
TIME-VARYING LEVERAGE EFFECTS�

Federico M. Bandiy and Roberto Renòz

First draft : October 16, 2008
This draft : May 25, 2010

Abstract

Vast empirical evidence points to the existence of a negative correlation, named "leverage e¤ect",
between shocks to variance and shocks to returns. We provide a nonparametric theory of leverage
estimation in the context of a continuous-time stochastic volatility model with jumps in returns, jumps
in variance, or both. Leverage is de�ned as a �exible function of the state of the �rm, as summarized by
the spot variance level. We show that its point-wise functional estimates have asymptotic properties
(in terms of rates of convergence, limiting biases, and limiting variances) which crucially depend
on the likelihood of the individual jumps and co-jumps as well as on the features of the jump size
distributions. Empirically, we �nd economically important time-variation in leverage with more
negative values associated with higher variance levels.
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1 Introduction

Shocks to returns have been found to be negatively correlated with shocks to variance. Due to its original

economic justi�cation in the case of common stocks (negative shocks to returns decrease the value of

the �rm�s equity and increase the debt-to-equity ratio, i.e., �nancial leverage, thereby rendering equity

riskier and more volatile), this stylized fact has been termed "leverage e¤ect". While this classical logic

derived in a Modigliani-Miller world is somewhat appealing, its empirical validity has been questioned.

More generally, the economics of leverage e¤ects continues to remain very controversial.

The empirical relevance of (alternative forms of) leverage e¤ects has, however, been broadly estab-

lished. The time-varying variance literature has emphasized the signi�cance of feedback e¤ects between

returns and variance changes in a variety of parametric settings. Fundamental contributions in terms

of modelling and pricing have been provided both in continuous time (Andersen et al., 2002, Bakshi et

al., 1997, and Eraker et al., 2003, inter alia) and in discrete time (Engle and Ng, 1993, Glosten et al.,

1993, Harvey and Shephard, 1996, Jacquier et al., 2004, and Yu, 2008, among others). Yu (2005) o¤ers

a review and an insightful assessment of the extant literature in discrete time.

The "leverage parameter" (i.e., the correlation between shocks to prices and shocks to variance)

is generally assumed to be a constant value. Some recent work has, however, emphasized that there

may be important asymmetries in the way in which variance responds to prices changes. Figlewski

and Wang (2000) and Yu (2008), for instance, stress that, in the presence of positive shocks to prices,

return variance may not change (or even change positively) whereas negative shocks will likely lead to an

increase in variance, coherently with traditional - negative - leverage e¤ects. Allowing for changing levels

of correlation between innovations to prices and innovations to variance may, therefore, be empirically

important. We propose an alternative, continuous-time, framework to do so.

Speci�cally, we provide a nonparametric treatment of leverage estimation in the context of a sto-

chastic volatility, jump-di¤usion, model with discontinuities in returns, variance, or both. The model is

(semi)nonparametrically speci�ed. Parametric assumptions are solely imposed on the distributions of the

jump sizes for identi�cation. Importantly, we allow leverage to be a function of the state of the �rm and,

hence, time-varying. In our model the state of the �rm is summarized by spot variance (or spot volatility).

This approach is natural in continuous-time stochastic volatility models - and e¤ectively extends them -

since spot variance is used as a conditioning variable both in the return equation (where the return drift

may depend on variance as implied by the presence of risk-return trade-o¤s) and in the variance equation

(where the variance drift and di¤usion are generally modelled as functions of the variance state). It is

also economically meaningful. Below we show that, if one were to take seriously all of the implications

of the most classical justi�cations for leverage (as in a Modigliani-Miller economy, as mentioned above,

for example), leverage should be a function of the underlying spot variance level in that the impact of

negative shocks to returns on variance should depend on the debt-to-equity ratio but the latter should

have a positive relation with the spot variance level itself.

From a theoretical standpoint, we show that the limiting features of our nonparametric leverage

estimator crucially depend on the continuity properties of the price and variance processes. Several cases

are considered: absence of jumps in either process, jumps in returns, jumps in variance, independent

jumps in returns and variance, contemporaneous jumps (or co-jumps) in returns and variance. We show

that the fastest convergence rate to a (mixed) normal distribution arises in the absence of jumps in
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variance. The presence of jumps in returns (without jumps in variance) does not a¤ect the rate of

convergence of the estimator as compared to the case with no jumps. However, it does a¤ect asymptotic

e¢ ciency negatively by adding an additional term to the leverage estimator�s limiting variance. The case

of jumps in variance (either without jumps in returns or with independent return jumps) is quite di¤erent

in that consistent estimation of the variance process�di¤usion function (namely, the variance of variance)

can only be conducted at a slower rate. This slower rate reduces the speed of convergence of the kernel

leverage estimator. In particular, its limiting distribution is now driven by the asymptotic features of the

spot variance�s di¤usion function estimator. Finally, allowing for co-jumps in returns and variance may

yield inconsistency of the leverage estimator unless, for example, the jump sizes are uncorrelated and the

jumps in returns are mean zero. We de�ne a novel (generalized) notion of leverage in this case and show

that the limiting distribution of the generalized leverage estimator is completely driven by the features

of the price/variance discontinuities.

Importantly, our limit theory hinges on weaker conditions than stationarity. We solely assume recur-

rence of the spot variance process, thereby allowing for a considerable amount of variance persistence

in any given sample. Finally, kernel estimation of leverage e¤ects requires suitable �ltering of the spot

variance process. We do so by considering spot variance estimates obtained by virtue of high-frequency

asset price data as in Bandi and Renò (2008), BR henceforth. In particular, we report conditions under

which the estimation error induced by spot variance estimation can be made asymptotically negligible

for the purpose of leverage estimation.

Our empirical �ndings hinge on S&P500 futures data and are, therefore, for a broad-based US market

index. We �nd important time-variation (as a function of spot variance) in the correlation between

price and variance shocks. As conjectured, leverage increases (i.e., becomes more negative) with the

variance level. We con�rm the robustness of this result by estimating parametric models with time-varying

leverage (in Section 2) and by addressing important �nite sample issues which may arise when estimating

nonparametrically continuous-time stochastic volatility models with feedback e¤ects (as induced by risk-

return trade-o¤s) and estimated regressors (in Section 9).

BR (2008) have recently introduced a novel nonparametric approach to the estimation of stochastic

volatility models with jumps (in returns and in variance). The approach does not hinge on the �ltering of

the latent spot variance process by virtue of simulation methods relying on low frequency return data (as is

common in the parametric literature) but on the preliminary �ltering of spot variance using high-frequency

return data. The resulting procedure is (semi)nonparametric in nature in spite of the unobservability

of spot variance. From a methodological standpoint, the present paper relates to BR (2008) in that

the price/variance evolutions are jump-di¤usive, the dynamics are estimated nonparametrically, and the

preliminary spot variance estimates are derived from intra-daily return data. Our exclusive focus on

leverage, along with the attention that leverage has been receiving in the literature, however, make

this contribution of separate interest from our previous work. In the context of leverage evaluation,

and di¤erently from BR (2008), (1 ) we provide a complete limit theory for nonparametric leverage

estimators allowing for increasing layers of complications in the assumed model ranging from simple

di¤usive structures to structures with co-jumps and correlated jump sizes, (2 ) we discuss related �nite

sample issues, (3 ) we introduce a broader notion of leverage (dubbed "generalized leverage") arising in

models in which the jumps are common to the return and the variance process and their jump sizes are
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correlated (for which we also discuss identi�cation methods), and (4 ) we implement extensive empirical

work validating the time-varying nature of leverage with nonparametric estimates as well as with estimates

derived from appropriately-de�ned (and theoretically justi�ed) reduced-form parametric models.

The paper proceeds as follows. Section 2 provides parametric motivation for allowing leverage to be a

�exible function of the spot variance process. This section is meant to introduce our approach in a more

familiar setting and show that the leverage dynamics are not a by-product of the use of nonparametric

methods. In Section 3 we illustrate how the most traditional economic justi�cation for leverage e¤ects

does, in fact, imply dependence of leverage on spot variance and, hence, time-variation of leverage.

Section 4 lays out a nonlinear, continuous-time, stochastic volatility model with (possibly correlated)

jumps and time-varying leverage. In Section 5, we present the relevant limit theory for an observable

spot variance process. Section 6 discusses "generalized leverage". Section 7 adapts the theory in Section

5 to the empirically-compelling case of an estimated spot variance process. Section 8 provides empirical

results pointing to the existence of a higher (more negative) leverage in the presence of higher variance. In

Section 9 we address important �nite sample concerns and provide further support to changing leverage

dynamics. Section 10 o¤ers further perspectives (and directions) by returning to a parametric speci�cation

allowing for time-varying leverage. This section relates our approach to extant discrete-time approaches

by analyzing issues of timing in the estimation of leverage (in the form of contemporaneous versus lagged

leverage). It also discusses the relative impact of alternative conditioning variables in the evaluation

of time-varying leverage, namely spot volatility (as in this paper), returns (as in Figlewski and Wang,

2000, and Yu, 2008) and signed - by the contemporaneous return - volatility (a possible, alternative,

state variable which borrows features from the former two). Section 11 concludes. The proofs are in the

Appendix.

2 Time-varying leverage: a parametric model

We begin with a parametric approach allowing for time-varying leverage. In order to do so, we partition

the volatility range into N non-overlapping intervals, using knots 0 = �0 < �1 < ::: < �N�1 < �N =1,1

and write

p
RVt:t�1 = �+ �1

p
RVt�1:t�2 + �2

p
RVt�1:t�6 + �3

p
RVt�1:t�23| {z }

HARt�1 component

+rt

NX
i=1

�i1f�i�1�
p
RVt�1:t�2��ig+"t;

(1)

where
p
RVt:t�1 is the square root of an appropriately-chosen realized variance measure between t�1 and

t,
p
RVt�1:t�k =

q
1

k�1
Pk�1

i=1 RVt�i:t�i�1 for k > 1, rt = log pt � log pt�1 and "t is a forecast error. We
infer "implied" leverage over the ith interval (b�i) by the corresponding estimated coe¢ cient b�i provided
such a coe¢ cient is re-scaled appropriately. In fact, b�i � dcov(pRVt:t�1�HARt�1 ; rt j �i�1�

p
RVt�1:t�2��i)dvar(rt j �i�1�pRVt�1:t�2��i) .

Hence, b�i � b�i bSi; where the scaling factor bSi is equal to cstd(rt j �i�1�pRVt�1:t�2��i)cstd(pRVt:t�1�HARt�1 j �i�1�
p
RVt�1:t�2��i)

.

Importantly, this approach to (possibly) nonlinear, parametric, leverage estimation can be justi�ed

(more structurally) in the context of a continuous-time speci�cation similar to the one which will repre-

1 In the empirical work, the intervals are chosen in such a way as to guarantee that they all contain the same number of
observations.
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sent (below) the substantive core of our work. To this extent, consider the following dynamics for the

logarithmic price log pt:

d log pt = �tdt+ �tdW
r
t ;

d�t = mtdt+ �dW
�
t ;

where �t;mt are adapted processes, � is a constant, fW r;W �g are correlated standard Brownian motions
with < dW r

t ; dW
�
t > = �dt, and � is a constant leverage parameter. This system can be readily discretized

as follows:

log pt+1 � log pt � �t + �t(W
r
t+1 �W r

t )| {z }
ut+1

�t+1 � �t � mt + �
�
W �
t+1 �W �

t

�| {z }
vt+1

or, equivalently,

rt+1 � �t + �tut+1

�t+1 � �t +mt + �
�
�ut+1 +

�p
1� �2

�
wt+1

�
; (2)

where ut and wt are uncorrelated shocks with zero mean and unit variance. Now, substituting ut+1 into

Eq. (2), we arrive at

�t+1 � �t +mt +

�
��

�t

�
| {z }

�t

(rt+1 � �t) + �
�p

1� �2
�
wt+1: (3)

In agreement with much recent empirical work, we may capture persistence (and mean-reversion) in

volatility by virtue of an HAR speci�cation (Corsi, 2009). In other words, we may replace �t +mt with

HARt. Set, also, the mean return equal to zero (�t = 0). For N = 1, Eq. (3) is now fully consistent with

Eq. (1) with "t = �
�p

1� �2
�
wt and �t =

��
�t
.2 This last expression, then, provides a more structural

justi�cation for estimating � parametrically by virtue of b� bS. The genuine time-varying � case with N � 1
may, of course, lead to

�t+1 � �t +mt +
NX
i=1

�irt+11f�i�1��t��ig + "t+1

with "t+1 =
PN

i=1 �
�p

1� �2i
�
wt+11f�i�1��t��ig.

In what follows, we set N = 3 and report three values of b�i corresponding to alternative volatility
levels. Using the threshold bipower variation estimator (detailed in Section 7) to de�ne RVt�i:t�i�1 for

all i, we �nd that the b�i values are equal to �0:226, �0:240, and �0:350 with highly signi�cant t-statistics
2 Interestingly, a continuous-time stochastic volatility model like that in Eq. (2) would imply time variation in � (as a

function of spot volatility) even if � is a constant value. Hence, if one takes the continuous-time model seriously, running a
regression like that in Eq. (1) above is justi�ed only if � is assumed time-varying, as we do.
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equal to �2:93, �6:55, and �7:54 (see Table 1). The implied leverage estimates (b�i � b�i bSi) are �0:152,
�0:187, and �0:273:3 In agreement with our discussion in the Introduction, this result is suggestive of an
increasing (i.e., more negative) leverage for higher volatility levels. In Section 4, we employ this evidence

to motivate a (possibly) nonlinear, continuous-time model in which conditional leverage is allowed to be

a function of the spot variance level.

3 Do classical economic principles imply time-varying leverage?

Classical �nance principles à la Modigliani-Miller postulate that the fundamental asset of a corporation

is the �rm itself. Stocks and bonds are simply viewed as being alternative ways to divide up ownership.

This said, changes in the �rm�s total value should translate into analogous changes in the value of the

company�s stock. Negative news decrease the �rm value (and its stock price) and increase the debt-to-

equity ratio (i.e., �nancial leverage). The increased debt-to-equity ratio leads to a larger stock return

volatility for a given volatility of the total �rm�s value. In other words, the �rm�s stock volatility �S

depends on the �rm�s total volatility �V and on the debt-to-equity, or leverage, value D
E . Speci�cally,

�S = �V
�
1 + D

E

�
(see Christie, 1982, and Figlewski and Wang, 2000, among others, for discussions). If

the �rm�s total volatility is �xed or relatively stable, time-variation in the �rm�s stock volatility will be

induced by changing levels of leverage. In particular, increases in �nancial leverage (as possibly implied

by negative shocks to prices) will increase stock volatility, whereas decreases in �nancial leverage (as

possibly implied by positive shocks to prices) will decrease stock volatility (Black, 1976).

Note, however, that since times of high return volatility should be associated with relatively higher

�nancial leverage, price changes of a certain size should have a larger e¤ect on volatility changes when

leverage is relatively higher (or, equivalently, when volatility is higher). To see this, return to the expres-

sion �S = �V
�
1 + D

E

�
. Then,

@�S = ��V
D

E2
@E = �

�
�S � �V
E

�
@E ) @�S

@E
= �

�
�S � �V
E

�
< 0;

if DE > 0. In other words, changes in the value of equity should induce opposite volatility changes whose

magnitude depends on the volatility itself.

In the constant leverage case, the transmission mechanism (from low returns to high volatility) im-

plied by a Modigliani-Miller economy has been questioned in empirical work. In agreement with this

observation, we strongly emphasize that we do not commit to a Modigliani-Miller world. In no way our

theoretical and empirical analysis, in fact, hinges on the validity of the transmission mechanism implied

by this classical economy. Hence, the discussion in the present section should be viewed as illustrative.

It is merely meant to stress that even the most traditional economic justi�cation for leverage e¤ects in

the stochastic volatility literature implies time-variation in leverage as a function of spot volatility. Yet,

this dependence, which appears to be in the data as shown in the previous section, has invariably been

unaccounted for. This paper focuses on it.

3We return to potential upward biases (i.e., biases towards zero) of these estimates in Section 9 (Subsection 9.2).
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4 A continuous-time stochastic volatility model with time-varying
leverage

Assume a complete probability space (
;=; P; f=tgt�0). Consider the system

�
d log pt
d�(�2t )

�
=

�
�t
mt

�
dt+

�
�t 0
0 �(�2t )

��
�(�2t )

p
1� �2(�2t )

1 0

��
dW 1

t

dW 2
t

�
+

�
dJrt
dJ�t

�
(4)

where fJrt ; J�t g and
�
W 1
t ;W

2
t

	
are a bidimensional compound Poisson jump process and a bivariate

standard Brownian motion, respectively. Note that

< d log pt; d�(�
2
t ) >p

< d log pt >< d�(�2t ) >
= �(�2)

de�nes the in�nitesimal (conditional) correlation between continuous shocks to returns and continuous

shocks to (transformed, by �(:)) variance.

In order to specify the vector fJrt ; J�t g, we de�ne three intensity functions: ��(�2t ), the intensity of
the jumps in variance, �r(�2t ), the intensity of the jumps in returns, and �r;�(�

2
t ), the intensity of the

co-jumps (we refer to Remark 8 for more details). The jump sizes of �(�2t ) and log pt are determined

by the random variables cr and c�, respectively. We allow for correlation in both jump times and jump

sizes, but not between times and sizes.4 We also assume independence between the jumps and the

standard Brownian shocks W 1,W 2. The monotonic function �(�) in the variance process is introduced
for generality. It is meant to allow for alternative speci�cations including the logarithmic model in, e.g.,

Jacquier et al. (1994), the linear (in variance) model proposed by, e.g., Du¢ e et al. (2000) and Eraker

et al. (2003), and, possibly, a linear (in volatility) model. The object of econometric interest is the

conditional leverage function �(�). Its dependence on spot variance (or spot volatility) generalizes to a
nonparametric continuous-time framework the parametric speci�cation used as a motivation in Section

2.

Assumption 1. The return and variance drifts �t and mt are adapted stochastic processes. The functions

�(�); �r(�); ��(�); �r;�(�); and �(�) are at least twice continuously-di¤erentiable Borel measurable functions
of the Markov state. All objects are such that a unique and strong solution of Eq. (4) exists and the spot

variance process is recurrent in a bounded set.5

We begin by assuming availability of n + 1 observations on both log pt and �2t in the time interval

[0; T ]. We denote by �n;T = T=n the time distance between adjacent discretely-sampled observations.

Our asymptotic design lets �n;T ! 0 with n; T ! 1. The case of observability of �2t is, of course,
unrealistic in practise. However, it is important in that it allows us to lay out the main ideas while

avoiding the complications induced by spot variance estimation. Having made this point, we stress that

Section 7 discusses the case of spot variance estimation by virtue of functional methods applied to high-

frequency price data. Section 7 presents conditions which guarantee that the estimation error associated
4 It is hard to evaluate the empirical signi�cance of the assumption of independence between times and sizes. While one

could speculate about the economics of the problem, to the best of our knowledge this assumption has not been relaxed in
empirical work on estimation of jump-di¤usion stochastic volatility models. This said, we can allow for intensities of the
jumps, as well as for moments of the jump size distributions, which depend on the underlying spot variance process.

5BR (2008) discuss how this assumption is without loss of generality. The theoretically interesting, but empirically
vacuous, case in which boundedness is not satis�ed is thoroughly studied in BR (2008). It solely translates into stronger,
and unveri�able, discretization conditions (analogous to, e.g., Eq. (3.1) below).
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with the spot variance estimates is asymptotically negligible. These conditions take the nature of realistic

intra-daily price formation mechanisms seriously and, coherently with Eq. (4), account for jumps in both

returns and variance.

De�ne the in�nitesimal moments

#1;1(�
2) = lim

�!0

1

�
E
�
(log pt+� � log pt)

�
�(�2t+�)� �(�2t )

� ���2t = �2 � ;
#j(�

2) = lim
�!0

1

�
E
h�
�(�2t+�)� �(�2t )

�j ���2t = �2 i ; j = 1; 2; :::

and the corresponding Nadaraya-Watson kernel estimators

b#1;1(�2) =
Pn�1

i=1 K

�
�2iT=n��

2

hn;T

�
(log p(i+1)T=n � log piT=n)

�
�(�2(i+1)T=n)� �(�2iT=n)

�
�n;T

Pn
i=1K

�
�2
iT=n

��2

hn;T

� ; (5)

b#j(�2) =
Pn�1

i=1 K

�
�2iT=n��

2

hn;T

��
�(�2(i+1)T=n)� �(�2iT=n)

�j
�n;T

Pn
i=1K

�
�2
iT=n

��2

hn;T

� j = 1; 2; :::; (6)

where, as is traditional, hn;T denotes an asymptotically-vanishing window width and K(�) is a kernel
function. The function K(�) satis�es the following assumption.

Assumption 2. The function K(�) is a nonnegative, bounded, twice continuously-di¤erentiable, and
symmetric kernel de�ned on a compact set S satisfying

R
S
K(s)ds = 1; K2 =

R
S
K2(s)ds < 1; and

K1 =
R
S
s2K(s)ds <1. The kernel�s derivatives are absolutely integrable.

In what follows, the kernel estimators b#1;1(�2) and b#j(�2) (with j = 1; 2; : : :) will be employed

to provide point-wise estimates of �(�2) (or �(�)) in various scenarios allowing for jumps in prices,

jumps in variance, or both. We will resort to the classical notation a:s:! ,
p!, ) to denote almost-sure

convergence, convergence in probability, and weak convergence. The symbol �z(x) will be used to de�ne

h2n;TK1

�
z
0
(x) s

0
(x)

s(x) +
1
2z

00
(x)

�
, where s(dx) is the invariant measure of the spot variance process.6 Finally,

the notation bL�2(T; x) = �n;T

hn;T

Pn
i=1K

�
�2iT=n�x
hn;T

�
will denote kernel estimates of the chronological local

time (at T and x) of the underlying spot variance process.

Since �2t is a càdlàg semimartingale, its local time at T and x can be written as

L�2(T; x) = lim
"!0

1

"

Z T

0

1[x; x+"[(�
2
s)

�
@��1(�(�2s))

@�

�2
�2(�2s)ds a:s:

6 In the absence of variance jumps, this quantity corresponds to the speed measure of the variance process, namely

Sp(dx) =
2dx

S0(x)�2(x)

where Sc0(x) is the �rst derivative of the scale function, i.e.,

Sc(x) =

Z x

c
exp

�Z y

c

�
�2m(s)
�2(s)

�
ds

�
dy;

and c is a generic constant in the range of the process.
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The interpretation is standard. L�2(T; x) de�nes the amount of time, in information units or in units of the

continuous component of the process�quadratic variation, which �2t spends in a small right neighborhood

of x between time 0 and time T . Analogously, time can be measured in chronological units by de�ning

L�2(T; x) =
1�

@��1(�(x))
@�

�2
�2(x)

L�2(T; x) a:s:

For a �xed T , and under standard assumptions, bL�2(T; x) is known to estimate the latter. Similarly, for an
enlarging T and, again, under standard assumptions, bL�2(T; x) has been shown to inherit the divergence
properties of L�2(T; x) (Bandi and Nguyen, 2003). As pointed out earlier, our asymptotic results will

hinge on the recurrence of the variance process, rather than on the stronger assumption of stationarity -

stationarity being a subcase of our more general framework. As a by-product of this generality, the look

of our limiting results will be more explicit, than in the classical stationary framework, about what drives

convergence of the (point-wise) functional moment estimates. The rates of convergence will, in fact, not

depend on the (largely notional) divergence rate of the number of observations, as in the stationary case,

but on the rate of divergence of the number of visits to a generic level x at which functional estimation

is performed, as represented by bL�2(T; x).7 For more discussions on the role of recurrence in continuous-
time model estimation, and the importance of the notion of local time in this context, we refer the reader

to the review article by Bandi and Phillips (2010).

We now list a set of conditions which the smoothing sequence hn;T and the chronological local time

estimates bL�2(T; �) will be required to satisfy (as �n;T ! 0 with n; T !1) for the validity of the limiting
results in the following section. The statements of the theorems will make clear which conditions will yield

the corresponding results.

Assumption 3. Let hn;T ! 0 with �n;T ! 0 for n; T !1:
3.1 �n;T

h2n;T
! 0.

3.2 �n;T

qbL�2 (T;x)
h
3=2
n;T

a:s:! 0.

3.3 hn;T
bL�2(T; x) a:s:! 0.

3.4 hn;T
bL�2 (T;x)
�n;T

a:s:! 1.

3.5
h5n;T

bL�2 (T;x)
�n;T

a:s:! C, where C is a suitable constant.

3.6 hn;T bL�2(T; x) a:s:! 1.
3.7 h5n;T

bL�2(T; x) a:s:! C, where C is a suitable constant.

We now turn to the asymptotics and evaluate increasing levels of generality of the model in Eq. (4).

5 Asymptotics

5.1 The continuous case: Jr = 0; J� = 0

Write the kernel leverage estimator as

b�(�2) = b#1;1(�2)
�

qb#2(�2) : (7)

7Of course, if hn;TT !1, bL�2 (T; x) diverges almost surely at speed T in stationary models.
9



In the absence of discontinuities, we note that #1;1(�2) = ��(�2)�(�2) and #2(�2) = �2(�2). Hence,
#1;1(�

2)

�
p
#2(�2)

= �(�2) and, of course, b�(�2) is expected to consistently estimate the object of interest. This
result is shown in Theorem 1 below.8

Theorem 1. Assume Jr = J� = 0. If Assumption 3.1 is satis�ed, then b�(�2) p! �(�2).9 If Assumptions

3.3, 3.4, and 3.5 are satis�ed, thenvuuthn;T
bL�2(T; �2)
�n;T

nb�(�2)� �(�2)� e��(�2)o) N

�
0;K2

�
1� 1

2
�2(�2)

��
; (8)

where e��(�2) = 1

�
p
#2(�2)

�#1;1(�
2)� #1;1(�

2)

2�
q
#32(�

2)
�#2(�

2): (9)

Remark 1. In the absence of jumps in either variance or returns, the leverage estimator converges at

speed

r
hn;T

bL�2 (T;�2)
�n;T

. In particular, both the numerator, b#1;1(�2), and the denominator, �qb#2(�2),
converge at this same velocity. The asymptotic distribution of b�(�2) is therefore a linear combination
(with weights 1

�
p
#2(�2)

and � #1;1(�
2)

2�
p
#32(�

2)
) of the limiting distributions of its components as evidenced by

the resulting limiting bias (e��(�2)).
As is typical in semiparametric models, the rate of convergence of the leverage estimator (in this

section and in the following sections) could be increased by averaging over evaluation points. This

averaging would of course be natural, and bene�cial, should one model leverage as a constant value, as

in most existing literature, rather than as a general function, as in this paper.

Remark 2. The asymptotic variance in Eq. (8) is maximal (and equal to K2) for �(�) = 0: It tends to
1
2K2 as either �(�)! 1 or �(�)! �1.

5.2 The discontinuous case: Jr 6= 0; J� = 0

Consider the same estimator as in Eq. (7) above. The case with jumps in returns is presented in Theorem

2.

Theorem 2. Assume Jr 6= 0 and J� = 0. Under Assumptions 3.3, 3.4, and 3.5, we obtain

vuuthn;T
bL�2(T; �2)
�n;T

nb�(�2)� �(�2)� e��(�2)o) N

�
0;K2

��
1� 1

2
�2(�2)

�
+
1

2

�r(�
2)E[c2r]

�2

��
:

Remark 3. Allowing for jumps in returns only a¤ects the (limiting) precision of the estimator. The

asymptotic variance now contains an extra term (12
�r(�

2)E[c2r]
�2 ) which, of course, depends on the frequency

of the return jumps (�r(�2)) as well as on their size (E[c2r]).

8 In agreement with Assumption 3 above, the results in Theorem 1 are stated for an enlarging time span. We do so to
more clearly draw a comparison between this benchmark case and the cases with jumps (below) which, of course, require
an enlarging span of data to identify sample path discontinuities. This said, in the no-jump case, consistency and weak
convergence could be derived for a �xed span of data T . For an alternative approach to leverage estimation in the �xed T
case, we refer the reader to Mykland and Zhang (2009).

9Similar methods and conditions lead to almost-sure convergence here and below. We do not emphasize this stronger
mode of convergence because the use of estimated spot variances, which is needed for feasibility, would yield convergence
in probability even starting from a stronger mode of convergence.
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5.3 The discontinuous case: Jr = 0; J� 6= 0

When allowing for jumps in the variance process, b#2(�2) estimates �2(�2) plus the conditional second
moment of the jump component (i.e., ��(�2)E(c2�)). In what follows, we show that ��(�2)E(c2�) can

be identi�ed, under appropriate parametric assumptions on the jump sizes, by virtue of the higher-

order conditional moments (namely, b#j(�2) with j = 3; 4; :::) as proposed by BR (2008) in the case of

nonparametric stochastic volatility modelling (see, also, Bandi and Nguyen, 2003, and Johannes, 2004).

The form of the kernel leverage estimator in this section will therefore be

e�(�2) = b#1;1(�2)
�

q
f(b#2; b#3; b#4; :::)(�2) ; (10)

where f(b#2; b#3; b#4; :::)(�) is a speci�c function of the in�nitesimal moments.
To lay out ideas, we turn to a speci�c identi�cation scheme. Assume �(�2) = �2 and assume the

variance jumps are exponentially distributed, i.e., c� � exp(��). This speci�cation is widely used in the
parametric literature on variance estimation (see, e.g., Eraker et al., 2003) and has been shown to perform

very satisfactorily with simulated data in a (semi)nonparametric context (BR, 2008). The proposed model

implies

#2(�
2) = �2(�2) + 2�2���(�

2);

#3(�
2) = 6�3���(�

2);

#4(�
2) = 24�4���(�

2):

Hence,

b�� =
1

n

nX
i=1

b#4(�2iT=n)
4b#3(�2iT=n) ; (11)

b��(�2) =
b#4(�2)
24b�4� ;

and

b�2(�2) = b#2(�2)� 2b�2�b��2(�2);
are (possible) kernel estimators of ��, ��(�

2), and �2(�2); respectively.10 These estimators can been

shown to be consistent (with probability one) and (mixed) normally distributed (BR, 2008). Thus,

f(b#2; b#3; b#4; :::)(�2) = b�2(�2) = b#2(�2)� b#4(�2)
12b�2� = b#2(�2)� b#4(�2)

12

�
1
n

nP
i=1

b#4(�2
iT=n

)

4b#3(�2
iT=n

)

�2 :
Importantly, alternative estimation schemes may be adopted by imposing, for instance, di¤erent distrib-

utional assumptions on c�. In these cases, our methods can be modi�ed accordingly.

10b�� is de�ned over a number of observations n growing to in�nity over a �xed time span T . This is simply done for
technical reasons in order to simplify the limiting behavior of the sample averages in the nonstationary (but recurrent)
case. From an applied standpoint, the restriction is hardly material in that one could always choose T as being very close
to T . For asymptotic consistency, the kernel estimators b#3(�) and b#4(�) continue to be de�ned over an enlarging time span
(T ! 1). Thus, we are simply averaging functionals of b#3(�) and b#4(�) over an in�nite number of evaluation points for a
�xed span of data.

11



In what follows, we assume the use of a slightly smaller bandwidth sequence to identify b#4 and b#3 for
the purpose of b�� estimation. This choice will somewhat simplify the look of the limiting bias of e�(�) by
preventing the insurgence of the asymptotic bias of b��.
Theorem 3. Assume Jr = 0 and J� 6= 0. If Assumptions 3.1 and 3.6 are satis�ed, then e�(�2) p! �(�2).

If �(�2) 6= 0 and Assumptions 3.2, 3.6, and 3.7 are also satis�ed, thenq
hn;T

bL�2(T; �2)ne�(�2)� �(�2)� e�e�(�2)o) N

 
0;K2

�2(�2)

4�4(�2)
��(�

2)E

 �
c2� �

1

12�2�
c4�

�2!!
(12)

with

e�e�(�2) = 1

��(�2)
�#1;1(�

2)� #1;1(�
2)

2��3(�2)

�
�#2(�

2)� 1

12�2�
�#4(�

2)

�
:

Remark 4. The estimator f(b#2; b#3; b#4; :::)(�) now converges to �2(�) at a slower speed than b#2(�) for
the case of no jumps (

q
hn;T

bL�2(T; �2) versus rhn;T
bL�2 (T;�2)
�n;T

). Since b#1;1(�) continues to converge at
speed

r
hn;T

bL�2 (T;�2)
�n;T

, not only is the slower speed of convergence of f(b#2; b#3; b#4; :::)(�) driving the rate
of convergence of e�(�) but, also, of course, the asymptotic variance of the leverage estimator is fully
determined by the asymptotic variance of f(b#2; b#3; b#4; :::)(�) (times a term #21;1(�

2)

4�2�6(�2) =
�2(�2)
4�4(�2) which

readily derives from the delta method - see, e.g., Remark 1 above).

Remark 5. Under the assumed exponential jumps, the asymptotic variance in Eq. (12) can be more

explicitly expressed as 46K2
�2(�2)��(�

2)
�4(�2) �4�:

5.4 The discontinuous case: Jr 6= 0; J� 6= 0, with independent jumps

Consider the same estimator as in Eq. (10) above.

Theorem 4. Assume Jr 6= 0, J� 6= 0, and Jr ? J�. Under Assumptions 3.2, 3.6, and 3.7:q
hn;T

bL�2(T; �2)ne�(�2)� �(�2)� e�e�(�2)o) N

 
0;K2

�2(�2)

4�4(�2)
��(�

2)E

 �
c2� �

1

12�2�
c4�

�2!!
(13)

with

e�e�(�2) = 1

��(�2)
�#1;1(�

2)� #1;1(�
2)

2��3(�2)

�
�#2(�

2)� 1

12�2�
�#4(�

2)

�
:

Remark 6. Adding independent jumps in returns to the case of jumps in variance does not modify the

limiting distribution of e�(�) (Eq. (13) is the same as Eq. (12)). This is, of course, in contrast to the
case where jumps in returns are added to the case of no jumps (as in Theorem 2). Here the addition

of independent return jumps does not translate into e¢ ciency losses, as implied by a higher asymptotic

variance, since the limiting variance of the leverage estimator is, again, only driven by a slowly-converging

quantity in the denominator of the estimator, i.e.,
q
f(b#2; b#3; b#4; :::)(�).
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5.5 The discontinuous case: Jr 6= 0; J� 6= 0, with correlated jumps

Finally, we allow for correlated jumps and, again, evaluate the estimator in Eq. (10).

Theorem 5. Assume Jr = J�r 6= 0, J� = J�� 6= 0, and the intensity of common shocks �r(�2) = ��(�2) =
�r;�(�

2) 6= 0. If Assumptions 3.1 and 3.6 are satis�ed, then

e�(�2) p! �(�2) = �(�2) +
�r;�(�

2)

��(�2)
E[crc�]:

If Assumptions 3.2, 3.6, and 3.7 are satis�ed, thenq
hn;T

bL�2(T; �2)ne�(�2)� �(�2)� e�e�(�2)o) N (0;K2V�) (14)

with

V� =
�r;�(�

2)

�2�2(�2)
E

"�
crc� �

#1;1(�
2)

2�2(�2)

�
c2� �

c4�
12�2�

��2#
;

and

e�e�(�2) = 1

��(�2)
�#1;1(�

2)� #1;1(�
2)

2��3(�2)

�
�#2(�

2)� 1

12�2�
�#4(�

2)

�
;

with

#1;1(�
2) =

p
�2�(�2)�(�2) + �r;�(�

2)E[crc�]:

Remark 7. In this case, the kernel leverage estimator is inconsistent for �(�). Since both the numerator,b#1;1(�), and the denominator, f(b#2; b#3; b#4; :::)(�); converge at the same rate, the limiting distribution ofe�(�) is that of a linear combination of b#1;1(�) and f(b#2; b#3; b#4; :::)(�).
Corollary to Theorem 5 (A relevant sub-case: Independent jump sizes with mean zero return

jumps). Under the assumptions of Theorem 5, if cr ? c�, E[cr] = 0, E[c2r] = �2r, and c� � exp(��), thene�(�2) p! �(�2) and consistency is preserved. In addition:q
hn;T

bL�2(T; �2)ne�(�2)� �(�2)� e�e�(�2)o) N

�
0;K2

�r;�(�
2)

�2�2(�2)

�
2�2r�

2
� + 46

�2�2(�2)

�2(�2)
�4�

��
; (15)

with

e�e�(�2) = 1

��(�2)
�#1;1(�

2)� #1;1(�
2)

2��3(�2)

�
�#2(�

2)� 1

12�2�
�#4(�

2)

�
;

and

#1;1(�
2) =

p
�2�(�2)�(�2):

Remark 8. (Contemporaneous and non-contemporaneous jumps) The theorem assumes con-

temporaneous jumps with an in�nitesimal probability of co-jumps equal to �r;�(�2)dt. This is a classical

case of dependence in the parametric literature. It is considered, for example, in model SVCJ in Eraker
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et al. (2003).11 In general, we could assume Jr = J�r + J
k
r and J� = J�� + J

k
� , with J�r ? J�� , J�r ? J

k
r ,

J�r ? J
k
� and J�� ? J

k
� , J�� ? J

k
r . More explicitly, we could assume that both processes comprise two

components, J�r;� and J
k
r;�, which are independent of each other and all others with the exception of J

k
r

and Jk� , which are dependent. Denote now by c�r;� and �
�
r;� the jump sizes and the intensities of the

jumps of the independent components J�r;�. Similarly, denote by c
k
r;� and �kr;� = �

k
r = �

k
� the jump sizes

of the dependent components and the (common) intensity of the common shocks. The result in Eq. (14)

continues to hold and may be re-written as follows:

q
hn;T

bL�2(T; �2)ne�(�2)� �(�2)� e�e�(�2)o

) N

0BB@0;K2

2664
�kr;�(�

2)

�2�2(�2)E

��
c
k
rc
k
� � #1;1(�

2)
2�2(�2)

�
(c
k
�)2 � (ck�)

4

12�2�

��2�
+

#21;1(�
2)

4�2�6(�2)�
�
�E

��
(c��)

2 � (c��)
4

12�4�

�2�
3775
1CCA ;

where

�(�2) = �(�2) +
�kr;�(�

2)

��(�2)
E[ckrc

k
�]:

In this case, the limiting value of e�(�2) is the same as that in Theorem 5. The same is true for the con-

vergence rate. However, the limiting variance depends now explicitly on the sizes and common intensity

of the dependent jumps (ckr;� and �kr;�) as well as on the size and intensity of the independent variance

jumps (c�� and �
�
�).

6 A notion of "generalized leverage"

The expression

�(�2)| {z }
generalized leverage

= �(�2)| {z }
continuous leverage

+
�kr;�(�

2)

��(�2)
E[ckrc

k
�]| {z }

co-jump leverage

(16)

can be associated with a broader notion of leverage. Speci�cally, �(�2) is represented as the sum of the

in�nitesimal correlation between "continuous" shocks to prices and "continuous" shocks to spot variance

(namely, the traditional leverage component) and a component arising from the presence of co-jumps.

The latter is simply the (standardized) conditional covariance of the co-jumps.

The standardization (by ��(�2)) may be viewed as arbitrary. One may, for example, standardize by

(the square root of) the full conditional second moments of the price and variance processes rather than

simply by their di¤usive components. While ad-hoc, it is however a necessary standardization in order to

isolate �(�2). It is also somewhat natural in that it is the standardization that one would employ if the

jumps were assumed not to play a role. In this case, the expression clari�es the impact of the co-jump

component on the continuous leverage estimates, as done in the previous section.

In general, we can view �(�2) as an explicit representation of the fact that negative correlations

between shocks to prices and shocks to variances may be imputed to a negative correlation between the

11Their model SVIJ assumes independence of the jumps as in Subsection 5.4 above.
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"continuous" components of prices and variances, to a negative correlation between the joint "discon-

tinuous" components of prices and variances, or both. Disentangling the relative impact of alternative

components is economically important. The following remarks provide further discussions on this issue.

We, however, elaborate on the topic, both theoretically and empirically, in Bandi and Renò (2010).

Remark 9. (Co-jump identi�cation) Methods have been put forward to identify the co-jumps. Gobbi

and Mancini (2008), for example, suggest identifying the contemporaneous discontinuities of two generic

jump-di¤usion processes X1 and X2 by virtue of products of the type

�X11f(�X1)
2��(�n;T )g�X21f(�X2)

2��(�n;T )g;

where �(�) is a function such that
� log( 1� )
�(�) ! 0 when � ! 0. Asymptotically (for �n;T ! 0), the

indicators eliminate variations which are smaller than a threshold. Since the threshold is modelled based

on the modulus of continuity of Brownian notion, the variations being eliminated are of the Brownian

type, thereby leading to identi�cation of the contemporaneous Poisson jumps. Once a time-series of co-

jumps is formed, the corresponding intensity (�k1;2) may be evaluated, possibly under an assumption of

constancy, by computing the in-sample frequency of co-jumps. Similarly, the expected �rst cross-moment

(E[ck1c
k
2]) can be consistently identi�ed by virtue of sample averages of the co-jumps (under, of course,

stationarity of the jump distribution). Finally, given b�2(�) = f(b#2; b#3; b#4; :::)(�); the continuous leverage
function �(�2) may be estimated consistently by virtue of e�(�2) � b�kr;�(�2)

�
q
f(b#2;b#3;b#4;:::)(�2) bE[ckrck�]. For an

alternative approach to co-jump testing, we refer the reader to Jacod and Todorov (2009).

Remark 10. (More on co-jump identi�cation) A di¤erent procedure for co-jump identi�cation is

implied by the recent work of Bandi and Renò (2010) on cross-moment estimation. Here, we summarize

some ideas. The procedure hinges on the nonparametric identi�cation of the return/variance cross-

moments of order p1 and p2; i.e.,

#p1;p2(�
2) = lim

�!0

1

�
E
h
(log pt+� � log pt)p1

�
�(�2t+�)� �(�2t )

�p2 ���2t = �2 i ,
with p1 � p2 � 0. The intuition is as follows: the cross-moments of order higher than 1; 1 (i.e., so that
p1 � p2 � 1 and p1 > p2 if p2 = 1 or p2 > p1 if p1 = 1) depend solely on the features of the co-jumps
and may therefore be used to identify �kr;� and E[c

k
rc
k
�]: As an example, assume �(�) = log(�). Using the

notation in Remark 8, express

Jr = J�r + J
k
r = c

k
r

�
N�
r +N

k
r;�

�
J� = J�� + J

k
� = c

k
�

�
N�
� +N

k
r;�

�
where N�

r , N
�
� , and N

k
r;� are independent Poisson processes. Now write 

c
k
r

c
k
�

!
� N(0;�J) and �J =

�
�2J;r �

�J�J;r�J;� �2J;�

�
;

where �J may be a function of �2:12 Then,
12This can be easily seen. If the moments of the size distribution are treated as constant parameters, one would have to

average functionals of the high-order moments across evaluation points to gain e¢ ciency (see, e.g., Eq. (11) above). If the
moments of the size distribution are not treated as parameters, but rather as general functions of the state variable, than
no averaging would take place.

15



8>>><>>>:
#1;0(�) = �(�)
#2;0(�) = �+ (��r(�) + �kr;�(�))�2J;r
#4;0(�) = 3(��r(�) + �kr;�(�))�4J;r
#6;0(�) = 15(��r(�) + �kr;�(�))�6J;r

9>>>=>>>;
yield identi�cation of �(�), �2J;r, and

n
��r(�) + �kr;�(�)

o
. Similarly,8>>><>>>:

#0;1(�) = m(�)
#0;2(�) = �2(�) + (���(�) + �kr;�(�))�2J;�
#0;4(�) = 3(���(�) + �kr;�(�))�4J;�
#0;6(�) = 15(���(�) + �kr;�(�))�6J;�

9>>>=>>>;
identify m(�), �(�), �2J;�, and

n
���(�) + �kr;�(�)

o
: Finally, for instance,8>>>><>>>>:

#1;1(�) = �(�)
p
��(�) + �kr;�2(�)�J�J;r�J;�

#2;2(�) = �kr;�2(�)�2J;r�2J;�(1 + 2�2J)
#3;1(�) = 3�kr;�2(�)�J�3J;r�J;�
#1;3(�) = 3�kr;�2(�)�J�J;r�3J;�

9>>>>=>>>>;
identify �(�), �J , and �

k
r;�2(�): Naturally, even in this logarithmic model with Gaussian jumps, alternative

identi�cation schemes may be entertained.

7 Allowing for spot variance estimation

The spot variance process is latent. Thus, when implementing b#1;1(�2) and b#j(�2) with j = 1; 2; 3; 4; :::
one must replace �2iT=n with estimates b�2iT=n for 8i = 1; :::; n.
To this extent, assume availability of k equispaced high-frequency observations over each time interval

[i�n;T � �; i�n;T ].13 Assume these k observations are employed to estimate the integrated variance of
the logarithmic price process over each interval (i.e.,

R i�n;T

i�n;T�� �
2
sds) by virtue of the threshold bipower

variation estimator

TBPViT=n = &
�2
1

kX
j=2

(j�j�1 log pj j�j log pj)1fj�j�1 log pj2��j�1g1fj�j log pj2��jg; (17)

where &1 =
p
2=� ' 0:7979 (Corsi et al., 2010). This estimator has a "double-sword" feature in elimi-

nating jumps, and evaluating the di¤usive integrated variance
R i�n;T

i�n;T�� �
2
sds, which makes it particularly

suitable for our purposes: discontinuities are annihilated asymptotically by the adjacent di¤usive com-

ponent (similarly to the classical bipower variation of Barndor¤-Nielsen and Shephard, 2004) and are

discarded in �nite samples (and asymptotically) when above a threshold �j ! 0 (as in the threshold

realized variance of Mancini, 2009).

Now de�ne b�2iT=n = TBPViT=n
� and let �! 0 as k !1, asymptotically. We may show the following.

Theorem 6. Assume �t = �t�(
�
k ), where �(

�
k ) is a real function satisfying �

�
�
k

�
!

�!0; k!1
0 and

1

�(�k )

�
�
k log

�
�
k

��
!

�!0; k!1
0 and �t is an a.s. bounded process with a strictly positive lower bound.

13Of course, the interval could also be [i�n;T ; i�n;T + �]: Alternatively, it could be symmetric around i�n;T . In all
cases, in fact, �! 0. The interpretation of these alternative choices, and their relation with discrete-time approaches, are
discussed in Subsection 10.2.
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(i) If
p
k�! 0, then

p
k

�
TBPViT=n

�
� �2iT=n

�
)MN

�
0; c2�

4
iT=n

�
;

with c2 � 2:61:
(ii) We also have

max
i�i�n

����TBPViT=n�
� �2iT=n

���� = Op �p��+Op
 r

log(n)

k

!
:

If feasibility is restored by employing b�2iT=n = TBPViT=n
� in place of the unobservable �2iT=n, 8i =

1; :::; n, the resulting estimation error must be controlled by relating the limiting properties of n; T; and

�n;T to those of �, k, and �. The following theorem does so.

Theorem 7. Let b�2iT=n = TBPViT=n
� be de�ned as in Eq. (17). Let, also, �! 0 and k !1. Assume �t =

�t�(
�
k ), where �(

�
k ) is a real function satisfying �

�
�
k

�
!

�!0; k!1
0 and 1

�(�k )

�
�
k log

�
�
k

��
!

�!0; k!1
0

and �t is an a.s. bounded process with a strictly positive lower bound. Write 	n;k;� =
q

log(n)
k +

p
�: If

	n;k;�

�
1=2
n;T

! 0

the consistency results in Theorems 1 and 2 hold when replacing �2iT=n with b�2iT=n. Ifvuuthn;T
bL�2(T; �2)
�n;T

	n;k;�

�
1=2
n;T

! 0

the weak convergence results in Theorems 1 and 2 hold when replacing �2iT=n with b�2iT=n. If
	n;k;�

�
1=2
n;Thn;T

! 0

the consistency results in Theorems 3, 4, and 5 hold when replacing �2iT=n with b�2iT=n. Ifq
hn;T

bL�2(T; �2) 	n;k;�

�
1=2
n;Thn;T

! 0

the weak convergence results in Theorems 3, 4, and 5 hold when replacing �2iT=n with b�2iT=n.
If the return/variance dynamics are evaluated by virtue of in�nitesimal conditional moment estimates

based on n daily observations, as in this paper, the conditions in Theorem 7 require availability of a

su¢ ciently large number k of intra-daily observations for the purpose of estimating spot variance for

each day i = 1; :::; n and suitably reducing the resulting measurement error. BR (2008) provide more

discussions. We now turn to the empirical work.
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8 Leverage estimates: the S&P 500 index

We apply the leverage estimator to S&P500 index futures data. We employ high-frequency index futures

prices from January 1982 to February 2009 for a total of 6,675 days. As is customary in the literature,

we focus on a broad-based US market index.14

Our estimated model is for �(�) =
p
�, the volatility process. We also express the moments of interest

as a function of spot volatility � (rather than as a function of spot variance �2). The threshold bipower

variation estimates are constructed using intra-daily observations over a 6:5-hour period interpolated on

a 5-minute grid (80 intervals per day yielding k = 80). The threshold is chosen as in Corsi et al. (2010).

Also, we set � equal to a day. Daily estimates are obtained by multiplying the 6:5-hour estimates by a

factor equal to ratio between the sum of the squared daily returns and the sum of the 6:5-hour variance

estimates over the period. We return to the issue of choosing � in practise in Subsection 9.2 below.

We consider our more general (and empirically-warranted) case of jumps in both returns and volatility.

The nonparametric estimates b#1;1(�) and b#j(�) with j = 1; 2; 3; 4 are implemented using hn;T = hsŝn�1=5,
where ŝ is the standard deviation of the time-series of daily spot volatilities. Based on preliminary inves-

tigations, we set hs = 2 for b#1;1(�) and b#2(�) and use hs = 4 for b#1(�), b#3(�), and b#4(�). Nonparametric
identi�cation is conducted by virtue of a �rst-order correction in �n;T . This correction is immaterial as-

ymptotically but has the potential to improve �nite-sample performance, particularly when evaluating the

intensity of the volatility jumps (which, of course, plays a role in the denominator of e�(�)). Speci�cally,
assuming exponential jumps in volatility with parameter ��, as done earlier, we obtain

#2(�) � �2(�) + 2�2���(�);

#3(�) � 6�3���(�) + 3#1(�)#2(�)�;

#4(�) � 24�4���(�) + 4#1(�)#3(�)� + 3 (#2(�))
2
�:

We identify the system through

�� =
1

4n

nX
i=1

0B@b#4(b�iT=n)� 4�n;T b#1(b�iT=n)b#3(b�iT=n)� 3�n;T
�b#2(b�iT=n)�2b#3(b�iT=n)� 3�n;T b#1(b�iT=n)b#2(b�iT=n)

1CA ;
��(�) =

b#4(�)� 4�n;T b#1(�)b#3(�)� 3�n;T �b#2(�)�2
24�4�

;

�
2
(�) = b#2(�)� 2�2���(�);

and, of course,

�(�) =
b#1;1(�)q
��

2
(�)

;

with b#1;1(�) as de�ned in Eq. (5).15 We apply a similar �rst-order correction to evaluate the con�dence
bands. These are obtained by using the limiting results in Section 5 for the case with independent
14Admittedly, classical economic logic behind leverage e¤ects makes the analysis of �rm-speci�c data important. We leave

this analysis for future work.
15Even though previous work on nonparametric jump-di¤usion estimation has shown that jump identi�cation o¤ of higher-

order moments is empirically feasible (Bandi and Nguyen, 2003, and Johannes, 2004, for instance), estimating higher-order
moments is known to be cumbersome. The proposed bias-corrections are meant to improve �nite-sample inference by
reducing discretization error.
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return/volatility jumps. Finally, when estimating �� we weigh the addend by virtue of the estimated

local time at b�iT=n 8i = 1; :::; n.
The empirical �ndings are presented in Fig. 1 and in Fig. 2. Fig. 1 contains the S&P500 future

variance of volatility function, the intensity of the jumps in volatility (expressed in terms of the number

of yearly jumps), and the leverage estimates. In all cases, spot volatility is expressed (on the horizontal

axis) in daily percentage terms. In agreement with much empirical work in which volatility is �ltered

from low-frequency (daily) stock returns (see, e.g., Eraker et al., 2003), the volatility of volatility is found

to be increasing. The point estimates of the number of yearly jumps are centered around 20 and are

statistically signi�cant. The leverage estimates are, as expected, negative and, barring a hump-shape for

low volatilities, decreasing with the volatility level. These estimates vary between roughly �0:22 and
�0:35 in the most populated volatility range, the value �0:45 being reached for high, seldomly seen,
volatility levels. These �ndings are consistent with the parametric evidence in Section 2. They are, once

more, indicative of time-variation in the correlation between shocks to returns and shocks to volatility.

For a dynamic assessment of this time variation, see Fig. 2. We evaluate the potential for upward biases

(i.e., biases towards zero) of the leverage estimates in Section 9 (Subsection 9.2).

We, of course, emphasize that, in light of Theorem 5, the reported leverage estimates are theoretically

consistent for �(�) only in the absence of co-jumps (or if, in the presence of co-jumps, the jump sizes are

uncorrelated and the mean of the return jumps is equal to zero, as sometimes assumed in the literature). In

spite of the impact of co-jumps on estimating �(�), however, the presence of co-jumps does not invalidate
the empirical relevance of our methods. As emphasized in Section 6, the methods simply lead to the

estimation of a broader notion of leverage. We leave the issue of separately identifying (and evaluating

the relative impact of) the di¤erent components of total leverage, dubbed "continuous leverage" and

"co-jump leverage" earlier, for future work. Ideas on identi�cation were laid out in Remark 10.

9 Finite sample issues

9.1 Discretization: the impact of risk-return trade-o¤s and volatility feed-
back e¤ects

Feedback e¤ects generated by unaccounted risk-return trade-o¤s may imply time-variation of the leverage

estimates as a function of spot volatility. To see this, return to the model in Eq. (2) (Section 2). Assume

�t = 0, as yielded by a commonly-employed martingale di¤erence assumption on the return process.

Then, of course,

covt(rt+1;��t)

stdt(rt+1)stdt(��t)
=

under �t=0

Et[rt+1��t]

stdt(rt+1)stdt(��t)
.

If, however, the true model is, instead, so that �t = 
�t; i.e., there is a risk-return trade-o¤, and spot

volatility is mean-reverting as given by mt = �0(�1 � �t); for instance, then

Et[rt+1��t]

stdt(rt+1)stdt(��t)
=

if, instead, �t=
�t


�0�1
�

� 
�0�t
�

+ �: (18)

In this case, the empirical leverage should vary (become more negative) with the volatility level because

of an unaccounted risk-return trade-o¤ and volatility mean reversion. Clearly, this is not the type of
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dependence on spot volatility which we have been emphasizing in that our focus has been on �, the

genuine correlation between shocks to prices and shocks to volatility.

Importantly, however, this e¤ect may have implications for our analysis. Our estimator is, in fact, a

sample counterpart to Et[rt+1��t]
stdt(rt+1)stdt(��t)

. We are of course not erroneously setting �t = 0. More simply,

the drift components in returns and volatility are asymptotically zero in our continuous-time framework

since �n;T ! 0. Hence, asymptotically, our estimator is, as shown, consistent for �(�). In �nite samples,
however, �n;T is �xed (albeit small with daily data), and the estimates may be contaminated by a term

(like term 
�0�1
� � 
�0�t

� in Eq. (18)) which is decreasing with the volatility level, given mean reversion

in volatility, thereby potentially inducing spurious (negative) dependence on volatility.

We account for this possibility by recomputing our leverage estimator after subtracting the in�nites-

imal means (�(�t)� and (m(�t)� ����(�t))�) from the price changes and the spot volatility changes.

Fig. 1 contains the corrected leverage estimates. As shown, consistent with asymptotic arguments, the

impact of the correction is minimal, thereby giving support to our reported genuine dependence between

�(�) and �.

9.2 Measurement error: estimating spot volatility

While we use the language of continuous-time modelling, the model is estimated using daily return data

and daily estimates of spot volatility (obtained by virtue of high-frequency price data, as discussed in

Section 7). This is, of course, standard in the continuous-time pricing literature (see, e.g., Eraker et al.,

2003, and the references therein). What di¤erentiates us from the existing literature is the way in which

we �lter spot volatility (nonparametrically, using intra-daily data, rather than by simulation methods).

In �nite samples, however, any notion of spot volatility is e¤ectively a notion of integrated volatility

in that � is �xed. Setting � equal to a day, as in our case, is consistent with common practise in the

stochastic volatility literature and makes our analysis comparable to existing results.

Having made this point, it is important to evaluate the possible impact of di¤erent levels of spot

variance measurement error (inclusive of aggregation issues, for di¤erent � levels) on the resulting leverage

estimates. In particular, we expect genuine measurement error in spot variance to have a larger (positive)

e¤ect on the variance of variance than on the conditional covariance between returns and spot variance

changes (since the error is likely to be fairly uncorrelated with the return process). On the other hand,

aggregation (as implied by a non-vanishing � in a �nite sample) might lead to Epps-type e¤ect in the

estimated conditional covariance. Both e¤ects will lead to attenuation of the leverage estimates.

We investigate this issue by simulation. Consider the discretized system:

rt;t+� = ��+ �t
p
�"rt ;

�2t+� � �2t = �(� � �2t )� + ���t
p
�"�t ;

where f"rt ; "�t g are standard Gaussian random variables with correlation �(�2) = max(�0:9(�2�0:35)2�
0:5;�1). Assume � = 0:0506; � = 0:025; � = 0:75; and �� = 0:0896, as in Eraker et al. (2003). The

system is simulated over 2,500 days. Fig. 3 reports mean leverage estimates across 1,000 simulations

associated with the true spot variance, the true integrated variance, and realized variance (a classical

estimate of integrated variance in the absence of jumps). For each simulated path, we estimate leverage

using Eq. (10) in conjunction with the small-sample adjustments discussed in the previous section. Going

20



from spot variance, to daily integrated variance, to estimated daily integrated variance, attenuates the

leverage estimates. Importantly for our purposes, the nonlinear shape at high spot variance levels is also

attenuated. This is due to the fact that the biases are positively correlated with the variance of the

measurement error and this is a positive function of spot variance.

The simulations suggest that the methods proposed in this paper are e¤ective in identifying true

leverage with accurate spot variance estimates. The true leverage level is, however, likely lower than

estimated on discretized variance estimates, a point made by Aït-Sahalia et al. (2010). Aggregation and

integrated variance estimation error, in fact, will bias the leverage estimates towards zero. The extent of

these biases is of course a function of the true model, of the level of aggregation, and of the precision of the

integrated variance estimates for each level of aggregation. While these simulations should therefore be

solely viewed as illustrative, they suggest that the nonconstant pattern found with data is likely genuine.

In e¤ect, the �nite sample biases are higher at higher variance levels. If anything, thus, the reported

nonconstant leverage shape estimated from data (in Section 2 and in Section 8) may just be somewhat

attenuated.

It is now of interest to study methods which will reduce potential biases. The use of more localized

spot variance estimates requires care. It increases the relative size of the measurement error variance

since integrated variance notions are more easily estimated than instantaneous notions. In agreement

with the simulations reported above, however, the conditions for a vanishing asymptotic mesurement

error in Theorem 7 provide orders which may be consistent with the empirical usefulness of a higher

degree of localization than a daily � (see BR, 2008, for further discussions). Thus, the careful use of

more localized spot variance estimates is a promising direction for future research. This direction is

pursued in Bandi and Renò (2010). Alternatively, one may "instrument" the daily variance estimates

by employing variables which are highly correlated with them but are uncorrelated with measurement

error. Consider the regression b�t = �+�e�t+ �t, where e�t is the VIX. In the presence of an approximate
linear relation between integrated variance and e�t; and since � is uncorrelated with e�, the use of the
�tted values b� + b�e�t should lead to consistent estimates of integrated variance. These "relatively less
noisy" estimates of integrated variance will translate into lower variance of variance estimates and more

negative leverage estimates. Consistent with this observation, for the shorter sample over which VIX

values are available (January 2, 1990 to February 28, 2009), Fig. 4 reports much lower leverage estimates

when regressing the variance estimates on the VIX. Importantly, the VIX-based estimates display a very

clear nonlinear pattern which is somewhat attenuated in the case of the original estimates.16 This e¤ect

is consistent with our simulations: higher estimation error increases the leverage level, and attenuates

potential nonlinearities, precisely in regions where the spot variance-related biases are more prevalent.

These results are suggestive of leverage dynamics which are time-varying, as emphasized in this paper,

and more negative than generally found in the literature. The relationship between the VIX and the price

volatility is, however, a complicated object which depends on the true model as well as on the features

of the volatility risk premia. We view these �ndings as being promising but requiring a more complete

exploration which is better left for future work.

16As pointed out, the di¤erence between the threshold bipower variation estimates in this �gure and those in Fig. 1
depend on the use of a di¤erent sample (a sample over which the VIX values are available).
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10 Further discussions: the link to discrete-time modeling

10.1 Issues of timing: contemporaneous vs. lagged leverage

The discrete-time model introduced in Section 2 is clearly consistent with the nonparametric model

which is the subject of this paper. Consistency derives from the fact that the implied leverage function

�i captures the contemporaneous correlation between daily volatility changes and daily returns (i.e.,p
TBPVt:t�1�HARt�1 and rt = log pt�log pt�1) for changing values of �i. Equivalently, our continuous-

time leverage estimates - which, by necessity, have to rely on discretizations - capture the contemporaneous

correlation between
q

TBPViT=n : iT=n��
� �

q
TBPV(i�1)T=n : (i�1)T=n��

� and riT=n = log piT=n � log p(i�1)T=n
for a daily �.

While, in order to provide motivation, our treatment in Section 2 had to be coherent with our

continuous-time speci�cation (in its discretized form, of course), it is admittedly somewhat di¤erent

from classical speci�cations in discrete time. It is, in fact, generally the case that, in reduced-form

discrete-time models, leverage is measured as a lagged correlation. To this extent, consider now the

model

p
RVt:t�1 = �+ �1

p
RVt�1:t�2 + �2

p
RVt�1:t�6 + �3

p
RVt�1:t�23| {z }

HARt�1 component

+rt�1

NX
i=1

�i1f�i�1�
p
RVt�1:t�2��ig+"t;

(19)

where the variables have the same interpretation as earlier but the regression is on lagged returns rt�1

rather than on contemporaneous returns rt. We now �nd that b�i � dcov(pRVt:t�1�HARt�1 ; rt�1 j �i�1�
p
RVt�1:t�2��i)dvar(rt�1 j �i�1�pRVt�1:t�2��i) ,

b�i � b�i bSi, and bSi = cstd(rt�1 j �i�1�pRVt�1:t�2��i)cstd(pRVt:t�1�HARt�1 j �i�1�
p
RVt�1:t�2��i)

: For a daily �, the corresponding expres-

sion in our functional framework would of course be ee�lagged(�) = b#lagged1;1 (�)p
�e�2(�) with

b#lagged1;1 (�)

=

Pn�1
i=1 K

0B@
s

TBPViT=n+� : iT=n
�n;T

��

hn;T

1CA (log p(i+1)T=n � log piT=n)�rTBPV(i+1)T=n+� : (i+1)T=n

�n;T
�
r

TBPViT=n+� : iT=n

�n;T

�

�n;T

Pn
i=1K

0@r
TBPViT=n+� : iT=n

�
��

hn;T

1A :

(20)

Fig. 5 reports functional estimates of lagged leverage as implied by Eq. (20). Table 2 provides es-

timates of the implied lagged leverage given the parametric model in Eq. (19). We notice that lagging

reduces the size of leverage as compared to the contemporaneous case. This is apparent in both contexts.

Around the bulk of the data (namely, for daily volatility levels between 0:5 and 1:1) both the paramet-

ric and the nonparametric model imply increasingly negative leverage for higher volatility levels. The

nonparametric case yields a bit more action at the boundaries of the volatility range.

The issue of timing is clearly important conceptually and empirically. However, the need to e¤ec-

tively discretize continuous-time stochastic volatility models for the purpose of their functional estima-

tion may render both lagged and contemporaneous leverage compatible with a continuous-time spec-

i�cation in which leverage is, as is natural in continuous-time modelling, a contemporaneous notion
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(see the motivating model in Section 2). This can be easily gauged by noticing that, in b#lagged1;1 (�),q
TBPV(i+1)T=n+� : (i+1)T=n

� can be viewed as an estimate of �(i+1)T=n (for a shrinking � "from the left").

Similarly, in b#1;1(�);qTBPV(i+1)T=n : (i+1)T=n��
� can also be seen as an estimate of �(i+1)T=n (for a shrink-

ing � "from the right").17 In both cases, the resulting leverage estimator may be thought of as estimating

the instantaneous correlation between �(i+1)T=n� �iT=n and log p(i+1)T=n� log piT=n.18

Di¤erently put, again, the fundamental empirical issue is that spot volatility is an instantaneous

notion. Filtering it by virtue of high-frequency kernel estimates (as is the case for threshold bipower

variation) requires the choice of a window width. The use of a left-window is more naturally comparable

to a discrete-time model in which leverage is contemporaneous whereas the use of a right-window is more

naturally comparable to a discrete-time model in which leverage is lagged. Needless to say, the window

could be symmetric about iT=n but, as implicit in our previous discussion, the use of symmetric windows

would complicate intuition as compared to discrete-time speci�cations.

In sum, we �nd that the e¤ective use of a �at left-window (leading to a notion of contemporaneous

leverage in the language of discrete-time models) yields a more statistically signi�cant and stronger

negative correlation between shocks to volatility changes and shocks to prices than the use of a �at right-

window (leading to a lagged notion of leverage, again, in the language of discrete-time models). While the

estimated leverage level is subject to the caveats made in Subsection 9.2, in both cases leverage becomes

more negative with increasing volatility levels around the bulk of the data.

10.2 Alternative conditioning variables

Conditional leverage is modelled in this paper as a function of spot variance. This modelling approach

is economically meaningful. It is also natural in continuous-time stochastic volatility models - and,

e¤ectively, extends them - since spot variance is used as a conditioning variable both in the return equation

(where the return drift may depend on variance as implied by the presence of risk-return trade-o¤s) and

in the variance equation (where the variance drift and di¤usion are generally modelled as functions of the

variance state). Finally, the approach is technically more feasible, in continuous-time, than alternative

conditioning methods. Variance has, in fact, a "stock" nature in continuous-time models. Alternative

conditioning variables used in this literature - stock returns, for example - have a "�ow" nature. This

property makes conditioning on variance feasible. When working in continuous-time, conditioning on

returns would not be possible (unless the model is speci�ed for increments in returns - which is unusual

- rather than for increments in prices).

Alternative approaches may, however, be entertained in discrete time. The parametric �ndings in

Figlewski and Wang (2000) and Yu (2008) are notable in this area. They highlight an asymmetry in

the way in which variance responds to price changes - conditionally on a small or positive return, the

correlation between variance and price changes is small or positive, it is negative when conditioning on

a negative return. In Table 2 we con�rm their results, again, in a parametric framework. Positive or

negative returns today have a di¤erent impact on the sign of lagged leverage (namely on the correlation

17For any ! 2 
, if there is a jump at (i + 1)T=n; on the other hand, the former will lead to �(i+1)T=n�, whereas the
latter will lead to �(i+1)T=n.

18One important di¤erence is, however, that

r
TBPV(i+1)T=n : (i+1)T=n��

�
only uses data before (i + 1)T=n to estimate

�(i+1)T=n, whereas the alternative uses data after (i+ 1)T=n. The former makes conditioning statements possible.
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between current returns and future variance).19 Exploring nonparametrically (in discrete time, given

the infeasibility of return conditioning in continuous time) their alternative approach is an interesting

topic for future work. So is exploring the conditioning power of signed - by contemporaneous returns -

volatility. This approach, of course, borrows features from both variance and return conditioning and,

again, is only feasible in discrete-time nonparametric or parametric models of leverage. For completeness,

the empirical potential of this alternative method in parametric models for contemporaneous and lagged

leverage is reported in Tables 1 and 2.

11 Conclusions

We adopt a �exible nonparametric speci�cation in a family of discontinuous stochastic volatility models

in order to provide a framework to better understand the nature of the correlation between price and

variance shocks. We show that kernel estimates of leverage e¤ects have asymptotic sampling distributions

which crucially depend on the features of objects which are fundamentally hard to pin down, namely the

probability and size distribution of the individual and joint discontinuities in the price and volatility

sample paths. We discuss the nature of this dependence and its implications, while providing tools for

the feasible identi�cation of time-varying leverage e¤ects under mild parametric structures and weak

recurrence assumptions. Our empirical work shows that, for index futures, stronger leverage e¤ects are

associated with higher variance regimes. This novel �nding is suggestive of the importance of time-varying

dynamics in the relation between shocks to prices and shocks to variance.

12 Proofs
We consider �(x) = x for brevity and, when not di¤erently indicated, c� � exp(��). Alternative speci�cations for
�(�) and c� may be treated similarly. The notation eK(Ai) denotes

eK(Ai) =
1

hn;T

Pn�1
i=1 K

�
�2iT=n��

2

hn;T

�
Ai

�n;T

hn;T

Pn
i=1K

�
�2
iT=n

��2

hn;T

� :

We also write fdW r
t ; dW

�
t g = f�(�2t )dW 1

t +
p
1� �2(�2t )dW 2

t ; dW
1
t g in what follows.

Lemma A.1. Given a Borel measurable function g(�), consider the quantity

	(�2)j = eK Z (i+1)T=n

iT=n

�
log ps� � log piT=n

�j Z
Z

g(z)���(ds; dz)

!
;

where ��� is the compensated measure of J�. If

�n;T

h2n;T
! 0;

we have

	(�2)0 = Op

0@s 1

hn;T
bL�2(T; �2)

1A ;
and

	(�2)1 = Op

 s
�n;T

hn;T
bL�2(T; �2)

!
:

19Both in Figlewski and Wang (2000) and Yu (2008) leverage is measured in its lagged version, as described in the previous
subsection. When conditioning on the previous period�s return, the sign of contemporaneous leverage may be di¤erent. We
�nd it to always be negative and highly statistically signi�cant (see Table 1).
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Moreover, q
hn;T

bL�2(T; �2)	(�2)0 ) N
�
0;K2��(�

2)E[g2]
�
;

and s
hn;T

bL�2(T; �2)
�n;T

	(�2)1 ) N

�
0;
1

2
K2

�
�r(�

2)E[c2r] + �
2���(�2)E[g2]� :

Remark to Lemma A.1. Similar results hold if we replace ��� with ��r (the compensated measure of Jr) or
��r;� (the compensated measure of the contemporaneous jumps between r and �2) and, of course, if we replace
log ps� � log piT=n with �2s� � �2iT=n.

Lemma A.2. Consider the quantity

�(�2)j = eK Z (i+1)T=n

iT=n

�
log ps� � log piT=n

�j
�(�2s)dW

�
s

!
:

If

�n;T

h2n;T
! 0;

we have

�(�2)0 = Op

0@s 1
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bL�2(T; �2)

1A ;
and

�(�2)1 = Op

 s
�n;T
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bL�2(T; �2)
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:

Moreover, q
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bL�2(T; �2)�(�2)0 ) N
�
0;K2�

2(�2)
�
;

and s
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bL�2(T; �2)
�n;T

�(�2)1 ) N

�
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1

2
K2

�
�r(�

2)E[c2r] + �
2��2(�2)� :

Remark to Lemma A.2. Similar results hold if we replace W� with W r and, of course, if we replace log ps��
log piT=n with �

2
s� � �2iT=n.

Proof of Lemma A.1. We prove the lemma for 	(�2)1. The case 	(�2)0 follows analogously. After standard-
izing the numerator of 	(�2)1, de�nes

hn;T
�n;T

	num :=
1p

hn;T�n;T
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�
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� Z
Z

g(z)���(ds; dz)
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n�1X
i=1

uiT=n;(i+1)T=n;

where uiT=n;(i+1)T=n is a martingale di¤erence array. We immediately have

n�1X
i=1

E[uiT=n;(i+1)T=nj=iT=n] = 0 a:s:

and, by virtue of Itô�s Lemma on
�
log ps� � log piT=n

�2
, following BR (2008),
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2
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2
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2
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uniformly in T and hn;T in H(") =
�
�
1=2
n;T

"
< hn;T < "

�
for a small " > 0. Now, write

n�1X
i=1

E
h
u2iT=n;(i+1)T=n1(juiT=n;(i+1)T=nj>�)j=iT=n

i
=
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E
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�
�
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E
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i

= VT �
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E
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R
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35 ;
(21)

but K
�
�2iT=n��

2

hn;T

�R (i+1)T=n
iT=n

�
log ps� � log piT=n

� R
Z
g(z)���(ds; dz) = Op(�n;T ). Hence, uniformly over H("),

the indicator converges to 1 and, given boundedness of eVT , Eq. (21) converges in probability to 0 (as �n;T ! 0).
Using Theorem 3.33 in Jacod and Shiryaev (2003, page 478), we conclude that, uniformly in T and hn;T in H("),q

hn;T
�n;T

	num )W
�eVT

�
and W is an independent Brownian motion. This implies that

s
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bL�2(T; �2)
�n;T
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q
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1
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�
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1A ;

given Assumption 3.1., as in BR (2008). By the Quotient Limit Theorem (see, e.g., Revuz and Yor, 1998, Theorem
3.12) we now have that, as T !1 with hn;T ! 0 in H("),

eVT

1
hn;T

R T
0
K
�
�2s��2
hn;T

�
ds

a:s:�! 1

2
K2

�
�2 + �r(�

2)E[c2r]
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��(�

2)E[g2]

which, using Skorohod embedding arguments as in Theorem 4.1 in Van Zanten (2000), for example, gives the
desired result. �
Proof of Lemma A.2. The proof follows the same lines as those of Lemma A.1.
Proof of Theorem 1. Under the assumptions of the theorem, Bandi and Moloche (2010) prove that b#2(�2) p!
#2(�

2) = �2(�2) ands
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�
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�
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Now consider b#1;1. Itô�s Lemma gives
b#1;1

= eK Z (i+1)T=n
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Using Lemma A.2., we now obtains
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s
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The asymptotic covariance between
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:

Hence, s
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since, by the Quotient Limit Theorem,
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In the same way,b#2(�2)
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:

Hence, the asymptotic covariance between b#1;1 and b#2 is given by
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:

Finally, by the delta method
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Hence,
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As for the asymptotic bias, clearly

e��(�2) = 1

�
p
#2(�2)

�#1;1(�
2)� #1;1(�

2)

2�
p
#32(�2)

�#2(�
2):

�
Proof of Theorem 2. Since J� = 0, the speed of convergence and asymptotic distribution of b#2 do not change.
On the other hand, Itô�s Lemma now implies that

b#1;1 = b#c1;1 + eK
0@ X
s2[iT=n;(i+1)T=n[

�
(�2s� � �2iT=n)� log(ps)

�1A ;
where b#c1;1 is de�ned in Eq. (23) above. The extra term does not a¤ect consistency (nor does it contribute to
the asymptotic bias) and does not change the speed of convergence. However, the limiting variance of b#1;1 (andb�(�2)) does change. Notice, in fact, that by Lemma A.1., after compensating the measure �r(:; :),

s
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:

This implies that, by the delta method as in Eq. (24),
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Proof of Theorem 3. BR (2008) have shown that b�2(�2) p! �2(�2), if �n;T
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! 0 and hn;T
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bL�2(T; �2) a:s:! 1, and h5n;T bL�2(T; �2) a:s:! 0. Itô�s Lemma now implies
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which gives, as earlier, b#1;1 = Op
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!
. Hence, the rate convergence of b�2(�2) is slower and

therefore dominating. In other words, from Eq. (24), the limiting variance of b�(�2) solely depends on
q
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thereby giving the stated result.�
Proof of Theorem 4. See BR (2008), Theorem 7.�
Proof of Theorem 5. The result in Eq. (25) still holds. Using Itô�s Lemma in the presence of contemporaneous
jumps gives
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From Lemma A.1. we now obtain that the contemporaneous jump part is Op
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Similarly, since the lower-order term in b#2(�2) is
eK
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2
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we have, since b� converges at a faster rate,
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thereby leading to the stated result.�
Proof of Theorem 6. Without loss of generality, consider the interval [i�n;T ; i�n;T + �]. Write the price
process as log p = log ep + J , where log ep is the continuous price component and J is the jump component. Let
�t = �t�

�
�
k

�
, where �

�
�
k

�
is a real function satisfying �
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�
k
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�!0; k!1
0 and 1

�(�k )

�
�
k
log
�
�
k

��
!

�!0; k!1
0,

and �t is an a.s. bounded process with a strictly positive lower bound. Then, the di¤erence between spot
threshold bipower variation applied to log p (b�2iT=n) and spot bipower variation applied to log ep (e�2iT=n), wheree�2iT=n = � &�21

�

�Pk
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�
�

k

�
;

since Ni, the number of �nite-activity Poisson jumps, is of probability order �. For notational convenience, let
� < �n;T .20 Write epj = eptj , where tj = � jk � Tn + � jk � � j�1k ���, for j = 1; :::; nk. We have
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20When turning to the estimation of the dynamics, this condition is also implied by Theorem 7.
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The �rst term is dominated by the martingale component�
&�21
�

� nk�1X
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!
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!!
:

Using a maximal inequality for martingales as in BR (2008), the term is of order Op

�q
logn
k

�
. The second term,

by adaptation of the method of proof of Theorem 3 in Barndor¤-Nielsen et al. (2006) as it applies to A.4 on page
702, is of higher order than the �rst term. The last term is of probability order �1=2. This proves the stated
result. �
Proof of Theorem 7. We begin with the case of no-jumps, either in prices or in variance, as in Theorem 1.
Write
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;

andMn;k;T = max1�i�n
��(b�2iT=n � �2iT=n)�� :We denote the in�nitesimal moments obtained by virtue of estimated

spot variances by e#j(�2) instead of b#j(�2). The same notation is used for the feasible in�nitesimal covariance
estimates. We have
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:

By the mean-value theorem,
max
1�i�n

���(b�2iT=n)� �(�2iT=n)�� = Op (Mn;k;T ) :

By the properties of Brownian motion,
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Note that
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Using the same method of proof as in BR (2008), the bound becomes
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We now turn to (b). Write
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and
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Finally, for (c) we have
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Thus,

(a) + (b) + (c) = Op

 
Mn;k;T

�
1=2
n;T

!
: (28)

BR (2008) show that, for the case of jumps in volatility, if j = 1

e#j(�2) = b#j(�2) +Op �Mn;k;T
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and, if j > 1,
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which is a milder order than Op
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! 0: As for the covariance term, following BR (2008), it is

easy to show that
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irrespective of the presence of jumps in either prices or variance. Now consider Theorem 1. The delta method in
Eq. (24), combined with Eq. (28) and Eq. (31) gives
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which leads to the desired result. The presence of only jumps in returns (Theorem 2) is analogous. We now turn
to Theorem 3, jumps in volatility only. Using Eq. (30), notice that
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This argument leads to the desired result. Similar expressions apply in the case of Theorem 4 and 5. �
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Figure 1: Functional estimates of Λ2(σ) (top left), λσ(σ) (top right), and ρ(σ) (bottom) for the spot
volatility process of the S&P500 index futures. The leverage function is also estimated including the
small-sample correction described in the text. The jump intensity is in terms of the number of jumps per
year.
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Figure 2: Estimated time series of spot volatility (top) and leverage (bottom) for the S&P500 index futures.
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Figure 3: Estimated leverage on simulated paths. Confidence bands are reported only for the case of
estimated integrated variance.
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Figure 4: Leverage estimates for the 1990-2009 period obtained with threshold bipower variation and with
the combination of threshold bipower variation and the VIX used as a predictor.
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Figure 5: Functional estimates of lagged leverage for the S&P500 index futures.
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Model:

√

RVt:t−1 = HARt−1 + rt

N
∑

i=1

δi1{ηi−1≤X≤ηi} + εt,

Conditioning on volatility (X =
√

RVt−1:t−2)

i Range δi standard error t-stat implied leverage

1 0.250 < X < 0.536 -0.226 0.077 -2.93 -0.152
2 0.536 < X < 0.780 -0.240 0.037 -6.55 -0.187
3 0.780 < X < 1.700 -0.350 0.046 -7.54 -0.273

Conditioning on returns (X = rt−1)

i Range δi standard error t-stat implied leverage

1 -1.700 < X < -0.043 -0.478 0.168 -2.85 -0.187
2 -0.043 < X < 0.061 -0.374 0.043 -8.59 -0.054
3 0.061 < X < 1.700 -0.358 0.063 -5.65 -0.164

Conditioning on signed volatility (X =
√

RVt−1:t−2 · sign(rt−1))

i Range δi standard error t-stat implied leverage

1 -1.700 < X < -0.525 -0.317 0.046 -6.88 -0.155
2 -0.525 < X < 0.531 -0.221 0.074 -2.99 -0.143
3 0.531 < X < 1.700 -0.321 0.037 -8.76 -0.178

Table 1: Parametric models with contemporaneous leverage



Model:

√

RVt:t−1 = HARt−1 + rt−1

N
∑

i=1

δi1{ηi−1≤X≤ηi} + εt,

Conditioning on volatility (X =
√

RVt−1:t−2)

i Range δi standard error t-stat implied leverage

1 0.250 < X < 0.536 -0.163 0.110 -1.48 -0.110
2 0.536 < X < 0.780 -0.096 0.035 -2.75 -0.075
3 0.780 < X < 1.700 -0.136 0.044 -3.06 -0.105

Conditioning on returns (X = rt−1)

i Range δi standard error t-stat implied leverage

1 -1.700 < X < -0.043 -0.716 0.114 -6.28 -0.280
2 -0.043 < X < 0.061 -0.018 0.132 -0.14 -0.003
3 0.061 < X < 1.700 0.158 0.072 2.21 0.072

Conditioning on signed volatility (X =
√

RVt−1:t−2 · sign(rt−1))

i Range δi standard error t-stat implied leverage

1 -1.700 < X < -0.525 -0.338 0.059 -5.70 -0.165
2 -0.525 < X < 0.531 -0.129 0.121 -1.07 -0.084
3 0.531 < X < 1.700 0.083 0.060 1.40 0.046

Table 2: Parametric models with lagged leverage


