 3’) Y e W 0 yield 1), 2), and 3) since 1’) and 3’) guarantee i? — 0. Now, if a(T)hy,,r — oo, where
n,T
a(T) is the almost-sure rate of variance process’ local time, then Ly, .. 7(z) = Oa,s_(a(T)). We could, therefore, write 1”)
hara(T) = 00, 2°) b3 pa(T) — 0, and 3") LZ Vel o,
n,T

Now notice that, for 17) and 2”) to be satisfied, i, ~ a(T)~# with 1 < 8 < 1. However, 3”) also has to be satisfied.
Write

(31) SntVat) -

Since T > a(T'), where > signifies larger in order, a sufficient condition for Eq. (31) to be satisfied is
(32) n>= T35,

Ri/2 1/2 1 1/2
The first part of the weak convergence condition for j = 1 reads — o™ (T){log(n))

— 0 which implies

An,Tkl/2
(A(T) (log(n))
a og(n
(33) o <k
n,T
1/2 EL1 (T) 179
The second part reads ”Ai(b /2 — 0 which requires
(34) ¢ < A} pa(T).
S. . .. . a1/2(T)(log(n))1/2 . . .
imilarly, the first part of the weak convergence condition for j > 1 reads TZ Az 0 which implies
n, T n,T

a*P)(T) (log(n))

35 < k.
(35) Aor
The second part reads ﬂ/:%qbl/ 2 — 0 which requires
n,T=n,T
(36) ¢ < ApraP7HT).

Similar considerations lead to the orders stated in Remark 1 for consistency in the case j > 1, while in the case j = 1,
using condition 4.6, we get:

(37) <A
and

log(n)
(38) k - AZ

To gain a feel for the different orders, let us now assume that 7' = 20 (years) and n = 250 x T (daily observations).
Assume, conservatively, that a(T") = T and consider the orders for consistency first. For j > 1, setting 8 = =, which is MSE
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optimal, we obtain ¢ < 0.0012 and k > 7,057. Since, for a liquid stock, roughly 25, 000 transactions over a 6.5 hour trading
day are not uncommon, the orders may be compatible with the use of ¢ equal to a fraction of a day (¢?*¥ = 1/250 = 0.004
so that 6.5 hours correspond to ¢ = 0.0011) and a typical number of high-frequency observations, even for less liquid
stocks. Notice that n = 250 x 20 (the use of daily data to estimate the dynamics) is also compatible with the bound in
Eq. (32).

For 7 = 1, which is needed for the drift only, setting 5 = %, we obtain ¢ < 1.6 - 107° and k > 532,524. This is clearly
not feasible since over a very small fraction of a day one cannot hope to utilize so many observations. Setting, however,
n = 26 x 20 (effectively amounting to bi-weekly observations over 20 years of data) one obtains ¢ < 0.0014 and k > 4, 227,
thereby implying that high-frequency observations over a fraction of a day may be used for spot variance estimation in
this context.

Now we turn to the orders for weak convergence which are necessarily more stringent. For j > 1, in the case of daily
observations (n = 250 x T), we have ¢ < 1.1-10~* (roughly an hour) and k = 77,530. These conditions are harder to
meet for typical situations, but we must remember that these conditions give orders, rather than actual numbers. In the
case of bi-weekly observations (n = 26 x T'), we have ¢ < 0.001 and k > 5,920, again compatible with high-frequency
observations over a fraction of a day. For j = 1, similar computations show that the orders are consistent with the use of
monthly frequencies to estimate the dynamics, and a fraction of a day of high-frequency data, as before, for the evaluation
of the spot variance estimates.

These are back-of-the-envelope calculations based on (1) asymptotic orders and (2) typical data sets. While they
should be taken with caution, they are suggestive of the identification potential of a combination of high-frequency
and low-frequency data to estimate spot variance in the first stage and the dynamics in the second stage. Naturally,
asymptotic normality imposes more stringent conditions than consistency. When computing confidence bands, finite sample

improvements may be obtained by boostrapping them or by simulating based on a suitable parametric model. O
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