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Joint work with Roberto Reno’ (Universita’ di Siena)

Background papers - the first two are available on our web sites

@ "Nonparametric stochastic volatility"
@ "Nonparametric leverage effects"

@ "Infinitesimal cross-moments and return/volatility co-jumps"
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@ Motivation - a benchmark nonlinear stochastic volatility model with
independent return/volatility jumps (SVM-J)

A theory of high-frequency spot variance estimation
o Examples
@ Spot variance dynamics: identification in a nonlinear SVM-J

e Empirical work

Allowing for co-jumps - a notion of "generalized leverage"

Allowing for co-jumps - identification of the full system

e Empirical work
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Motivation

A benchmark nonlinear stochastic volatility model with independent jumps (SVM-J)

dlog(p:) = wu(o?)dt+ordW) + dJr,
df (07) = me)(07)dt + Ap(y(07)dWY + dJf,

(W WS} = {p(o?) Wi \/1— (o2 aw?, awl},
where
o {W{, W2} are independent Brownian motions
o —1<p()<1

e {J{,J7} are Poisson jump processes (with intensities A"(.) and
A‘;(_)(.)) independent of each other and independent of { W}, W2}

o u(.), me()(.), and Ag()(.) are functions satisfying mild smoothness
conditions
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Motivation - continued

A benchmark nonlinear stochastic volatility model with independent jumps (SVM-J)

dlog(p:) = wu(o?)dt+ordW) + dJr,
df (o) = mye)(0F)dt+ Ag()(0F)dWY + dJf,

[dW WS} = {p(eD)dW/1 - p2(o2)aw?, dw})

@ Estimation is generally conducted by using parametric filtering
methods relying on daily (or lower frequency) stock returns.

@ A recent literature has emphasized the importance of high-frequency
(intra-daily) stock returns for identifying (daily) integrated variance,
thereby effectively treating volatility as an "observable" quantity with
no need for filtering using low-frequency returns (e.g., Andersen et al.,
2003, and Barndorff-Nielsen and Shephard, 2002).
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Our approach

dlog(p:) = wu(o?)dt+oedW) +dJL,
df (o?) me(y(07)dt 4+ Ag(y(07)dWY + dJf,

{aWf, dW} = {p(0})dW+/1 - p2(02)dW?3, dW}}

@ We use current advances in high-frequency volatility estimation to derive a

theory of spot variance (Uf) estimation using high-frequency asset price

data.

o We allow for market microstructure noise

@ We model the dynamics of spot variance by using nonparametric methods.

o ldentification is conducted under recurrence

e Consistency and asymptotic normality of all functions and parameters
driving return and variance dynamics is shown

e Conditions under which the measurement error induced by the
preliminary spot variance estimates 5% is asymptotically negligible are
provided
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A theory of high-frequency spot variance estimation

o Write

0y = — = ,
¢ ¢
where Vt,t+¢ is an integrated variance estimator (over a time interval
¢ — 0) constructed using k intra-daily return observations (with
k — oo)
We show that
PPk {af . a%} AR (o, a (o) + b)
is satisfied, under additional assumptions and for appropriate choices
of B, «, a, 17, and b, by virtually all popular integrated (for a fixed ¢)
variance estimators Vt’ﬂra recently proposed in the literature provided

1\ 12
PPk — oo and k4¢P (cplog ($)) — 0.
Depending on Vt,tﬂp, we may allow for microstructure noise or jumps
in returns.
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A classical dgp for intra-daily returns

Assume availability of k + 1 price observations in each interval [t, t + ¢].
The intra-daily price formation mechanism is defined as:

log(p;)* = log(p;) +1;, =0,k
or, in terms of continuously-compounded returns,

log(p;)” —log(p(j-1))" = log(p;) —log(p(—1)) +11; =11y =1k

rk

r:
Jjo

jo €js

where log(p) denotes the unobservable equilibrium price and 7 denotes
unobservable market microstructure noise.

@ The noise is independent of the true price process and [ID mean zero
with second moment E(y?) = o} (or, equivalently, E(e?) = 207).

@ The equilibrium price follows the SDE above (with or without jumps).

@ The equilibrium price's spot variance follows the SDE above (with
jumps).
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Example 1: Realized variance

(Andersen et al., 2003) - No noise, no jumps in returns

Then, if k*¢# (¢plog (%))m -0,

e {35 _Ug} o MN (O,a ()" + b) .

witha =1, =0,a=275=1 and b=0.

e The rate of convergence is k!/2.
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Example 2: Multipower variation

(Barndorff-Nielsen and Shephard, 2004, 2006) - No noise, jumps in returns

82 _ Vt,t-i—d) o (y2/z)_z jk;].z

' ¢ ¢
where y1, = E(|Z*|) and Z is standard normal.

Then, if k*¢pP (<plog (%))1/2 — 0 and % (% log (g))(z_l)/z — 0,

i {7 Ut}k—wfib—w MN (0,2 (cf)" + ),

‘2/2

)6

witha =1, =0,a#0,7=1,and b=0.

e Again, the rate of convergence is k!/2.
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Example 3: The two-scale estimator

(Zhang et al., 2005) - Noise, No jumps in returns

Consider g non-overlapping sub-grids of the original grid of k + 1 arrival
times. Define g realized variance measures on these subgrids V/(7)
i=1,..., g. Now write,

- o, v -
~2 _ Vitry _ 71q _( Z+1)E(52)

Tt = "¢ ¢

Then, if gbﬁk”‘ — 00 and k”‘gbﬁ ((p log (%))1 ? — 0,

PPk {&% . ag} Do M (0, a(oh) + b) .

o If q=TK/3, then p=1,a=1 a=0 and b= (&) (E(e2))*.

2/3 2\ 1/3
O/fq":'r(%) WithTZ(n(i(;))> ,thenﬁ:%,uc:%,

8
2

1/3
a=2 (12 (E(EQ))Z) .77 =2, and b= 0. Optimal rate: k/10.
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Example 4: Realized kernels

(Barndorff-Nielsen et al., 2008) - Noise, no jumps in returns

Consider a kernel function g(x) on [0, 1] satisfying g(0) = 1 and
g(1) = 0. Write
To+ 1 (347 )
¢ ¢ '

a% — Vt,t+¢ _

where 4, = Zj’-‘zl rir_gwiths=—gq,..,gand ws = g (%) .

Then, if pPk* — oo and k*¢# (plog @))1/2 -0,

PPk {&% - af} Do M (o, a (o) + b) .

/ 1/2
Assume g (0) =0 and g'(1) = 0. If ¢° =T (LT) with

1/2 1/2
1,1 1,1\2 0,0 22 2
T = {g° + (g.gp?o 136" &2 } <E(8 )> , then IB — %, I — %, a 7£ 0,

2
TiT/n
3

7 =3, and b= 0. Optimal rate: k/°.
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Spot variance dynamics: identification in a nonlinear

SVM-J

reirde = dlog(pe) = u(o?)dt + ordW) + dJr,
df(07) = mp)(07)dt+ Ag(y(0F)dWY + dJf, (1)

[dW{, dWT} = {p(0?)dW /1 - p2(03)aW?, dw})
@ Generalized Duffie, Pan, and Singleton (2000) model. Write Eq.
(1) with f(07) = 07 and dJf = ¢7dN{, where {7 ~ exp(jz).

@ Generalized log-variance model. Write Eq. (1) with
f(0?) = log(c?) and dJY = Z7dNY, where &7 ~ N(O,Ué).
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Generalized Duffie et al.’s model

An identification scheme in the spirit of Johannes (2004) and Bandi and Nguyen (2003)

dog = mg2(07)dt + Ay (07)dWY + ¢7dNY with &7 ~ exp(p;)

) = my2(x) + ]"g)‘az (x),

x) =A% (x) + 27,{%)\02 (x),
) = 6piAq (),

4 x) = 24;{%)\02 (x)

>

where the infinitesimal moments & (x) are defined as follows:

0(x) = lim ~E[(02 0~ 0?) |2 =x] j=1..
A—0 A
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Generalized Duffie et al.’s model

An identification scheme (continued)

~2 ~ R
)= 1(X) — 202 (X)7iZ,

L M2 (x) = (X)_Azﬂ(x)ﬁg

where the infinitesimal moments are estimated as follows:

_ j=1, ..,
A n 2
£ (T
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Infinitesimal moment estimation - consistency

Under recurrence (c.f., Bandi and Phillips, 2003, Bandi and Nguyen, 2003)

Theorem. If k,n, T — oo and han,gl)n'T — 0 so that

lim h,7v(T) = oo,

n, T—oo

() 1 \?2
| A, 7l = 0,
’7'7!T’°° hn,T ( 708 An,T) 0

1/2
Tv(T) 1l Tv(T) ! 1
im ) °gfg”)+ ACDR (P B _
k,n, T—o0 An,Th ,Tkacpn,T ANp1hnT ' ‘Pn,T

with « € (0,1] and B = [0,1], then,

) 2ex)  j>1,

where L,>(T,x) < v(T) and Ly2(T,x) is the spot variance’s local time.
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Infinitesimal moment estimation - weak convergence

Under recurrence

Theorem (continued). If lim, 1_,c h, 7v(T) = o0,

M, 7o B8 7v(T) = G, limy, 7o 50 (An,T log ﬁ) =0, and

: T3/2y(T) tlog(n) | T3/2v(T)"! 1))
lim + log | — =0, then,
om0 T h 2 kagh INRL:: o708 (5,7

\ Bin 7Ly (T, X) {?f'(x) 0 (x) - roj(x)} =N (o, K292j(x)> Cvi>1

with

T,i(x) = h 1Ky

o' () ((XX)) + %ef” (x)] ,

where s(dx) is the process’ invariant measure and Cs is a constant.
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Some specific volatility moments

The volatility jump component

Let k,n, T — oo, ¢, h — 0 and let the previous assumptions be satisfied.
The intensity of the jumps:

= - Ay (X)E ((¢7)°
m{Aﬂ(X)M(X)}:’N(O'Kz (24>gy2 >>

The jump size:

() 2T g = mef = N(0,1),

where

2 4 2
Y(T) = [, Apa(x) (jgg) E ((4931(X) &) - ﬁ (60)3) ) .
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The joint return/variance dynamics

Nonlinear leverage effects

Write

(0,2) _ 91,1(‘72)
0272, (02)

where 611(0?) is the first infinitesimal cross-moment between spot
variance and returns (more on cross-moments later). Then,

VhorLa (T.0?) {p(0%) — p(%)} = N (0, Ko8,(c%))

with 6,(0?) = 4[;(( ))Asyvar (A2 ((72)) and

Asyvar <//§(272((T2)) = A2 (x)E ((CU)Z S (50)4)
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Empirical work

Spiders from January 2, 1998 to March 31, 2006

dlog(p:) = u(07)dt+oedW/ + ¢ dN{ with ¢ ~ N(0,03)
do; = mga(07)dt + Ag2 (07)dWY + E7dNY with 7 ~ exp(p;)

Variance dynamics
@ We use a robustified (to noise) version of bipower variation -
staggered bipower variation
o We estimate the volatility functions by using the identification
method described earlier (again, under exponential jumps)
Return dynamics and joint dynamics
@ We estimate the return functions by using a similar moment-based
method (under Gaussian jumps in returns, however)

@ We estimate functional leverage as discussed earlier

FMB (EMES 2009) Invited lecture August 26, 2009 20 / 28



Drift

Lambda

20

—-40 -20

—60

-80

35

30

Figure 1(a)
Variance drift estimates

o= e» @ o 957 band

— )ift

- e am o 957 band
B semmmee Drift (no jumps
------- EJPdrIHJ ) N
\
i N\
L L L L L L L L
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
Daily variance (x 10,000)
Figure 1(c)
Variance jump intensity
= e am o 957 band
B e— | 0 mbda e
- 957 band 4

°°°°°°° EJP Lambda

Daily variance (x 10,000)

.8

Diffusion

100

Mu

180 220 260 300

140

60

-20 20

14

10

Figure 1(b)
Variance diffusion estimates

[ = o e e 957 band /
.

e—])iffusion .
= e ==« 357 band / /
Diffusion (no jumps)

------- CEV diffusion / /

ooooooo EJP diffusion

Daily variance (x 10,000)

e e e e .- --—---] . | | |
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
Daily variance (x 10,000)
Figure 1(d)
Variance expected jump size
= o= e e o 357 band
L L L L L L L L
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8



Figure 2(a) Figure 2(b)
Price drift estimates Leverage estimates
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Allowing for co-jumps

dlog(p:) = u(o7)dt+oedW/ +E1dN] + ¢5dN;
—
co—jump
df (c?) = m(c?)dt + A(c?)dWS + EdNY 4 E5dN;
N -

co—jump

{dWf, dWi} = {p(07)dWi+1/1 - p?(03)dW?, dW}}

@ The Poisson processes N/, N{, and N; are independent of each other
and independent of the driving Brownian motions W} and W2.

@ The co-jump components have conditional intensity /\,,02((72).
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Infinitesimal cross-moments

Define

Opip, (07) = A|iLn0 El(log(pea) - IOg(Pt))plA(f(Uf+A) — f(02))P |02].

In terms of the underlying model components:

m(0?) + A2 (c )E[C‘ﬂJr/\raz( ?)E[Z3] p2 =1
00,0, (%) A2(02) + A2 (0?)E[(§1)° ]+/\r(72< 2E[(E3)] p2=2 .
Aoz (0P)E[(GT)7] + A, 02 (0?)E[(23)"] p2 >3

p(e2)A(@)0 + A, 2 (D)EE) ()] b1 = pr = 1
0 (0,2) _ pr=p2=>1
prbe Ao (0?)E[(63)™ (62)] (P> p2
if pp=1)
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A notion of generalized leverage

Write

014(c?) o) 4 M PIENE) @)

AN?(0?)0? B —— AN?(0?)0?
Brownian leverage

Jump leverage

@ Allows for dependence on the state of the economy (as summarized
by spot variance)

@ Depends on the classical (conditional)
correlation between the driving continuous shocks

@ Depends also on the (conditional)
correlation between the co-jump processes
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Cross-moment estimates

Define

n—1 2 —? ~ A~
. ) _;1 K(%) (IOg(p(i+1)T/n)_IOg(piT/n))pl (f(a%i+1)T/n)_f(012T/n))p2
Opy,p (07) = = N /52 2
AT X K(—'”" )
=1

i hn,T

o Vir/n - . : . :
° (T,ZT/,, = 47’:;" is, as earlier, a high-frequency spot variance estimate.

@ We generalize previous approaches by choosing p; and p
appropriately. Earlier, p, = 0 (for identification of the price
moments), p; = 0 (for identification of the variance moments), and
p1 = pa = 1 for identification of p(c?).

@ The extra leverage component requires alternative choices of p; and
p2 (e, p1 > p>1).

@ In the presence of co-jumps, 6,,1,,,2(02) converges to the true

cross-moment at speed \/ h, 7L,2(T,0?) for all p; and py.
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Generalized log-variance model

Write

dlog(p:) = wu(o?)dt+ o dW) + & (dNI + dN,),
dlog(c?) = m(o?)dt + A(o?)dW7 + & (dNY + dN,),

[dW, dWTY = {p(02)dW, + /1 - p2(02)dW2, dW},

«) (oo o, )
~ N(0,%,) and X, = ! .
( ga ( J> / 0401,:0 )0 (73,(7

Note - X, can be a function of the variance process (Z,(c?)).

with
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Identification
A possible scheme

01,0(x) = p(x)
Price moments: G20(x) = x+ (A, (x) +4, ‘T(X))Ui r
] Bao(x) =3(A,(x) + A, ,(x))e,
5.0(x) = 15(4, (x) + A, (x))",,
They identify 1i(x), 05 ,, and {A,(x) 4+ Ar0(x)}.
90'1<X> = m(x)
Variance moments: fo2(x) = A° () + (/\‘T(X) A, ‘T(X))Ui 7
) Boa(x) =3(A,(x) + A, o (x))0],
B (x) = 151, (x) + 1, ,(x))5

They identify m(x), A(x), 075, and {As(x) + A 0(x)} .

01.1(x) = ( JV/XA(x )+7\m2( X)P,04.r0 00
Cross-moments:{ 02(x) = A, 2(x)0 03 (14 203)
(x

93 1 ) = 3Ar 02( )PJ‘Ti,r‘TJ,U
They identify p(X), P, and /\,'[72( )
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The features of the co-jumps and generalized leverage

The co-jump intensity:

Xr,¢72(0-2) = % (H(U'z) + \/H(O’2)2 — 80(0’2)2> ,

where . oo , R ,
16 0 0
O(0?) = 2 Bl +013(07) gy B22()
3G,,050(05,+75,) 05,070
The co-jump correlation:
ﬁj(az) — AQ(702).
Ao (0?)
The Brownian correlation:
ﬁ(a2) _ 51,1 (0-2) _ Xr,zf2 (02)5J8J,raj,ﬁ
—— oA (0?) oA (0?)

Brownian leverage

Jump leverage
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Conclusions

@ We presented novel nonparametric identification methods for the
infinitesimal moment functionals of nonlinear stochastic volatility
models with jumps in returns and in variance.

@ We emphasized that consistency and weak convergence of all relevant
functions and parameters (including a generalized notion of leverage)
may be achieved under mild statistical assumptions, i.e., recurrence.

© As a necessary preliminary input, we discussed a theory of spot
variance estimation using noise-contaminated high-frequency asset
price data. This theory gives us a way to control (asymptotically) the
estimation error induced by the preliminary variance estimates.
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