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Technical Appendix

Lemma A1: For later reference, we prove a more general version of Lemma Al. In particular,
we cover three cases: (i) the new economy does not exist, and learning only occurs only by observing
the old economy; (ii) the new economy exists, and learning occurs for ¢ € [t*,¢**]; (iii) the new
economy exists, adoption takes place at t** and learning occurs for ¢ > t**. The learning dynamics
for ¢t > t** in the case of no adoption at t** is identical to case (iz). For ¢t > t* we then have

d{ﬁ\t = 0f C¢dZ()t + CNUt il (1 — U];/()) le t (C1)
do} 9\ 2
o (Ut) g (C2)

where g, ¢ and cy are constants given by

= () () )

(1,0) if only old economy exists
(c,en) = (1,1) if ¢ >t** and adoption occurs at ¢t** (C4)
(0,1) otherwise

and the vector of expectation errors follows the process

~ -1
dZy 4 o 0 dpy dpy

5= - FE . C5h

( VAR ) ( ONO ON,1 ) ( dpN ¢ [ dpN (C5)

From equation (C2), we have

~2

-1
(3;3 +g(t t**)) if ¢ > t** and the adoption occurs at t**
of =

- 1 _ (C6)
(at* +g(t— t*)) otherwise

Proof: We consider only case (i) and (ii7). The simpler case (i) can be shown using similar steps.
In these two cases, the new economy exists and thus the observation equations are

dor = ¢ (ﬁ + cyp — pt) dt + O'dZ(Lt
dpN = ¢ (p + 4 — piv) dt + onodZos + onadZy

where c is given in (C4). Defining s; = (p¢, p¥)/, this can be written compactly as

ds; = (A + Bsy + Cv) dt + XdZ

5 ( o 0 )
ON,0 ON,1

Liptser and Shiryaev (1977) show that the process for Jt = E; [¢] is given by

where C = (c¢, ¢)' and

dipy = 57C () dZ (C7)



where Z; = (ZM, ZLt)’ follows the process in equation (C5) and

d&?_ ,\22 / /—1
E_—(at) c(=x)'c

Substituting C and ¥, we find immediately

c (=)= (c?, —ep N0 i)

g OO0N,1 ON,1

Substituting this expression in (C7) and defining ¢ = C' (£X)"' C we obtain (C1) and (C2) for
ey = 1. Tt is simple to verify that (C6) satisfies (C2), yielding the conclusion. Q.E.D.

Lemma A2: For t € [t*,t**), the density of Y conditional on ¢ is normal, and given by

- ~
Py 5~ N (¢t70$t)
where
2 ~2  ~2
O~ = 03y — Oygxx
gttt

and 7 is given in (C6) for the case t € [t*,¢**). In addition, the probability of adoption is

pr =D ({ﬁ\t, t) =Pr ('(Zt** > @Jt) =1-N (gv Jt’ 03})

where N (.; a, s?) the cdf of a normal distribution with mean a and variance s2.

Proof: For t € [t*,t**), the process for the posterior mean Jt is a linear diffusion with
deterministic volatility, as given in (C1) for ¢ = 0 and ¢y = 1. The integral representation is

~ ~ ¢ [, =
wt** = wt —|— e UgdZLS
ON,1 Jt

which immediately implies that

Jt**

Uy~ N (Jt, U%,t)

2 t**
s _ [ ¢ ~2)?
0.12)\,15 = <0_N71> ,/t (US) ds
Using (C6) for t < t** we can compute
t** 2 1
/ (32) ds = ——— [67 ~ 6%.]
t (¢/on1)
2

Thus U%t =67 — G%.. In addition, it then immediately follows that

)

where

pi=p (Gt) =Pr (b > pli) = 1N (¢0,0%,)

Q.E.D.



It is convenient to rewrite the original processes under the filtered measure. Let b, = log (By)
and b)Y = log (BL{V) For ¢ > t* we have

dbt = ptdt (C8)
dpy = ¢ (ﬁ + C’(Zt — pt) dt + O'dZQt (C9)
d{ﬁ\ = UtC¢dZOt+CNUt ¢ (1 — UNO) let (C10)
ON,1 o
2 (e ¢\ on0\2
a2 = — (52 (—) . (1 - ﬂ) dt C11
5 (57) ( ) v o = (c11)
Y = pNdt (C12)
dpy = ¢ (ﬁ + 1y — piv) dt + UN,OdZO,t + UN,leLt (C13)

Lemma A3: Let 7 =T —t. The expectation in equation (A6) is given by

- Byl B 2
v (Bt,pmﬁtﬁ?ﬁ) =FE, [1 i 7] =7 t_ - A0 (T)+(1=7) Ax(7)pe+(1- ) Az (7Yt 3 (1-7)? Az (r) %57 (C14)

where

Ag(r) = (1=7)p(r— AL () + = 26 ¢

2 ¢?
1—e®"

A (1) = — and As (1) =7 — Ay (1)

21_ 2 1— —2¢1 1— —¢T
o®(1—7) . e gl—e

Proof: By definition
\%4 (bt7 Pt ¢t7 3152, t7 T) = (1 —_ 7)_1 Et |:e(1—"{)bT:|

Denoting x; = (bt, Dt wt, at) the Feynman-Kac theorem shows that V' has to satisfy the PDE

ov ov
0= — —FE; [da;] E,[dz;d
ot 2 g Dt el + 5 ZZaxzax] ¢ [daid,]

with the boundary condition V (x7) = (1 —~) ' e'=)#17, Using (C8) - (C11) with ¢ = 1 and
ey = 0, it is simple to verify that (C14) satisfies this PDE with the boundary condition. Finally,

Ay (1) > 0 is immediate. Rewrite As (1) = f(7) = 7 — 1= Note that f(0) = 0. Since

¢
f' (1) =1—¢e"%" >0, we have f (1) > 0 for every 7 > 0. QED.

Proof of Proposition 1: Since v > 1 we have that V in (C14) is decreasing in 7. It
immediately follows that V (B (1 — k), pg=, 0,52, 7*) < V (B, p=, 0,0, 7%) . Q.E.D.

Proof of Proposition 2: Using (C14) it is immediate to verify that equation (8) follows from
the adoption condition V/ (Btw (1-k) , sy Dpen,s 33**,7'**) > V (B, pp==, 0,0, 7%) .. Q.E.D.



To prove Proposition 3 we need the following lemma:

Lemma A4: The value function

1—y
Vi, = E; lmax Epes l?VT H

yes,no

at time t* <t < t** is given by

1—ry
t

NN B no es
V(Beopr, 00,67:7) = T {(1 = o) GJ° + Gy} (C15)

where
1—
G}’ = E; [(&> ! |thyee < w] — Ao (T)+(A=7)Ar(T)pe
B -~
yes Br\'™" -~ no L=y 1o (1) Az (7 )t b (1=) 2 Ag () 252
Gt = Et E |wt** Z g f— Gt (1 — /@) Rte 2 P 2 h
and
Ry = — <1 (C16)
_ b 42
1 N (g7 ¢t70$¢>
Proof: The value function is
Wi Wi Wi
V; = E; | max Epe 1T =(1—p) By T |¢t**<g + pi By T |¢t**2g
yes,no -y 1— 0% 1— v

as the adoption at t** occurs if and only if zth > 1. Starting with the first expectation, we can
use the law of iterated expectations

1—y R 1—y R R
Et ltf/i ~y |wt** < g‘| = Et lEt** ltf/i 5 Wt** < g‘| Wt** < g‘|

We can use again equation (C14) to compute the inner expectation. In fact, if zztw < 1, the

technology does not change at t**. Moreover, equations (C9) - (C10) show that p; and ¢y are
independent as ¢ = 0 (see equation C4). Thus, Lemma A3 implies

I/I/vl_’Y - Bl*_*’y * ok sk ok
FEpes 1 i 5 |'¢t** < g] =V (Bt**,pt**, 0’ 0’ t**; T) _ 11?__76140(15 ) +AL (E5T ) pyrx

Thus,

BiY g e -
E, | 2t Aot D)+ AL (7 T)pps

~ Bl
P <Y = Ey 2t A (T F AL (ST pyes
1—7 -

-y

1—y
By Ao(BT)+A1 (T
L=n



where the first equality stems from the independence of p; and Jt, and the second equality stems
from an application of Feynman - Kac thorem, similar to the argument used in Lemma A3.

The second expectation is more involved, as until t** capital employs the old technology, and
only then it switches to the new technology. In addition, the switch occurs only if zzt** is high
enough, and this must be taken into account in the computation. Using again the law of iterated
expectations, we have

Wy Wi -
Ey [ L Wt** > wl = L lEt** [ L |¢t** > w] |thyes > g]
= Et |:V (Bt** (1 - '%) y Pt¥*, wt**v 3152**7 t**7 T) |'(Zt** > g}
where the second equality stems from Lemma A3 and the fact that if zztw > 1, the adoption occurs.

We can use the explicit formula for V' (.) to compute this expectation. In particular, from (C8) -
(C11), 14 is independent of both p; and b;, and G2 is a known constant. Thus, we can write

By [V (Birs (1K), proe, oo, 530, 87557 ) [ > 9]
1—
— (1-#) ’YEt [e(l—“/)btw-I—Ao(t**§T)+(1—“/)A1(t**;T)Pt**+%(1—7)2A2(t**§T)23t2**]
L=~

x By [e(l_“’)AQ(tM;Tﬁ”* Ppee > 14

_ 1=t A (BT (L) As (BT)pr+ 3 (1) A (6 T) 52, [ (1) Ax (T )

e > g]

Since from Lemma A2, zztw ~ N (Jt, G2 — 33**), we have that the conditional density required to
compute the last expectation is given by

f(zZt**;Jt,at Ut**) o
(¢ ¢t70t Ut**)

f (Jt**VZt** > g) =

where f (zztw;zzt, of — 33**) is the density of a normal distribution with mean Jt and variance

62 — 62.. We sometimes abbreviate this function simply as f (Jt) Using this density, we find

-~ 1 L .
e >g] - (¢ b1, 67 — Ut**) /ﬂ e wmf (wt**) A

272

— HP G R ()

E [eu—v)Az(t**;Tﬂm

where R (Jt) = Ry is given in (C16). Putting all these elements together, we obtain (C15).

Lemma A5: G/ < GJ°.

Proof: Consider the expression

Yper >

J = E, [eu—wlog<1—n>+(1—v>A2(t** T)hinct (1) Aa (6752,

bt



Using the definition of ¢ in equation (8) in the paper, this can be written as

~

Kk log(l—k) 7 1 Hok
5 [e—(l—V)Az(T )| SR G~ - AT

Jo=

Jt** > Q]
_ g [6(1_@/12(7**)[%*—9] |Gy > w]

Thus, J; < 1, as it is the expectation of a random variable that is constrained to be less than 1.
By using the same steps as in Lemma A4, we find

5 = E, [6(1_@/12(7**)[%*—9] Gy > w]

— 0 A, [e“‘”’“w”)@** e > %]

— e—(l—"/)Az(T**)ﬂ'f'(l—"f)Az(T*)Z/Z;t+%(1—"f)2142(7'*)2(3§—Zf\fw) x Ry

yes

G
no

G

yielding the conclusion. Q.E.D.

Proposition 3: Experimenting is always optimal at time ¢*, that is
1% (Bt* s Pt 07 3152* ) T*) >V (Bt* s Pt 07 07 7_*)
where V' (B, p=, 0,0; 7%) is defined in equation (C14).

Proof: Since from Lemma A5 GY“° < G7°, the result follows from the fact that we can rewrite

1—v
14 (Bt*vpt*v 0, 0; 7—*) = B;t_*,y ?*0 and v > 1. QED

Derivation of State Price Density in Eq. (9). We assume a unit mass of identical
investors. Given the equilibrium state price density m and market completeness, Cox and Huang
(1989) imply each agent ¢ maximizes intertemporal utility by solving the static optimization

W,
i,T .
max E 1—} subject to  Eg [mrW; 1] < Wo
i, T -
wl
The first order condition of the Lagrangean £ = FEj [ f_’r‘; — Ni(me Wi — Wo i) | imply
_1 _1
W@T = )‘i AY?TTAY (Cl?)

where the Lagrange multiplier \; is determined from the budget constraint Ey [mpW; 7] = Wy ;.
In equilibrium, market clearing imposes that fol Wit di = By, which from (C17) implies By =

1 1
'\ 7di) 7, 7. Since all agents have the same initial endowment, \; = A; = A, which yields
0 T J

1
L 1
Br = X" 777, Solving for w7, we obtain the general equilibrium restriction

= A"'B"

6



Finally, because we renormalize the interest rate to zero, the state price density must be a martingale
conditional on the information set of investors, implying m; = E; [77] = A~ F; [B;’} . Q.E.D.

Re Proposition 4: The functions C:‘?O and C:‘i’es are given by
~ B\~ —
o= E K =) e < w] = et (C18)
) v

~ AN ~ ~ PN Hok ) 27
@ = Etl(%f) wﬂ] = G (1 — k)7 Ree 74270577079 (C19)

where ; N(¢ 1; Ay (7%%) 2 2 >
- VP — 7y A2 T) o% y O~
7 : o ot) g (C20)
1= (0302, )
- 2 .2 1— —2¢1 1— —¢T
Ao(r) = —7p<T_A1<T>>+%%{T+ 5 " } (C21)

Proof of Proposition 4: The proof is identical to the one of Lemma A4, where “(1 —~)” is
substituted with “—~”. Using this fact, we immediately obtain

T = A_IB;7 {(1 — i) C:’?O —I—ptéi’es} (C22)

where é?o and C:‘fes are given by (C18) and (C19), respectively. Q.E.D.

Proof of Corollary 1: The corollary follows from an application of Ito’s Lemma, so that

d -
il = _Uw,tdzt
Tt
where
Ort =7VA1(T)0p+ Sr 0yt
and N
(%42 () = %a—’i> pGY™ + SEGp
Sy = v (C23)
(1 - pt) G?O + pth
where

P Eﬁ(&t,t) =1 —N(g;@t — A (T**)o‘%t,ag\ )
and o, = (0,0) ,

Gyt = (o,a§i> . (C24)
Q.E.D.
Proof of Proposition 5 (old economy): The result about the old economy is immediate

from the pricing formula M; = E; [rrBr] /7 = E} [lew_ﬂ’} /7, and the results in Lemma A4 and
Proposition 4. Q.E.D.



For better referencing, it is convenient to restate Proposition 5 for the new economy:

Proposition 5 (new economy) Let 7 = T — ¢. For t* <t < t**, the market to book ratio of

the new economy is given by
MY (1= py) K™ + p KU (C25)
BN (1—p) Gpo+pGY™

where G7° and GY*° are given in Proposition 4, and

KTLO

D Br\ " By - K, RN
e E— * 3k p—
tl(&) By Ve < ¥| = Kt

Br\7" BY ~ _
KY* = E; [(—T> B—]TVWt** > ﬁ] =(1-r) vKtNRZ,t
i

By
K, = eCom—rAi(m)ptAi(r)pl +A2(r)bit§ A3 ()07
KN = Ko ATt 5rAs(r) (A () —242(7))}
and
N (g7 Jt + O-L,lz;v U%t)
RJL\{t = Y ~~ with 0‘512; = Ay (1)52 — Ay (T*%) 52

N (% Jt’ﬂ%i)

1-N (g; Pt + o, ai\t>
R%t = Y —— with a% = a§¢ — Ay (T7) 0%

1-N (% Jtﬁ%t) -

Above, Cy (1) is given by
Co(r) = (A=7)p(T—AL(7))

1 1—e™ 207 1 ®" 5 o ) )
+@ {7' + 2% 2 3 (7 0% = 2y0N0 + (UN,O +UN,1))

We start the proof with two lemmas:

Lemma A6: Fort >t let =T —t. Then
VN (bta szfvv Pt pzjfvv '(Zta 31527 7-) = Et [e_’be_qu]Y}
is given by

~ _ N _ N _ Ll N2 42/ \2
VN (bt’bi\/’pt’pi\/’wt’af’T) — ¢ betby +C0(T)—vAL(T)pe+AL(T)py +(1—cy) A2 (T)Ye+5 (1—ev) " A3 (7)o}

(C26)



where ¢ = 1 if the adoption occurred at time t** | and 0 otherwise, A; (.) and As(.) are as in
Lemma A3, and

Cao

N | —

B 1 1 —e 207
Co (1) :(1—7)0(7'—141(7'))‘1'@ 7‘+T—2A1(7‘)
and
(U*)2 =7%0" + 012\/,0 + 012\/,1 — 2yoN 00

Proof: Asin Lemma A3, denoting x; = (bt, bN, pt, pl ,wt, at) the Feynman-Kac theorem shows
that V!V has to satisfy the PDE

OVN 02V N

Z a Ep[de] + 5 ZZ . ax]Et [da;da;]

with the boundary condition V (x7) = e 7*17 %27 Using (C8) - (C13) for the cases where ¢ = 1
or ¢ =0 (with ¢y = 1) in Lemma A1, it is simple to verify that (C26) satisfies this PDE with the
boundary condition provided. Q.E.D.
Lemma AT: Define
e = b 4 Y = YA () e+ Ay () g+ (1= ) An () e

where ¢; > 0 is a constant. Then

:[//\t** - N M/th U; Ugw
e o )\ ow o,

where
e = b+ b + (1=)5a(t) — vA1L(7) pr+ A1 (7) pp + (Az (1) — 143 (77)) Uy
02 = (1—a)’ A () (67 = 5. ) +a(t)° 57 + 242 () (1 = e1) a () 67 + () a2 (1)
O"L%,t — 3t2 3?**
o = (1= 1) Ao (77) (67 - 52.) +a (1) 57
and
= HT—1") _ —p(T—t)
alt) = t*—t— 5 (C27)
1 o e_2¢(T_t**) — e_2¢(T_t) e_¢(T_t**) — e_¢(T_t)
as (t) = ﬁ<t —t+ 2 — J (C28)
(0% = 7’0" +oXo+ ok — 20N (C29)

Proof: The proof of this lemma is rather lengthy, and so it is provided separately below.



Proof of Proposition 5 (new economy): The pricing formula is MY = E; [WTBQJY} /7. Thus,
we need to compute

E,[ByBY| = (1= p) By [ By BY |+ < 0| + puBy [ By BY [ > g (C30)
Starting with the first expectation, note that if zztw < 9, no adoption occurs at t**. Thus,

E [B;vBJTWtM < g] = E [Et** [B;VB]TVI@M < ﬂ e < ﬂ
= B (VN (biee, Yo, pree, ple, e G2 475 T) [ < 0]
2

_ ng(T**)—l—%A%(T**)a’t**

XEt |:e—"{bt** +bi\i* —"{Al (T**)pt** +A1 (T**)pi\i*-f—AQ (T**)'l,l)t**

Dy < g]

where the first equality stems from the law of iterated expectations, the second from the fact that
zztw is known at t**, the third from Lemma A6, with ¢ = 0 as the adoption does not occur at ¢**.
Note that the exponent in the expectation is simply y++ in Lemma A7 with ¢; = 0. For notational
convenience, let

ag (t) = (L =) pa(t).
Using Lemma A7 with ¢; = 0 and denoting by L the corresponding quantities in Lemma A7 for
this case, we can compute

f_ﬂoo E [eyt**

Jt**} f (Jt**% b, U%J dipyes
Pr (’(Zt** < g)

B[ e < 4] =

)

where f (th;zzt, 0‘3\1) is the density of a normal with mean Jt and variance U%t. The rules of

the conditional normal distribution yield the following expression for this expectation:

~ _ _ . ) N ) i 12
E, [eyt** Dy < g] = B, vBtNeao(t) YA (ET)pe+A1L (6T ) py +A2(t7T)1Z)t+20'LyRiV7t

where RJL\{ , is given in Proposition 5. So, finally, the first expectation is given by
B [BYBY|§ee <] = BB cCol TR0 T o014 EDhprt ATl + A TN 3ok, BY,
= B BgVeCO (BT)+5 A3 (T2 —vAL(ET)pe+AL (ET)plN + Az (tT) R]LV,t
where the second equality is obtained from the first after some tedious algebra.
We now turn to the second expectation in (C30). The methodology is the same as before,

although now we must set ¢ = 1 in (C26) and note that By« = (1 — k) By»+, which implies by =
by +log (1 — k). Specifically, we have that for ¢ < ¢**

B, [B;’B]TVMZW > g] — B [VN (1og(1 — k) + b=, bi\l*,pt**,pi\[*,{ﬁ\t**,ﬁfm,T) |Gy > g]

= (1— k)7 QoA AT o

x |:e_"fbt**+bi\i*_'YAl(T**)Pt**+A1(T**)Pi\i*+(1_"/)A2(T**)'¢)t**

Pyee > g]

10



Comparing to the case with {Jt < g}, we see that the term in the expectation is identical,

but for the coefficient of Jt**, which is multiplied by (1 — ). The distribution of the exponent is
given in Lemma A7 for ¢; = v. In this case, defining

Yt e = —Ybpre + D — AL (T7) ppo + A1 (1) pite + (1 =) Az () by
we have that

fit gt = B [ym ] = —vbe + 0N +ag (t) — AL (1) pr + A1 (1) p¥ + (A2 (1) — v A (7%%)) ¢y

The same steps then show

B B . . N . _ kK, o l 2
= B BN MO A Do A (BTN +(Aa(T) =1 Aa T bt o, R

Et [eyH,t**

Go] 1 () i

where R%t is defined in Proposition 5.

So, we finally obtain

272

B (BB > 0] = BB (L k) o0 e
Xeao(t)—"/Al(T)Pt+A1(T)Piv-l—(Az(T)—"/Az(T**)){Z’\t‘F%U%yRZ .

= BITBY (1— #) 7 CoM=1A Dot A Dp +(Ax(D) =1 A2 ()Pt (Aa (D)= 2 ()5 R

where the second equality is obtained from the first after some tedious algebra. Putting all terms
together, we obtain the expression in Proposition 5. Q.E.D.

Corollary Al: For any ¢ € [t*,t**), the stock return processes are given by

dM; 0 70, 1 o5l VAN NO,70 , N1,71
VAR papdt + oy dZy + oy dZy and N T prpdt + o d 2y + oy dZy
t t

where expected returns are equal to the return covariances with dmy /7,

N N,0 N,1
MMt = —09\4,t09r,t - 011\4,t071r,t§ Kae = _UM,tagr,t - UM,tU}r,tv (C31)
and the components of the return volatilities are
2 ¢
U?M,t = A (7)0; 011\4,15 = (SM,t + Smt) Utz— (C32)
ON,1
N N o ¢
oy = AL(T)one; ofe=A1(T)ony + (sﬁ,t + SM) afﬁ, (C33)
with Sy and S A]\/},t given by
_ 9pt gmo 1 — ~) Ao (7%%) 4 L 9Bt | . ves
o, Ut T (L =) Az (77) P o0y ) PO
Smie = (C34)

(1—pt) GF° + pGY*

11



1 9L, no sk 1 0P, yes
Ao (T) + 7 (1= p) K70 + | (A2 (1) — vA2 (7)) + v —=" | p K

Shes = o (1 = pe) K7 + pe K e (C35)

Bo= L=N (vt +(1=7) A2 () 0%, 0% ) (C36)
Pre = N@; Jt+05$, O%t) (C37)
e = 1=N (50 +0%0% ). (C38)

Proof of Corollary A1: The proof follows from an application of Ito’s Lemma to the respective
pricing functions. For the old economy, the diffusion is

om = Ai1(1)o, + (Sme + Srt) Oy
where 0, = (0,0), Sy is in (C34), Sy, is in (C23), and &y is in (C24). For the new economy,
aﬁ = A(1)on + (S]\]\Zt + Smt) Ty

where oy = (on0,0nN,1), and S%t is in (C35). Q.E.D.

Proof of Proposition 6: Consider the old economy first. Rewrite the M /B of the old economy
as

_ G+ piHy
R
where Hy = G{** — G, and H, = C:‘i’es — C:’?" . Given the closed form formulas for all the functions,

we can compute the first derivative of M B; with respect to the probability of adoption of the new
technology p; : N N
OMB;  HGP° — G}°H,

3pt - (é?0+ptﬁt)2

That is, the M/B increases in p; if and only if Ht@?" > G?Oﬁt. Substituting the closed form
expressions, we obtain the condition h,g > 0 where

~ *%\ T 1 *%\2 ~
hoa = —F+ Az (T) 5 (1-29) A (7 )2 52 (C39)
1-N (%{ﬁ\t —yAs (T7*) 0% , 0% >
_ N _ *% 2 2
N (4 (0= A () 2 o2 )

Consider now the new economy
KtR]L\{t + ptjt
G + peHy
where J; = (1 — k)Y KN RY — K;RY. The first derivative with respect to p; is

MBN =

oM BN B TiGpe — KtR]L\{tﬁt
- ~ —\2
Opt (G:&w + pth)

12



Once again, the M/B of the new economy increases in p; if and only if 7té?0 — KtﬁtR]L\{ , > 0.
Substituting, we obtain the condition hpe, > 0

b L 2
N(@dirolo )

hpew = —vAz (7_**) Ay (7_) 3152 — log — (C41)
) 2
N (g7 wtv 0-12)\,15)
_ N _ ok 2 2
1= (b= 92 ()02, 02 )
RN *x 2 L 2
1-N (% Yy —y Ao (T )a&t + 0,y a$7t>
Proof of Proposition 7: Consider Aé[—]]\\,r = %, where ®V and 7 are defined appropriately.

Then,
N ~ o~
O(%%) o0V /a5, - oV o700, »
O w2

if and only if S Aj\it + Szt > 0 where § A]\/},t’ and S;; are defined above. The probability of adoption
as of time t* is given by

/oo 1 %rzd
P = % —€ T
f(”v"ha'?* ;T*) 27T

where

(55) (0 — 1 (1 an () e - t*>>%

Thus, p; is small whenever f (k,v,5%;7*) is large. We can see that f (k,v,5%;7*) is large when
k is high, v is high and, finally, when 72 is small (if & > 0). (In addition, we can see that
f is large when (t** —¢*) is small and T is large, the latter due to the increase in As(7**) =

(T —t**) — (1 — e‘¢(T_t**)) /®). In all of these cases, the formulas for the various quantities in

S]%t + Sr ¢ imply that the latter becomes positive. Q.E.D.

Re Corollary 2. In the corollary, Co(7**) = Co(7**) — Ag(7**). The proof is immediate from
Proposition 5 for py+ = 1 and ps+ = 0. Q.E.D.

Optimal Stopping Time.

The value function is

- Wi
1% (Btv Pt wtv 31527 tv T) = I?gx Et l 1 L ] (C43)

13



where W = Bp depends on time t**, as at that time ¢ in (C9) switches from ¢ =0 to ¢ = 1.
Proposition 8: The value function in equation (C43) is given by

V (By, pr, 0,63, 6,T) = B} 70Ty, (4.7, (C44)

where Vs (Jt, t; T) satisfies the PDE

0=22 4 (1= AT - 0o+

10%V, 52 0]
ot

L2 anr - )v T
UNl

5 337 ) . (C45)

with the boundary conditions V» (zZT, T ) = ﬁ if t** > T and
- (1—r) - D+L
Vo (¢t ¢ T) > M JAo()+(I=) A (Tt 5 (1- 7)? Ag(1)? Ut
Y — 1 _ ’)/
where the equality holds at ¢ = t**.

Proof: Since 67 is a deterministic function of time, we write the value function simply as

V(By, pt, Jt, t;T). For t < ¢**, ¥V must satisfy the Bellman equation

oy oV oy oy 1 82]/ 1 82]/ 82V

0= 9 Top, BT g P ldel g T b ] + 20,2 By |dgf] + 2092 By [ad] + 0pd B [dpudii]

with the boundary conditions V(Bt, Pt wt, t;T) > V(B(1 — k), pt, wt, ot,t; T) (and equality at t**)
and V(Br, pr, 07,070, T;T) = B /(1 — ) if T < t**. Tt is easy to verify that this Bellman
equation is satisfied by the Value function (C44) with V, satisfying the PDE and the boundary
conditions given in Proposition 8. Q.E.D.

Proposition 9: For t* <t < t** the state price density is given by
m = ATIB; e A (T e (zZt, t: T) , (C46)

where F5 satisfies the partial differential equation

OFy ( _ 1 > 10*F, 52 ¢
O=——F+ |74 (T -t + =y A (T —t 4+ ——=
5 AL — 1) gp+ 57 A ( t)o 2002 \ " on
with boundary conditions F5 (zZT, T, T ) =1 and
b (Jt**,t**;T) = (1-r)" Ao (T) =y A2 (T Dot 37 A (77 G

where time ¢** is obtained endogenously in Proposition 8.

Proof: The state price density 7 must follow a martingale. Define 7y = F (Bt, pt,zzt,t; T ),
then the martingale condition and Ito’s Lemma imply

oF OF OF OF ~ 10%F
0= E—i-a—BtEt [dBt]+8—Et [dpt]+8—1/ﬁ\lgEt [dw} +§8—p2

2

g 1)+

E, [dpﬂ += 3 3¢

3953 Ey [dpudi]
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with boundary conditions F (BT, o7, JT, T; T) = )\_1B;’ and

7 (Bt**,pt**,izt**jt**§T) — A lE. [B;v}
272

A, * sk - 1 "
— )\_1(1 — ﬁ)_VBt::feAO(T )=y AL (T**) pysx —y Az (T )wt**+§72A2(’T ) 52,

It is easy to verify that this PDE is satisfied by function (C46), with the corresponding boundary
conditions.

Proposition 10: For t* <t < t**, the market-to-book ratios of the old and new economies are:

(1 =)V (1, 1:7)

My - - (C47)
By F <wt7 t; T)
N (7 4.
MtN _ Ay (T—t)pN F2 (wt’ g T) C4
N — € = (C48)
By Fy <wt7 t; T)
where V, and Fy are given in Propositions 8 and 9, and F2N satisfies the PDE
81-7‘2]\[ N " — 1 2 *\2
0 = S2 B (AT~ 000+ (1 - ) AT = )65+ AT — 1) (o)
102F) 2 oF)
T i RN A e (C49)

where the boundary conditions are F§¥ (zZT, T ) =1 and

FY (G t75T) = (1= p)1eColr 0 Aa(r s 510 A3

Proof. The old economy price is

Vv E;[mrBr] \-1 Ey [B;”’} B (1 —~)B; Tel=nAT=Dpey, (Jt,t; T)
L T B Tt B Bt_“fe—vAl(T—t)ptFQ (Jt’ t; T)

The last equality stems from Proposition 8, as the value function V = ﬁEt [Bilp_ﬂ’} under the
optimal stopping time policy t**. The result then follows by combining Propositions 8 and 9.

For the new economy, we must compute the quantity
FN (B, BN pr, o i, t;T) = By [rr BY | = X'y [ By BY|
After accounting for the conversion cost k, we have from Lemma A6 that at £**

N (Btw,B{Y*,pt**,pﬁ*,zztw,t**;T) = A'(1-x)"B:IBY.

s Q0T )=y Ay () ppes A1 (7)o (1) A () Dpes -5 (1) 2 A3 ()5

15
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Feynman Kac theorem shows that for ¢ < ¢**

OFY  OFY oF~ OFN OFN oFN
0 = —— +=—FE[dB)] + —E,[dBN E Eldo il

D + 3B, al t]+8 N [dB; ] + By t[dpt]-i-apiv t[dpt]+—8¢t t[da)y]
192FN 1 92 N 1§2FN
+——Ed2+——Ed2+— Eyld

2 a7 Frldr’] 29 (o) s[don] 2 00 tldy?)

92FN N 2N R 2 AN

Ey[dpidp] + — By [dpdiy] + E dplNd
Dorp! t[dprdp; ] P t[dpedi)y] N [dpN diby]

It is easy to verify that this PDE is satisfied by

FN (By, BY pio piY o, 6, T) = A By BN e T=0nct =00 N (4 157
where FJ¥ satisfies (C49). The result then follows from the pricing formula M} = E;[xpBr]/7;.
QE.D.

We solve the Partial Differential Equations by using the finite difference method.

Proof of Lemma AT7: Let

Yprx = —’)/bt** + bt** ’)/Al ( )pt** + Ay ( )pt** + (1 — Cl) Ag (t**; T) ’(Zt**

The fact that y++ and zztw are jointly normally distributed stems from the linearity of all of the
processes. To compute the means, variances and covariances, we can compute the joint moment
generating function. That is, let ay, as > 0, and define

N (btvbz{vvptvpz{vvwh&?vt) = Et [ealyt**—’—ath**]

where the processes of stochastic variables are given by (C8) - (C13) with ¢ = 0. Let x; =
(bt, bt , Pty Py ,wt, at) the Feynman-Kac theorem shows that N must satisfy the PDE

ON ON
0= B +§i:8—Et [dz] + = ZZ OxZOJ:]Et da:zdasj]

with the boundary condition NV (bt**, bN., ppes, pi¥a, Jt**, G2, t**) = e taave Tt can be verified
that the solution to the PDE is given by

Nt — eal { —"{bt +bév —"{Cl (t;T)pt +Cl (t;T)péV }+Oé1 C() (t;T)+{(1—Cl)OL102 (t;T)+a2 }1,/[)\,5 +a103 (t,T):T\?

where

1 — e_¢(T_t)
Ci(T) = — o = Ay (5T)

1
Co(t;T) = Ay (t™;T)+

(1 — Cl)

a(t)
a1C3 (6T) = C3(tT)
_ % (1= 1) arCh + ag)? — % (1= 1) ards (% T) + )’
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and
aiCy(t:T) = Co(tT)
= a1 (1—7)pal(t)+ % (1= e1) ar1Ay (B T) + az)? [33 afm}
tats (0 a (1)
Above, a (t), ag (t) and o* are given by (C27) - (C29). Rewrite Ny = e9(21:%2) where

g (a1, a0) =y {—71% +b) —vC (& T) pr + C1 (6T) p} }+00 (tT)+{(1 — c1) a1 Ca (1 T) + a} 1 +Cs (1 T) 57
Thus
oN

aCy dCs
B = e’ {(—7bt+b{\’ —vCipt +C1Piv) + 4+ (1—c1) Cothy + —— 2}
1

8@1 Oa ]

We can use

86’ Kk =
372 = (1=)palt)+ (1= c1)ards (5 T) + az) (1 — 1) Ao (5 T) [67 — 52
+an (0%)? ag (t)
and
863 *ok ok
870&1 = ((1 — Cl) a1Co + 012) (1 — Cl) Cy — ((1 — Cl) a1 Ao (t ;T) + 012) (1 — Cl) Ag (t ;T)
Thus
ON N N — 7
i = Hy = {—vbt +by —vCipi+ Cipy + (L —7)pa(t) + (1 —c1) C’zwt}
Similarly N
ON 9Cy 0Cs _,
8&2 e {8 2+wt+8a20t}
Since
aC, . 2
87&2 = ((1—=c1) a1 Ay (™ T) + a9) [af — afm}
aC .
372 = (1=c1)a1Cs + as) — (1 — 1) o Ao (% T) + o)
we find

ON

li — =
0417gzn—>0 Oag — M= wt

Turning to the second moments

0’N
da?

aC,
= ¢ { (—71% +b, = yCipi + Cup; ) oo (1) Cothy + 5

ooy
92Cy  02C4
g )~ >~V Y
e { da? - da? 7t

achQ 2
daq
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Since

0%C, _ .
W; = (1= ) A (5 T) 67 = 52| + (0% a2 (1)
1
9*C
Co = (-~ (- a) A (T
we obtain
0’N

ahgggo 87@ = {_’ﬂ)t + 0 —ACipi+ Cipl¥ + (1 =) Pa(t) + (1 — 1) 02%}2
+ (1= 1) A (%5 7)* (67 — 53| + () a2 (1)
+ (1= 1) C)? = (1= 1) Ap (5 T))?) 77
Thus
2
= al,liglo 837% - (al,liulglao %)

= (=) At T) (67— 62.) +a(1)’ 67 + 24 (1 T) (1 — 1) a (1) 52 + () a2 (1)

Similarly,
92N oCy ~ 0Cs 92Cy  02Ch
Z - _ 9= ~2 g ~2
93 e {8a2+w +820t} +e {8@% 820t
Since
92Cy o
T‘[% — |:Ut Ut**:|
dCs
- — 0
8&2
we have )
~2
N v L]
and thus ,
0“N ON
2 _ ; _ : vy _ 2 =2
=t T (S gt
Finally
&N 8Cy 8Cs aCo  ~
= eI (= 4+ Y —Cip+C i (1-c)C 52
Dergdary e{( Y0t + by vC1ps + 1pt)+8 + ( 1) 2¢t—|—8 }{82—|—w—|—
92C) 92Cs
g ~2
te {80&28&1 + 80&28&1 o
Since
92Cy s
== 1_ A o2 A**
80&28&1 ( Cl) 2( 7 )[Ut It }
92Cs
Dasdon (1—c1)(Co— A (t"T))
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we have

, O*N
1m
a1,a2—0 Jag 0oy

= {—75t+biv—7010t+clpiv+(1—W)ﬁa(t)+(1—Cl)021$t} ¢

—
)
——

{0 =) A (#5T) [ = 2 + (1= 1) (G = As (177T)) 57

implying

o = lim PN — ( lim 8—N> ( lim 8N>
v a1,a2—0 Jag0ary a1,a2—0 0oy a1,a2—0 0oy
= (1—e) A (t757) (67 — 52 ) +a (1) 57

Some additional algebra yields the formulas in Lemma A7. Q.E.D.
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Alternative Decentralized Model.

In this section we prove Proposition B1 and B2 in the appendix of the paper. In addition, we also
show two additional claims about the Nash equilibrium at time ¢*, as discussed in footnote 21.

In order to prove Proposition B1 and B2, we need to compute the following four pricing func-
tions:

N_ ,n.sN:I N_y ,n.sN:I
M = B [(%) Bi7T|adopt] and M .. " =F [(%) B, r|do not adopt]
’ Tpex ’ Tpex
N_ 7.‘.SN:O N_y 7.‘.SN:O
MOV = B fT_O B;rladopt| and M; .. " =E ZT_O B, r|do not adopt
’ 7Tt**7 ’ 7Tt**7
We start with the following Lemmas:
Lemma B1: Let a common factor x follow the process
dxy = —pxdt + 0dZy 4, " <t<T

Consider two old firms i and j. Let pi.. = pg**, and let 4 invest in the old technology from t** to t,
and j in the new technology. Then

pp = ztef and pl =z +e)
With e = plo = pi and where
40 = ¢(g (so) —5?) dt and del¥ = ¢(g (sN) i —aiV) dt
with €. = eN. = 0. Solving the differential equation, we obtain

e =g (SO) (1 - e_‘z’(t_t**)) and eV = (g (sN) + ¢) (1 — e—¢(t—t**))

Proof of Lemma B1: From Ito’s Lemma, pi and p! satisfy (B1) and (B3) in the paper.
QE.D.

Lemma B2: (a) Let some amount of capital B; (resp B;) be invested in the old (new) economy
at t**. Then for t > t**
B, = Bt**eftt** II?st"’f:** eQds _ Bt**eftt** zods+g(s0) Az (T)
Et _ Et**ef:** zsds—l—f:** eNds _ Et**ef:** rsds—l—(g(sN)—l—'dJ)Ag(T**)
where As(7) is as in Proposition 2.

(b) For any two constants o and 3, conditional on 1) being observable:

~ ~ P 0'2(Cl+[3)2 o (TF* O P N P
v [B§BRI0] = B B @70 gl J+ag(s®)Aa(r)+B[g(s" )+ A2 (r)
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o7

where A; (7) is as in Corollary 1, and A3 (1) = 7 + 1 —2A, (1)

2¢

(c) If ¢ is unknown and ¢ ~ N (12, 3152**), then

(a-B)ppes Ar (7#°)+ D% Ao (225 Lag(sO) Ag (%) 489 (5™ ) A (7** )+ B pes Az (7**)+ 1 8252, Az (r°+)?

Eper [B%Eiﬂ = B.Bl.e 247

Proof of Lemma B2: Part (a) follows immediately from the integral representation of stochas-
tic differential equations. Part (b) follows from

B N o D T % %k
B [B%B:’?«W] = Ep [(B?**ea rew Tsdstag(sO)Az(r )) (Bfi*eﬁfwrsd5+5[9(SN)+w]Az(T )> W]

— Btoi*gtﬁ**Et** (Oé—f—ﬁ) ft** Isd5:| eag(sO)Ag(T**)+,6’[g(sN)+'¢;]AQ(T**)

_ pa. B8t Baes A T Ay (1) g (s0) da(r)+8lg (N ) 4] Aa(r)
— x* P Ak

(@-+B)pyes AL (r**)+ D% Ay (2o0) Lag(sO) Ag (%) +8]g(sV ) +1] Az (7**)

= Bfi*Bf**e 292

where from the properties of mean reverting processes we have

*ok 0'2(a+ﬁ)2 *k
(a+,6’)ﬁ** rsds] _ e(a+5)rt**x41(7' )+TA3(T )

Part (c¢) follows from the properties of the normal distribution. Q.E.D.

Proof of Proposition B1: (a) We must compute

N_ N_
= — g | (T2 Byrfadopt| and A2 = B (75— ) B pldo not adopt
it = pr* ,n.sNzl Z7T|a op an i = LUpx* m Z,T| O Nnot adop
t** t**

If at t** all firms switch, i.e. sY. = 1, their productivity switches to process (B3) i in the paper with
g(s™) = g(1) = p. Since all firms are identical up to t**, for all firms i and j, pi = p; = p; and
Bi.. = B}.. = By. Thus, aggregate capital also follows the process dB; = py Bidt where p; follows
the process (B3) in the paper.

As a consequence, if firm ¢ adopts the new technology at t**, then
75 = x B;p = By x Bip = By,
(We choose A = 1 without loss of generality.) It follows from Lemma B2, witha =0 and § =1—7:

Epe- (7§ =) Birladopt| = By [B} ]

_ BT (1= )t TR TR U g (17 (1=)pAn (1) + (L) s An () + (1 T A

Similarly, if firm ¢ does not adopt, then mpr:lBZ”T = BTEF’, where we use the notation of
Lemma B2 to differentiate capital invested in the old and in the new technology. It follows from
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Lemma B2 with « = 1 and 8 = —v, and the fact that at t** we have By = Ezt (before the
conversion costs are paid)

Fye [WT =1B; r|do not adopt} = By [BTEZFW}

2(1-9)? — * % — * % - **
— BB (1 K) ’Ye(l_"f)pt**Al(T**)"'%Aii(T**)'FPOAQ(T )=YPA2 (T7%) —yihpes Ao (T7%)+ 24252, 2((6 i)
p— * 3k t** -

=1,yes

N _
Since the denominators in the pricing formulas are the same, MZ . > Mit*fl’no if and only

if (C50) is greater than (C51). The claim follow after some algebra.

(b) This part is similar. We must compute

N _ N _
aevwes g (T gy 4 =00 — g [ (T2 ") B 146 not adopt
e = —~— | Bi,rladopt| an e = —~—g | Bi,rldo not adop

7Tt** 7Tt**

If at +** all firms do not switch, i.e. sY. = 0, then their productivity process is given by (B1)
in the paper with g(s%) = g(1) = p. Since all firms are identical up to ¢**, for all firms i and j,
pi = pl = p; and Bi.. = Bl.. = By~. Thus, aggregate capital also follows the process dB; = p; Bydt
where p; follows the process (B1) in the paper.

As a consequence, if firm ¢ does not adopt the new technology at t**, then
N_ 1—
mp ’Bir =By !

where we use the convention of Lemma B2 to denote capital invested in the old technology. It
follows from Lemma B2, with a« =1 — v and § = 0 that

Ejs [( o *0) Bir|do not adopt| = FEjp [B%_”}

=

Bl e A G A+ (1-)pAs ()

t** 2¢
Similarly, if firm ¢ adopts the new technology, then
sN=0p.  _ p—p
T BZ,T = BT BT

Then, it follows from Lemma B2 with a = —vy and 8 = 1, and the fact that at t** B = Ezt
(before the conversion costs are paid)

N_ o~
Eypes |75 =By rladopt| = By B VBT}
= BBy (1— g e A T Ay ()= pAz (Tt An (Tt e Ao () + 557, S t)

Since the denominators of the pricing formulas are the same, Mii\ifo’yes > Mii\ifo’m if and only if
(C53) is greater than (C52). The claim follows after some algebra. Q.E.D.

Proof of Proposition B2: The claim follows from Proposition B1 and the definition of a Nash
Equilibrium. In particular, if ¢4 > 1 and all other firms switch to a new technology (s = 1), then
Proposition Bl (a) shows that it is optimal for an individual firm i to adopt the new technology,
thereby supporting the equilibrium outcome. Similarly, if Jt** < % and all firms do not switch
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to the new technology (s = 0), then it is optimal for each individual firm not to adopt the new
technology, thereby supporting again the equilibrium outcome. Finally, if in equilibrium, either
sV =0or sV =1 at t**, it follows that the pricing kernel m; is indeed the same as in the paper and
the one used in Proposition B1 to obtain the pricing formulas. Since the pricing formulas determine

the optimal firm choice at t** as in Proposition B1, the Nash equilibrium is established. Q.E.D.

We now prove that adopting the new technology is never an equilibrium at ¢* and, under a
plausible sufficient condition, that not adopting the technology at t* is in fact a Nash Equilibrium.

Proposition B3: s)Y = 1 is not an equilibrium at ¢*.

Proof. The claim follows from the same argument as in Proposition Bl and B2. If sV = 1
at t*, then a firm 4 has the choice of adopting at t*, adopting it at t** or never. Clearly, since at
t** firm 4 will be able to choose whether to adopt it or not, the price in which the firm retains
the option to adopt must be larger than the price in which the firm commits never to adopt the

technology. Thus, if we show that MEEVEr > MﬁdOpt, the statement follows. The same derivations

as in Proposition B1 but for the pricing formulas
sﬁ:l
Tr
(W) B, r|never adopt]

7Tt*

M;%:l,adopt _F :

sﬁ:l N
s sN=1,never
~L— | Bir|adopt| and M, i =F

t*

7Tt>i<
show that adopting at t* when everybody else adopts at t* is optimal if and only if

log (1 — k)

Py > LT )

o 1 . *
+(PO—P)+§(2W—1)U?*A2(T—75 )
At time t*, however, Jt* = 0, while the network externality gain is given by

—_ — 1 -~ Kk
P —Po = 5700 Az (T = ™) (C54)

Thus, if everybody adopts at time t* it is optimal to adopt for an individual firm if and only if

log (1 — 1 1
gl —r) _ 5100 Ag (T = ) + 2 (27 = 1) 57 Aa (T — 1) (C55)

0> ——=2 ™
T T ) 2

Note that if y > 1, the right hand side is always greater than zero, as 62 Ag (T — t*) > G2. A (T — t**).
This implies that condition (C55) is never realized. It follows that s = 1 cannot be a Nash Equi-

librium: if everybody switches, it is value maximizing for an individual firm to deviate and not to
switch. Q.E.D.

Showing that sY = 0 is instead a Nash Equilibrium is more challenging, as the pricing formulas

are substantially more complicated in this case. We can however prove the following limiting result.

Proposition B4: Let siY = 0. Then, there exists p such that if p;« < p, an old firm 7 does not
switch to the new technology at t* if

02 Ao (T — t¥) 9 log (1 — k)
G2 Ay (T —t**) " Ag (T — t*)

(C56)
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It follows that under condition (C56), if ps < p, then s = 0 is a Nash Equlibrium.!

Proof of Proposition B4: Let sY = 0. A firm can (a) adopt at t*, or (b) do not adopt at
t* but retain the option to adopt at t**. Suppose the firm could commit also not to ever adopt

the new technology. The price of the stock in this case cannot be larger than under (b). That is,

sV =0, option at ¢** N —0,never N =0, N =0,adopt
MET P > M . Thus, if we show that Mt > Mt P! then
the claim follows.

Let py« = Pr (Jt > g) denote the probability of large scale adoption at t**. The pricing
function is continuous in this probability ps+, and this probability can be decreased to essentially
zero by increasing k. In the limiting case in which ps — 0, the pricing formulas converge to

d t Si\i =1 si\i =1

sN=0,adop 7T sN=0,never 7T

MZ e = FE fN_l Bjrladopt| and M, =K % B, r|never adopt
Tyt Tk

In this case, we know that the threshold is

log(1—x) ,_ _ 1,
- < - - *A - *

wsi\i =0 _ _
Since Jt* = 0, no adoption is optimal if gsﬁ =0 > 0. Substituting the expression for P — Po obtained
earlier (see (C54)), we find

gsﬁzo = —% + ;'yat**Ag( ) — —at*Ag( —t%)
The right hand side is positive if and only if (C56) holds. It follows that under this condition, if
s = 0 then it is not optimal for an individual firm i to adopt the new technology in the limiting
case in which p;= — 0. Since the price inequality is strict, by continuity of the pricing functions it
follows that there is a p such that if p;« < p, it is not optimal to adopt the new technology when
sN = 0. Thus, s = 0 is a Nash Equilibrium. Q.E.D.

In our base case calibration, the right hand side of (C56) is 1.88, which is indeed smaller than v = 4
that we use.
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Separating Productivity from Profitability

In our simple model, all output represents firm profits, so productivity and profitability coincide.
In reality, technological advances lead to permanent increases in productivity but only temporary
increases in profitability. In the long run, new technology tends to benefit workers and consumers,
not producers. Therefore, we now also analyze a richer model in which labor income drives a
wedge between productivity and profitability. Specifically, we assume that while productivity gains
from new technology last until time T, profitability gains last only until a random time t*** < T,
after which all productivity gains go to labor. The key insight from this analysis is the following:
while profitability affects cash flow to stocks, the permanent change in productivity affects the
discount rate, because it affects the total wealth produced at time T, independently of whether it is
compensation to capital or to labor. As a consequence, the adoption of the new technology results
in an increase in the discount rate, and our predictions remain largely unaffected.

More in detail, as in the paper, aggregate capital evolves according to the process
dBt = ptBtdt

Aggregate capital B; has now two components: One component, Et, accrues to the firm’s share-
holders, while the second component, B; — Et, accrues to the workers. As in the paper, there are
no payouts before T'. At time T', the firms’ payout to shareholders is ET while its payout to labor
is By — Byp. Since we do not modify any of the model’s assumptions about the aggregate capital,
the utility maximizing choice at time t** is the same as in the paper, namely, the new technology
will be adopted if and only if th > 1, as in Proposition 2. In particular, if adoption occurs at
t**, then productivity p; follows the prgcess (4) as in the paper. The important implication is that
the stochastic discount factor used to discount the future cash flow of the firm is the one given in
Proposition 4.

We identify the old economy return on equity capital as the rate of growth of Et, that is, the
share of capital that will accrue to the firm’s shareholders. We refer to B; as physical capital.
Denote the old economy return on capital, or profitability, by p;. Then,

dét = ﬁtétdt

For simplicity, before t**, return on capital follows the same process as productivity p; = p;. So
long this condition is satisfied, the ratio of physical capital to total capital remains constant over
time B;/B; = s = constant.

At t** the new technology is either adopted or not. If no adoption occurs at time t**, then
pr = pg for t > t** as well. In this case, we have By = sBr.

If adoption occurs at t**, then p; = p; only until t***, where t** < t*** < T. After t***, the
productivity process p; and the profitability process p; diverge. In particular, while the productivity
process is given by (4) in the paper, the profitability process instead reverts back to

dpe = ¢ (p — pr) dt + 0dZo

Note that the profitability process is continuous at t***, but the average profitability declines back
to p from p + .
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We assume that is random, with — t** distributed according to an exponential distri-
bution with parameter p. For simplicity, t*** is observable. Since we are interested in the price
pattern before t**, this assumption is innocuous, but it simplifies the derivations.

Proposition C1. (a) If no adoption occurs at t**, then the market to book ratio of the old
economy at t** is identical to the one in the paper. (b) If adoption occurs at t**, then

Mt**

Et**

eAO(T**)—Zo(T**)+A1(T**)Pt** X )72 (,(Zt**’ 3?**77**)

where Ag (7%*) is defined in Lemma A3, and Ap (7**) in the Proof of Proposition 4, and where
T .

Vs (Jm, 3?**,7‘**) = / pe P Tt ) Fe(Aa(T) = A (T—t")) 4+ 5 [ AF (1 )+ (A=) Ao (77) = Ax (T =)o e
t

ek

e P(T=t) e (A2 (T )+ 5 [1? A3 () +(1=7) Ao (7))o

(c) For ¢t < t**, the market to book ratio of the old economy is given by
Mt/gt = eAl(T)pt X )72(157 Jt)/FQ(tv ,(Zt)v

where F(t, 1) is given in Proposition 9 (for the case in which t** is exogenous), and Va(t, 1)
satisfies the partial differential equation
S o 2
OV 1 2 2 o2\ 10V [ 5 ¢
0=22 4 ((1—7) AT —)¢p+ = (1 — )2 A (T — ¢t A
5 (=D AT =00+ 5 (P AT =10t o4 g T2 (30

with boundary condition

(1 - '%)1_’”72 (Jt**vgt%‘*v T**) if '(Zt** > y

Vot yer) = o
(17, Yr-e) {1 if e < 1)

We now turn to the new economy. As for the old economy, we assume that at time ¢*** the
excess profitability gain v moves back to zero. We assume that this occurs independently of the
choice of the old economy at ¢**. The profitability process for the new economy is then

oy = ¢ (p+v—p)dt+onodZos+onadZi, fort <t
dpp’

67— A) dt + o 0dZos + ondZuy for t > £

Physical capital EtN for the new economy evolves according to
dBN = pNBNdt

(the new economy final wage B{FV — E{FV has no impact on the SDF, as it is infinitesimal, and thus
its dynamics is irrelevant).

In this case, the computation of asset prices is substantially more complicated, except in the
special case in which oy = 0. For simplicity, we focus on this special case. Note that this is the
case that we consider in our calibration (see Table 1 in the paper).
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Proposition C2. Let on = 0. Then, (a) if the technology is adopted, the market to book

ratio of the new economy is
*k\ _ A EES *x\ N ~ -~ ~
elCor™) Ao+ BN (%M,Ufmm *)

M/tj*v*
Etjy*
where Cy(7) is given in Lemma A6 (with o = oy ), and
ﬁv2N ('(Zt**a 3?**77**) _ / pe—p(t***—t**)e—i—(AQ(T**)—AQ(T—t***)){l)\t**+%['YQAg(T**)—i—((l—'y)AQ(T**)—Ag (T—t***))Q]Zr\fMdt***
_|_e—p(T—t**)eA2(T**)1Zt**+%[72A§(T**)+((1—7)A2(T**))Q]?f\fw

(b) if the technology is not adopted, the market to book ratio of the new economy is

*k\ _ A * ok *%\ N ~ ~ .

0
BY.
where
T ~ ~
F2N @tm&t**ﬁ*) _ / pe_p(t***_t**)e+A5(t**,t***,T)wt**+§A§(t**,t***,T)a§Mdt***
-
e P(T =) (As(7* by + 5 AZ Ao (775

(c) For t < t**, the market to book ratio of the new economy is given by

MY /BY = M Or 5 BN (t,4y) ) Fa(t, dy),

where FI(t, 1) satisfies the partial differential equation (C49), with boundary condition

if ’(Zt** < g

o~

By (8 ) = § .
’ FY (¢t**70t2**77'**)

Proof of Proposition C1: If no adoption occurs at time ¢**, there is no difference between
productivity and profitability. It follows that By/Bp = By+/By = s. Since the SDF depends on

total capital By as well, we find:
N By [B;’Eﬂno adoption] Byer Erer [B;’Bﬂno adoption] By
Mt** = = = = Mt**
Eys [B;’|no adoption] By By [B;’|no adoption] By

where My~ denotes the discounted value of aggregate capital, i.e., the price as in the paper.
In this case, from t*** a

Consider now the case in which the new technology is adopted.
wedge appears between productivity and profitability. In particular, define the difference between
t***’

productivity and profitability x; = p: — p;. It easy to see that for ¢ >
X = w (1 _ e—¢(t—t***))
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Thus, since by definition p; = p; — x¢, we can write the firm capital process from ¢*** onward as
dB; = (pt — ) B,dt. This implies that the physical capital at T is

~ T

_ T _ _¢(u t***) _ T
By = Bt**eﬁ** pudu—ft*** zTudu _ Byere ﬁ** pudu u’ft*** (1 e )du _ Bt**eft** Pudue—d)Az(T***)
_ Bt** BTe_wAQ(T***)
Bt**

T
where the last equality stems from Bp = Bt**eft** pudt - Por t > t**, it is easy to see that we
can also decompose productivity as p; = & + (p+ ) (1 — e—¢(t—t**))7 where g« = pgs and
de; = —¢erdt + 0dZy . Thus, we can write

—p(u—t**
Br = Bt**eft::* pude _ Bt**eft** Eudu+f**(p+w) (l_e ( ))du = Bt**eft::* Eudu+pAa(T™)+ Az (777)

It follows that for the old economy, we obtain

=~ E * %k r — * ok %k
By [WTBT|adopt,t***} = (Bt ) By Bilp VY AAT )|adopt,t***]
t** L

Bt** P e

= B B Eper |07 Jiee sudut (1)p A0 (1) An () - A2<T***>>|adopt7t***]

The claim follows from this equation after (i) we integrate the right hand side over all possible
t*** which is distributed according to an exponential distribution with probability p,? and (ii) we
divide by the SDF m;, which is the same as in the paper.

(¢) The pricing value before t** follows from the same argument as in Proposition 10, since
before t** there are no differences between this model and the one in the paper (note that the
PDE in part (c) equals the PDE (C45) in Proposition 8, as the V, and V, are proportional to each
other). The only difference is given by the boundary condition at t**, which are given explicitly in
the proposition. Q.E.D.

Proof of Proposition C2: (a) In case of adoption, the SDF is
T = Bi_“’y = Bt_*:feftq*:* —yeudu—ypAz(T7) =y A (7).

Moreover, we can write pfv = p¢ — Tt + & where gpx = pi\f* — pe==, Xy 1S zero between t** and t***
and then it grows according to dz; = ¢ (¢ — x;) dt and3

= Buee B Aol ) A ) g (1) A7) = An (7)) 45 (1-9) Aa( )= A (7))

_ (Bt**> B [ BIo1600) [ catut (1= 2(7)+ (1—v>wA2(T**>—wA2<T***>|adopt’t***]

272
Ut**

d5~t = —¢E~tdt + UN,leI,t (C57)
Thus, we can write
~ ~ T T T ~ * * *kok T ~
BJTV _ Bt**e t**pu N du Btjy*eft**pudu_ftmzudu+eft**eudu t**ef**eudu—i—pAg(T Y A (T ) —1p Ag (T75%) ﬁ**eudu

2In particular, we must be careful to assign probability Pr(t*** > T') = e P(T=t"") to the expression with
t*** =T (which reduces to the same formulas in the paper)
3This can be verified by an application of Ito’s Lemma.
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where the last equality follows from p; = e, + (4 ¥) (1 — e~ (=t ) | where recall that e« = pye«.
p

It follows that conditioning on ¢***

E [WT§§V|adopt,t***} = Eyur [B;7§§V|adopt,t***}

~ T - % % % % % ok %
— BBN.E [eu—v)j;**eudu+(1—v>pA2<T J L= Ay ()~ Az (7 >|adopt7t***] "

T ~
xFE [eft** udt|adopt, t***]

= BB, Ol A A e A (B (1) A (777) = Ao () B 5 (17 A7) = An(7777)) e,

= B B eColr ) A ()pes s (7)o + (1) A7) = Ao () e B (1) As (1) = An (7)) e

where Cy(7) is in Lemma A6, and the last equality stems from ;o = ppr and Epe = pNa — pyes.
The claim follows from the following additional steps: (i) integrate the right hand side over all
possible t*** which is distributed according to an exponential distribution with probability p, and
(i1) we divide by the SDF 7y, which is the same as in the paper.

Part (b) is obtained in a similar fashion. In particular, in this case, the SDF is mp = B;F“f —
Bt_*:fef:»:* —yeudu—ypAg(T*%)

where?

. In this case we can write pfv = pt + ¢ + & where gpx = pi\f* — Pprx,
w 1— e—¢(t—t**)) te [t**, t***)

w 1 . e_¢(t***_t**)) e_¢(t_t***) ¢ Z t***

and &; follows (C57). This implies that

Ty =

~ . T N . T T T ~ ~ T — *% kok g okokok T
BY = BN.ele-rid = BN ofiepudut [ mudut o[ Sudu _ BN o [n cuduwtPAs(T) 4045 (1047 T) o

where

T 1 o e_¢(t***_t**)
As (87,077, T) = / Tydu =t — 7 — ( ) )e_¢(T—t )
t**
It follows that

E [WT§1N|DO adoption, t***} = Ej [B;’EJTVmo adoption, t***}

~ T - * kK * kK Kk
= B;ZBiY*EtM [e(l—“f)ft**Eud“+(1_“’)p‘42(7 )HbAs (£t ’T)|no adoption,t***] X

fT udu . *okok
xE el |no adoption, ¢
— Bt_*:féiy*6(1_7)00(7**)"’(1_7)‘41(T**)Et**+A1(T**)gt**+A5(t**7t***7T)'¢)t**+%A§(t**7t***vT)g§**

— Bt_*’*yét{y* eCO(T**)_’YAl (T**)pt** +41 (T**)pg* +As (t**7t***7T)wt** +%A§ (t**ﬂf***,T):T\tQ**

where the last equality follows from epx = ppes and Epex = pl¥o — pge. The claim follows from (i)
integrating the right hand side over all possible ¢***, which is distributed according to an exponential
distribution with intensity p, and (ii) dividing by the SDF m;, which is the same as in the paper
for the case of no adoption.

(¢) The pricing value before t** follows from the same argument as in Proposition 10, since
before t** there are no differences between this model and the one in the paper. The only difference
is given by the boundary condition at ¢**, which are given explicitly in the proposition. Q.E.D.

4This claim can be verified by Ito’s Lemma.
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