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Technical Appendix

Lemma A1: For later reference, we prove a more general version of Lemma A1. In particular,
we cover three cases: (i) the new economy does not exist, and learning only occurs only by observing
the old economy; (ii) the new economy exists, and learning occurs for t ∈ [t∗, t∗∗]; (iii) the new
economy exists, adoption takes place at t∗∗ and learning occurs for t ≥ t∗∗. The learning dynamics
for t > t∗∗ in the case of no adoption at t∗∗ is identical to case (ii). For t ≥ t∗ we then have

dψ̂t = σ̂2
t c
φ

σ
dZ̃0,t + cN σ̂

2
t

φ

σN,1

(
1 − c

σN,0
σ

)
dZ̃1,t (C1)

dσ̂2
t

dt
= −

(
σ̂2
t

)2
g (C2)

where g, c and cN are constants given by

g =

⎛⎝(
cφ

σ

)2

+ cN

(
φ

σN,1

)2 (
1− c

σN,0
σ

)2
⎞⎠ (C3)

(c, cN) =

⎧⎪⎨⎪⎩
(1, 0) if only old economy exists
(1, 1) if t ≥ t∗∗ and adoption occurs at t∗∗

(0, 1) otherwise
(C4)

and the vector of expectation errors follows the process(
dZ̃0,t

dZ̃1,t

)
=

(
σ 0
σN,0 σN,1

)−1 (
dρt
dρNt

− Et

[
dρt
dρNt

])
. (C5)

From equation (C2), we have

σ̂2
t =

⎧⎪⎨⎪⎩
(
σ̂−2
t∗∗ + g (t− t∗∗)

)−1
if t ≥ t∗∗ and the adoption occurs at t∗∗(

σ̂−2
t∗ + g (t− t∗)

)−1
otherwise

(C6)

Proof: We consider only case (ii) and (iii). The simpler case (i) can be shown using similar steps.
In these two cases, the new economy exists and thus the observation equations are

dρt = φ (ρ+ cψ − ρt) dt+ σdZ0,t

dρNt = φ
(
ρ+ ψ − ρNt

)
dt+ σN,0dZ0,t + σN,1dZ1,t

where c is given in (C4). Defining st = (ρt, ρNt )′, this can be written compactly as

dst = (A + Bst + Cψ)dt + ΣdZ

where C = (cφ, φ)′ and

Σ =

(
σ 0
σN,0 σN,1

)

Liptser and Shiryaev (1977) show that the process for ψ̂t = Et [ψ] is given by

dψ̂t = σ̂2
tC

′ (Σ′)−1
dZ̃ (C7)
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where Z̃t = (Z̃0,t, Z̃1,t)′ follows the process in equation (C5) and

dσ̂2
t

dt
= −

(
σ̂2
t

)2
C′ (ΣΣ′)−1 C

Substituting C and Σ, we find immediately

C′ (Σ′)−1 =

(
c
φ

σ
,−cφ σN,0

σσN,1
+

φ

σN,1

)

Substituting this expression in (C7) and defining g = C′ (ΣΣ′)−1 C we obtain (C1) and (C2) for
cN = 1. It is simple to verify that (C6) satisfies (C2), yielding the conclusion. Q.E.D.

Lemma A2: For t ∈ [t∗, t∗∗), the density of ψ̂t∗∗ conditional on ψ̂t is normal, and given by

ψ̂t∗∗|ψ̂t
∼ N

(
ψ̂t, σ

2

ψ̂,t

)
where

σ2

ψ̂,t
= σ̂2

t − σ̂2
t∗∗

and σ̂2
t is given in (C6) for the case t ∈ [t∗, t∗∗). In addition, the probability of adoption is

pt ≡ p
(
ψ̂t, t

)
= Pr

(
ψ̂t∗∗ > ψ|ψ̂t

)
= 1 −N

(
ψ; ψ̂t, σ2

ψ̂,t

)
where N (

.; a, s2
)

the cdf of a normal distribution with mean a and variance s2.

Proof : For t ∈ [t∗, t∗∗), the process for the posterior mean ψ̂t is a linear diffusion with
deterministic volatility, as given in (C1) for c = 0 and cN = 1. The integral representation is

ψ̂t∗∗ = ψ̂t +
φ

σN,1

∫ t∗∗

t
σ̂2
sdZ̃1,s

which immediately implies that
ψ̂t∗∗|ψ̂t ∼ N

(
ψ̂t, σ

2

ψ̂,t

)
where

σ2

ψ̂,t
=

(
φ

σN,1

)2 ∫ t∗∗

t

(
σ̂2
s

)2
ds

Using (C6) for t < t∗∗ we can compute∫ t∗∗

t

(
σ̂2
s

)2
ds =

1
(φ/σN,1)

2

[
σ̂2
t − σ̂2

t∗∗
]

Thus σ2

ψ̂,t
= σ̂2

t − σ̂2
t∗∗ . In addition, it then immediately follows that

pt ≡ p
(
ψ̂t, t

)
= Pr

(
ψ̂t∗∗ > ψ|ψ̂t

)
= 1 −N

(
ψ; ψ̂t, σ2

ψ̂,t

)
Q.E.D.
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It is convenient to rewrite the original processes under the filtered measure. Let bt = log (Bt)
and bNt = log

(
BNt

)
. For t > t∗ we have

dbt = ρtdt (C8)

dρt = φ
(
ρ+ cψ̂t − ρt

)
dt+ σdZ̃0,t (C9)

dψ̂ = σ̂2
t c
φ

σ
dZ̃0,t + cN σ̂

2
t

φ

σN,1

(
1 − c

σN,0
σ

)
dZ̃1,t (C10)

dσ̂2
t = −

(
σ̂2
t

)2

⎛⎝(
cφ

σ

)2

+ cN

(
φ

σN,1

)2 (
1 − c

σN,0
σ

)2
⎞⎠ dt (C11)

dbNt = ρNt dt (C12)

dρNt = φ
(
ρ+ ψ̂t − ρNt

)
dt+ σN,0dZ̃0,t + σN,1dZ̃1,t (C13)

Lemma A3: Let τ = T − t. The expectation in equation (A6) is given by

V
(
Bt, ρt, ψ̂t, σ̂

2
t , τ

)
= Et

[
B1−γ
T

1 − γ

]
=
B1−γ
t

1− γ
eA0(τ )+(1−γ)A1(τ )ρt+(1−γ)A2(τ )ψ̂t+

1
2
(1−γ)2A2(τ )2σ̂2

t (C14)

where

A0 (τ) = (1 − γ) ρ (τ − A1 (τ)) +
σ2

2
(1 − γ)2

φ2

{
τ +

1 − e−2φτ

2φ
− 2

1− e−φτ

φ

}

A1 (τ) =
1 − e−φτ

φ
and A2 (τ) = τ −A1 (τ)

Proof : By definition
V

(
bt, ρt, ψ̂t, σ̂

2
t , t; T

)
= (1 − γ)−1 Et

[
e(1−γ)bT

]
Denoting xt =

(
bt, ρt, ψ̂t, σ̂

2
t

)
, the Feynman-Kac theorem shows that V has to satisfy the PDE

0 =
∂V

∂t
+

∑
i

∂V

∂xi
Et [dxi] +

1
2

∑
i

∑
j

∂2V

∂xi∂xj
Et [dxidxj]

with the boundary condition V (xT ) = (1− γ)−1 e(1−γ)x1,T . Using (C8) - (C11) with c = 1 and
cN = 0, it is simple to verify that (C14) satisfies this PDE with the boundary condition. Finally,
A2 (τ) > 0 is immediate. Rewrite A2 (τ) = f (τ) = τ − 1−e−φτ

φ . Note that f (0) = 0. Since
f ′ (τ) = 1 − e−φτ > 0, we have f (τ) > 0 for every τ > 0. QED.

Proof of Proposition 1: Since γ > 1 we have that V in (C14) is decreasing in σ̂2
t . It

immediately follows that V
(
Bt∗ (1 − κ) , ρt∗, 0, σ̂2

t∗, τ
∗) < V (Bt∗ , ρt∗, 0, 0, τ∗) . Q.E.D.

Proof of Proposition 2: Using (C14) it is immediate to verify that equation (8) follows from
the adoption condition V

(
Bt∗∗ (1− κ) , ρt∗∗, ψ̂t∗∗, σ̂2

t∗∗ , τ
∗∗

)
≥ V (Bt∗∗ , ρt∗∗, 0, 0, τ∗∗) .. Q.E.D.
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To prove Proposition 3 we need the following lemma:

Lemma A4: The value function

Vt = Et

[
max
yes,no

Et∗∗

[
W 1−γ
T

1 − γ

]]

at time t∗ ≤ t < t∗∗ is given by

V
(
Bt, ρt, ψ̂t, σ̂

2
t ; τ

)
=
B

1−γ
t

1 − γ
{(1 − pt)Gnot + ptG

yes
t } (C15)

where

Gnot ≡ Et

[(
BT
Bt

)1−γ
|ψ̂t∗∗ < ψ

]
= eA0(τ )+(1−γ)A1(τ )ρt

Gyest ≡ Et

[(
BT
Bt

)1−γ
|ψ̂t∗∗ ≥ ψ

]
= Gnot (1 − κ)1−γ Rte(1−γ)A2(τ∗∗)ψ̂t+

1
2
(1−γ)2A2(τ∗∗)2σ̂2

t

and

Rt =
1 −N

(
ψ; ψ̂t + (1 − γ)A2 (τ∗∗)σ2

ψ̂,t
, σ2

ψ̂,t

)
1 −N

(
ψ; ψ̂t, σ2

ψ̂,t

) < 1 (C16)

Proof: The value function is

Vt = Et

[
max
yes,no

Et∗∗

[
W 1−γ
T

1 − γ

]]
= (1 − pt)Et

[
W 1−γ
T

1 − γ
|ψ̂t∗∗ < ψ

]
+ ptEt

[
W 1−γ
T

1 − γ
|ψ̂t∗∗ ≥ ψ

]

as the adoption at t∗∗ occurs if and only if ψ̂t∗∗ ≥ ψ. Starting with the first expectation, we can
use the law of iterated expectations

Et

[
W 1−γ
T

1 − γ
|ψ̂t∗∗ < ψ

]
= Et

[
Et∗∗

[
W 1−γ
T

1 − γ
|ψ̂t∗∗ < ψ

]
|ψ̂t∗∗ < ψ

]

We can use again equation (C14) to compute the inner expectation. In fact, if ψ̂t∗∗ < ψ, the
technology does not change at t∗∗. Moreover, equations (C9) - (C10) show that ρt and ψ̂t are
independent as c = 0 (see equation C4). Thus, Lemma A3 implies

Et∗∗

[
W 1−γ
T

1 − γ
|ψ̂t∗∗ < ψ

]
= V (Bt∗∗ , ρt∗∗, 0, 0, t∗∗; T ) =

B
1−γ
t∗∗

1 − γ
eA0(t∗∗;T )+A1(t∗∗;T )ρt∗∗

Thus,

Et

[
B

1−γ
t∗∗

1 − γ
eA0(t∗∗;T )+A1(t∗∗;T )ρt∗∗ |ψ̂t∗∗ < ψ

]
= Et

[
B

1−γ
t∗∗

1 − γ
eA0(t∗∗;T )+A1(t∗∗;T )ρt∗∗

]

=
B1−γ
t

1 − γ
eA0(t;T )+A1(t;T )ρt
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where the first equality stems from the independence of ρt and ψ̂t, and the second equality stems
from an application of Feynman - Kac thorem, similar to the argument used in Lemma A3.

The second expectation is more involved, as until t∗∗ capital employs the old technology, and
only then it switches to the new technology. In addition, the switch occurs only if ψ̂t∗∗ is high
enough, and this must be taken into account in the computation. Using again the law of iterated
expectations, we have

Et

[
W 1−γ
T

1 − γ
|ψ̂t∗∗ ≥ ψ

]
= Et

[
Et∗∗

[
W 1−γ
T

1 − γ
|ψ̂t∗∗ > ψ

]
|ψ̂t∗∗ > ψ

]
= Et

[
V

(
Bt∗∗ (1 − κ) , ρt∗∗, ψ̂t∗∗, σ̂2

t∗∗, t
∗∗; T

)
|ψ̂t∗∗ > ψ

]
where the second equality stems from Lemma A3 and the fact that if ψ̂t∗∗ > ψ, the adoption occurs.
We can use the explicit formula for V (.) to compute this expectation. In particular, from (C8) -
(C11), ψ̂t is independent of both ρt and bt, and σ̂2

t∗∗ is a known constant. Thus, we can write

Et
[
V

(
Bt∗∗ (1 − κ) , ρt∗∗, ψ̂t∗∗ , σ̂2

t∗∗ , t
∗∗; T

)
|ψ̂t∗∗ > ψ

]
=

(1 − κ)1−γ

1 − γ
Et

[
e(1−γ)bt∗∗+A0(t∗∗;T )+(1−γ)A1(t∗∗;T )ρt∗∗ + 1

2
(1−γ)2A2(t

∗∗;T )2σ̂2
t∗∗

]
×Et

[
e(1−γ)A2(t∗∗;T )ψ̂t∗∗ |ψ̂t∗∗ > ψ

]
= e(1−γ)bt+A0(t;T )+(1−γ)A1(t;T )ρt+

1
2
(1−γ)2A2(t∗∗;T )2σ̂2

t∗∗Et

[
e(1−γ)A2(t

∗∗;T )ψ̂t∗∗ |ψ̂t∗∗ > ψ

]

Since from Lemma A2, ψ̂t∗∗ ∼ N
(
ψ̂t, σ̂

2
t − σ̂2

t∗∗
)
, we have that the conditional density required to

compute the last expectation is given by

f
(
ψ̂t∗∗|ψ̂t∗∗ > ψ

)
=
f
(
ψ̂t∗∗; ψ̂t, σ̂2

t − σ̂2
t∗∗

)
1{
ψ̂t∗∗>ψ

}
1 −N

(
ψ; ψ̂t, σ̂2

t − σ̂2
t∗∗

)
where f

(
ψ̂t∗∗ ; ψ̂t, σ̂2

t − σ̂2
t∗∗

)
is the density of a normal distribution with mean ψ̂t and variance

σ̂2
t − σ̂2

t∗∗ . We sometimes abbreviate this function simply as f(ψ̂t∗∗). Using this density, we find

E

[
e(1−γ)A2(t∗∗;T )ψ̂t∗∗ |ψ̂t∗∗ > ψ

]
=

1

1 −N
(
ψ; ψ̂t, σ̂2

t − σ̂2
t∗∗

) ∫ ∞

ψ
e(1−γ)A2(t∗∗;T )ψ̂t∗∗f

(
ψ̂t∗∗

)
dψ̂t∗∗

= e
1
2
(1−γ)2A2

2(τ∗∗)(σ̂2
t−σ̂2

t∗∗)+(1−γ)A2(τ∗∗)ψ̂tR
(
ψ̂t

)
where R

(
ψ̂t

)
= Rt is given in (C16). Putting all these elements together, we obtain (C15).

Lemma A5: Gyest < Gnot .

Proof : Consider the expression

Jt = Et

[
e(1−γ) log(1−κ)+(1−γ)A2(t

∗∗;T )ψ̂t∗∗+ 1
2
(1−γ)2A2(t∗∗;T )2σ̂2

t∗∗ |ψ̂t∗∗ > ψ

]
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Using the definition of ψ in equation (8) in the paper, this can be written as

Jt = Et

[
e
−(1−γ)A2(τ∗∗)

[
− log(1−κ)

A2(τ∗)
−ψ̂t∗∗− 1

2
(1−γ)A2(t∗∗;T )σ̂2

t∗∗
]
|ψ̂t∗∗ > ψ

]

= Et

[
e(1−γ)A2(τ∗∗)

[
ψ̂t∗∗−ψ

]
|ψ̂t∗∗ > ψ

]
Thus, Jt < 1, as it is the expectation of a random variable that is constrained to be less than 1.
By using the same steps as in Lemma A4, we find

Jt = Et

[
e(1−γ)A2(τ∗∗)

[
ψ̂t∗∗−ψ

]
|ψ̂t∗∗ > ψ

]
= e−(1−γ)A2(τ∗∗)ψEt

[
e(1−γ)A2(τ

∗∗)ψ̂t∗∗ |ψ̂t∗∗ > ψ

]
= e−(1−γ)A2(τ∗∗)ψ+(1−γ)A2(τ∗)ψ̂t+

1
2
(1−γ)2A2(τ∗)2(σ̂2

t −σ̂2
t∗∗) ×Rt

= e(1−γ) log(1−κ)+(1−γ)A2(τ∗)ψ̂t+
1
2
(1−γ)2A2(τ∗)2σ̂2

t × Rt

=
Gyest
Gnot

yielding the conclusion. Q.E.D.

Proposition 3: Experimenting is always optimal at time t∗, that is

V
(
Bt∗ , ρt∗, 0, σ̂2

t∗ ; τ
∗) > V (Bt∗ , ρt∗, 0, 0; τ∗)

where V (Bt∗ , ρt∗, 0, 0; τ∗) is defined in equation (C14).

Proof : Since from Lemma A5 Gyest < Gnot , the result follows from the fact that we can rewrite

V (Bt∗ , ρt∗, 0, 0; τ∗) = B
1−γ
t∗

1−γ G
no
t∗ and γ > 1. Q.E.D.

Derivation of State Price Density in Eq. (9). We assume a unit mass of identical
investors. Given the equilibrium state price density πt and market completeness, Cox and Huang
(1989) imply each agent i maximizes intertemporal utility by solving the static optimization

max
Wi,T

E0

⎡⎣W 1−γ
i,T

1 − γ

⎤⎦ subject to E0 [πTWi,T ] ≤W0,i

The first order condition of the Lagrangean L = E0

[
W

1−γ
i,T

1−γ − λi(πTWi,T −W0,i)
]

imply

Wi,T = λ
− 1

γ

i π
− 1

γ

T (C17)

where the Lagrange multiplier λi is determined from the budget constraint E0 [πTWi,T ] = W0,i.
In equilibrium, market clearing imposes that

∫ 1
0 Wi,T di = BT , which from (C17) implies BT =(∫ T

0 λ
− 1

γ

i di

)
π
− 1

γ

T . Since all agents have the same initial endowment, λi = λj = λ, which yields

BT = λ
− 1

γπ
− 1

γ

T . Solving for πT , we obtain the general equilibrium restriction

πT = λ−1B−γ
T
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Finally, because we renormalize the interest rate to zero, the state price density must be a martingale
conditional on the information set of investors, implying πt = Et [πT ] = λ−1Et

[
B−γ
T

]
. Q.E.D.

Re Proposition 4: The functions G̃not and G̃yest are given by

G̃not ≡ Et

[(
BT
Bt

)−γ
|ψ̂t∗∗ < ψ

]
= eA0(τ )−γA1(τ )ρt (C18)

G̃yest ≡ Et

[(
BT
Bt

)−γ
|ψ̂t∗∗ ≥ ψ

]
= G̃not (1 − κ)−γ R̃te−γA2(τ∗∗)ψ̂t+

1
2
γ2A2(τ∗∗)2σ̂2

t , (C19)

where

R̃t =
1 −N

(
ψ; ψ̂t − γA2 (τ∗∗)σ2

ψ̂,t
, σ2

ψ̂,t

)
1 −N

(
ψ; ψ̂t, σ2

ψ̂,t

) < 1 (C20)

A0 (τ) = −γρ (τ − A1 (τ)) +
σ2

2
γ2

φ2

{
τ +

1− e−2φτ

2φ
− 2

1 − e−φτ

φ

}
. (C21)

Proof of Proposition 4: The proof is identical to the one of Lemma A4, where “(1 − γ)” is
substituted with “−γ”. Using this fact, we immediately obtain

πt = λ−1B−γ
t

{
(1 − pt) G̃not + ptG̃

yes
t

}
(C22)

where G̃not and G̃yest are given by (C18) and (C19), respectively. Q.E.D.

Proof of Corollary 1: The corollary follows from an application of Ito’s Lemma, so that

dπt
πt

= −σπ,tdZ̃t

where
σπ,t = γA1 (τ)σρ + Sπ,tσ̃ψ,t

and

Sπ,t =

(
γA2 (τ∗∗)− 1

p̃

∂p̃

∂ψ̂

)
ptG̃

yes
t + ∂p

∂ψ̂
G̃not

(1 − pt) G̃not + ptG̃
yes
t

(C23)

where
p̃t ≡ p̃

(
ψ̂t, t

)
= 1 −N

(
ψ; ψ̂t − γA2 (τ∗∗)σ2

ψ̂,t
, σ2

ψ̂,t

)
and σρ = (σ, 0) ,

σ̃ψ,t =

(
0, σ̂2

t

φ

σN,1

)
. (C24)

Q.E.D.

Proof of Proposition 5 (old economy): The result about the old economy is immediate
from the pricing formula Mt = Et [πTBT ] /πt = Et

[
B1−γ
T

]
/πt, and the results in Lemma A4 and

Proposition 4. Q.E.D.
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For better referencing, it is convenient to restate Proposition 5 for the new economy:

Proposition 5 (new economy) Let τ = T − t. For t∗ ≤ t < t∗∗, the market to book ratio of
the new economy is given by

MN
t

BNt
=

(1 − pt)Kno + ptK
yes

(1− pt) G̃not + ptG̃
yes
t

(C25)

where G̃not and G̃yest are given in Proposition 4, and

Kno ≡ Et

[(
BT
Bt

)−γ BNT
BNt

|ψ̂t∗∗ < ψ

]
= KtR

N
L,t

Kyes ≡ Et

[(
BT
Bt

)−γ BNT
BNt

|ψ̂t∗∗ ≥ ψ

]
= (1 − κ)−γ KN

t R
N
H,t

Kt = eC0(τ )−γA1(τ )ρt+A1(τ )ρN
t +A2(τ )ψ̂t+

1
2
A2

2(τ )σ̂
2
t

KN
t = Kte

−γA2(τ∗∗)ψ̂t+
1
2
γA2(τ∗∗)(γA2(τ∗∗)−2A2(τ ))σ̂

2
t

and

RNL,t =
N

(
ψ; ψ̂t + σL

yψ̂
, σ2

ψ̂,t

)
N

(
ψ; ψ̂t, σ2

ψ̂,t

) with σL
yψ̂

= A2 (τ) σ̂2
t −A2 (τ∗∗) σ̂2

t∗∗

RNH,t =
1−N

(
ψ; ψ̂t + σH

yψ̂
, σ2

ψ̂,t

)
1 −N

(
ψ; ψ̂t, σ2

ψ̂,t

) with σHyψ = σLyψ − γA2 (τ∗∗)σ2

ψ̂,t

Above, C0 (τ) is given by

C0 (τ) = (1− γ)ρ (τ − A1 (τ))

+
1

2φ2

{
τ +

1 − e−2φτ

2φ
− 2

1− e−φτ

φ

}(
γ2σ2 − 2γσN,0σ +

(
σ2
N,0 + σ2

N,1

))

We start the proof with two lemmas:

Lemma A6: For t ≥ t∗∗, let τ = T − t. Then

V N
(
bt, b

N
t , ρt, ρ

N
t , ψ̂t, σ̂

2
t , τ

)
≡ Et

[
e−γbT +bNT

]
is given by

V N
(
bt, b

N
t , ρt, ρ

N
t , ψ̂t, σ̂

2
t , τ

)
= e−γbt+b

N
t +C0(τ )−γA1(τ )ρt+A1(τ )ρN

t +(1−cγ)A2(τ )ψ̂t+
1
2
(1−cγ)2A2

2(τ )σ̂2
t

(C26)

8



where c = 1 if the adoption occurred at time t∗∗ , and 0 otherwise, A1 (.) and A2 (.) are as in
Lemma A3, and

C0 (τ) = (1 − γ)ρ (τ −A1 (τ)) +
1
φ2

(
τ +

1 − e−2φτ

2φ
− 2A1 (τ)

)
1
2

(σ∗)2

and
(σ∗)2 = γ2σ2 + σ2

N,0 + σ2
N,1 − 2γσN,0σ

Proof: As in Lemma A3, denoting xt =
(
bt, b

N
t , ρt, ρ

N
t , ψ̂t, σ̂

2
t

)
, the Feynman-Kac theorem shows

that V N has to satisfy the PDE

0 =
∂V N

∂t
+

∑
i

∂V N

∂xi
Et [dxi] +

1
2

∑
i

∑
j

∂2V N

∂xi∂xj
Et [dxidxj]

with the boundary condition V (xT ) = e−γx1,T +x2,T . Using (C8) - (C13) for the cases where c = 1
or c = 0 (with cN = 1) in Lemma A1, it is simple to verify that (C26) satisfies this PDE with the
boundary condition provided. Q.E.D.

Lemma A7: Define

yt∗∗ = −γbt∗∗ + bNt∗∗ − γA1 (τ∗∗) ρt∗∗ + A1 (τ∗∗) ρNt∗∗ + (1− c1)A2 (τ∗∗) ψ̂t∗∗

where c1 > 0 is a constant. Then(
yt∗∗

ψ̂t∗∗

)
∼ N

((
μy,t
ψ̂t

)
,

(
σ2
y σyψ
σyψ σ2

ψ̂,t

))

where

μy,t = −γbt + bNt + (1− γ)ρa (t) − γA1 (τ) ρt + A1 (τ) ρNt + (A2 (τ)− c1A2 (τ∗∗)) ψ̂t
σ2
y = (1− c1)

2A2 (τ∗∗)2
(
σ̂2
t − σ̂2

t∗∗
)

+ a (t)2 σ̂2
t + 2A2 (τ∗∗) (1 − c1) a (t) σ̂2

t + (σ∗)2 a2 (t)

σ2

ψ̂,t
= σ̂2

t − σ̂2
t∗∗

σyψ = (1− c1)A2 (τ∗∗)
(
σ̂2
t − σ̂2

t∗∗
)

+ a (t) σ̂2
t

and

a (t) = t∗∗ − t− e−φ(T−t∗∗) − e−φ(T−t)

φ
(C27)

a2 (t) =
1
φ2

(
t∗∗ − t+

e−2φ(T−t∗∗) − e−2φ(T−t)

2φ
− 2

e−φ(T−t∗∗) − e−φ(T−t)

φ

)
(C28)

(σ∗)2 = γ2σ2 + σ2
N,0 + σ2

N,1 − 2γσN,0σ (C29)

Proof : The proof of this lemma is rather lengthy, and so it is provided separately below.
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Proof of Proposition 5 (new economy): The pricing formula is MN
t = Et

[
πTB

N
T

]
/πt. Thus,

we need to compute

Et
[
B−γ
T BNT

]
= (1 − pt)Et

[
B−γ
T BNT |ψ̂t∗∗ < ψ

]
+ ptEt

[
B−γ
T BNT |ψ̂t∗∗ > ψ

]
(C30)

Starting with the first expectation, note that if ψ̂t∗∗ < ψ, no adoption occurs at t∗∗. Thus,

Et
[
B−γ
T BNT |ψ̂t∗∗ < ψ

]
= Et

[
Et∗∗

[
B−γ
T BNT |ψ̂t∗∗ < ψ

]
|ψ̂t∗∗ < ψ

]
= Et

[
V N

(
bt∗∗, b

N
t∗∗, ρt∗∗, ρ

N
t∗∗, ψ̂t∗∗, σ̂

2
t∗∗ , t

∗∗; T
)
|ψ̂t∗∗ < ψ

]
= eC0(τ∗∗)+ 1

2
A2

2(τ∗∗)σ̂2
t∗∗

×Et
[
e−γbt∗∗+bN

t∗∗−γA1(τ∗∗)ρt∗∗+A1(τ∗∗)ρN
t∗∗+A2(τ∗∗)ψ̂t∗∗ |ψ̂t∗∗ < ψ

]
where the first equality stems from the law of iterated expectations, the second from the fact that
ψ̂t∗∗ is known at t∗∗, the third from Lemma A6, with c = 0 as the adoption does not occur at t∗∗.
Note that the exponent in the expectation is simply yt∗∗ in Lemma A7 with c1 = 0. For notational
convenience, let

a0 (t) = (1 − γ)ρa (t) .

Using Lemma A7 with c1 = 0 and denoting by L the corresponding quantities in Lemma A7 for
this case, we can compute

E
[
eyt∗∗ |ψ̂t∗∗ < ψ

]
=

∫ ψ
−∞ E

[
eyt∗∗ |ψ̂t∗∗

]
f

(
ψ̂t∗∗; ψ̂t, σ2

ψ̂,t

)
dψ̂t∗∗

Pr
(
ψ̂t∗∗ < ψ

)
where f

(
ψ̂t∗∗ ; ψ̂t, σ2

ψ̂,t

)
is the density of a normal with mean ψ̂t and variance σ2

ψ̂,t
. The rules of

the conditional normal distribution yield the following expression for this expectation:

Et
[
eyt∗∗ |ψ̂t∗∗ < ψ

]
= B−γ

t BNt e
a0(t)−γA1(t;T )ρt+A1(t;T )ρN

t +A2(t;T )ψ̂t+
1
2
σ2

LyRNL,t

where RNL,t is given in Proposition 5. So, finally, the first expectation is given by

Et
[
B−γ
T BNT |ψ̂t∗∗ < ψ

]
= B−γ

t BNt e
C0(t∗∗;T )+ 1

2
A2

2(t∗∗;T )σ̂2
t∗∗ea0(t)−γA1(t;T )ρt+A1(t;T )ρN

t +A2(t;T )ψ̂t+
1
2
σ2

L,yRNL,t

= B−γ
t BNt e

C0(t;T )+ 1
2
A2

2(t;T )σ̂2
t−γA1(t;T )ρt+A1(t;T )ρN

t +A2(t;T )ψ̂tRNL,t

where the second equality is obtained from the first after some tedious algebra.

We now turn to the second expectation in (C30). The methodology is the same as before,
although now we must set c = 1 in (C26) and note that Bt∗∗ = (1 − κ)Bt∗∗− , which implies bt∗∗ =
bt∗∗− + log (1 − κ). Specifically, we have that for t ≤ t∗∗

Et
[
B−γ
T BNT |ψ̂t∗∗ ≥ ψ

]
= Et

[
V N

(
log (1 − κ) + bt∗∗− , b

N
t∗∗, ρt∗∗, ρ

N
t∗∗, ψ̂t∗∗ , σ̂

2
t∗∗, τ

)
|ψ̂t∗∗ ≥ ψ

]
= (1 − κ)−γ eC0(τ

∗∗)+ 1
2
(1−γ)2A2

2(τ∗∗)σ̂2
t∗∗ ×

×Et
[
e−γbt∗∗+bN

t∗∗−γA1(τ∗∗)ρt∗∗+A1(τ∗∗)ρN
t∗∗+(1−γ)A2(τ∗∗)ψ̂t∗∗ |ψ̂t∗∗ ≥ ψ

]
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Comparing to the case with
{
ψ̂t∗∗ < ψ

}
, we see that the term in the expectation is identical,

but for the coefficient of ψ̂t∗∗, which is multiplied by (1 − γ). The distribution of the exponent is
given in Lemma A7 for c1 = γ. In this case, defining

yH,t∗∗ = −γbt∗∗ + bNt∗∗ − γA1 (τ∗∗) ρt∗∗ + A1 (τ∗∗) ρNt∗∗ + (1 − γ)A2 (τ∗∗) ψ̂t∗∗

we have that

μH,y,t = E [yH,t∗∗] = −γbt + bNt + a0 (t) − γA1 (τ) ρt +A1 (τ) ρNt + (A2 (τ) − γA2 (τ∗∗)) ψ̂t

The same steps then show

Et
[
eyH,t∗∗ |ψ̂t∗∗ > ψ

]
=

1

1 −N

(
ψ; ψ̂t, σ2

ψ̂

) ∫ ∞

ψ
E

[
eyH,t∗∗ |ψ̂t∗∗

]
f

(
ψ̂t∗∗

)
dψ̂t∗∗

= B−γ
t BNt e

a0(t)−γA1(t;T )ρt+A1(t;T )ρN
t +(A2(τ ;T )−γA2(t∗∗;T ))ψ̂t+

1
2
σ2

HyRNH,t

where RNH,t is defined in Proposition 5.

So, we finally obtain

Et
[
B−γ
T BNT |ψ̂t∗∗ ≥ ψ

]
= B−γ

t BNt (1 − κ)−γ eC0(τ
∗∗)+ 1

2
(1−γ)2A2(τ

∗∗)2σ̂2
t∗∗

×ea0(t)−γA1(τ )ρt+A1(τ )ρN
t +(A2(τ )−γA2(τ∗∗))ψ̂t+

1
2
σ2

HyRNH,t

= B−γ
t BNt (1 − κ)−γ eC0(τ )−γA1(τ )ρt+A1(τ )ρN

t +(A2(τ )−γA2(τ∗∗))ψ̂t+
1
2
(A2(τ )−γA2(τ∗∗))2σ̂2

tRNH,t

where the second equality is obtained from the first after some tedious algebra. Putting all terms
together, we obtain the expression in Proposition 5. Q.E.D.

Corollary A1: For any t ∈ [t∗, t∗∗), the stock return processes are given by

dMt

Mt
= μM,tdt+ σ0

M,tdZ̃
0
t + σ1

M,tdZ̃
1
t and

dMN
t

MN
t

= μNM,tdt+ σN,0M,tdZ̃
0
t + σN,1M,tdZ̃

1
t ,

where expected returns are equal to the return covariances with dπt/πt,

μM,t = −σ0
M,tσ

0
π,t − σ1

M,tσ
1
π,t; μNM,t = −σN,0M,tσ

0
π,t − σN,1M,tσ

1
π,t, (C31)

and the components of the return volatilities are

σ0
M,t = A1 (τ)σ; σ1

M,t = (SM,t + Sπ,t) σ̂2
t

φ

σN,1
(C32)

σN,0M,t = A1 (τ)σN,0; σN,1M,t = A1 (τ)σN,1 +
(
SNM,t + Sπ,t

)
σ̂2
t

φ

σN,1
, (C33)

with SM,t and SNM,t given by

SM,t =
− ∂pt

∂ψ̂t
Gnot +

(
(1 − γ)A2 (τ∗∗) + 1

pt

∂pt

∂ψ̂t

)
ptG

yes
t

(1− pt)Gnot + ptG
yes
t

(C34)
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SNM,t =

(
A2 (τ) + 1

pN
L,t

∂pN
L,t

∂ψ̂

)
(1− pt)Kno

t +
(

(A2 (τ)− γA2 (τ∗∗)) + 1
pN

H,t

∂pN
H,t

∂ψ̂

)
ptK

yes
t

(1 − pt)Kno
t + ptK

yes
t

(C35)

pt = 1 −N
(
ψ; ψ̂t + (1 − γ)A2 (τ∗∗)σ2

ψ̂,t
, σ2

ψ̂,t

)
(C36)

pNL,t = N
(
ψ; ψ̂t + σL

yψ̂
, σ2

ψ̂,t

)
(C37)

pNH,t = 1 −N
(
ψ; ψ̂t + σH

yψ̂
, σ2

ψ̂,t

)
. (C38)

Proof of Corollary A1: The proof follows from an application of Ito’s Lemma to the respective
pricing functions. For the old economy, the diffusion is

σM = A1(τ)σρ + (SM,t + Sπ,t) σ̃ψ

where σρ = (σ, 0), SM,t is in (C34), Sπ,t is in (C23), and σ̃ψ is in (C24). For the new economy,

σNM = A1(τ)σN +
(
SNM,t + Sπ,t

)
σ̃ψ

where σN = (σN,0, σN,1), and SNM,t is in (C35). Q.E.D.

Proof of Proposition 6: Consider the old economy first. Rewrite the M/B of the old economy
as

MBt =
Gnot + ptHt

G̃not + ptH̃t

where Ht = Gyest −Gnot , and H̃t = G̃yest − G̃not . Given the closed form formulas for all the functions,
we can compute the first derivative of MBt with respect to the probability of adoption of the new
technology pt :

∂MBt
∂pt

=
HtG̃

no
t −Gnot H̃t(

G̃not + ptH̃t

)2

That is, the M/B increases in pt if and only if HtG̃
no
t > Gnot H̃t. Substituting the closed form

expressions, we obtain the condition hold > 0 where

hold = −κ̃ +A2 (τ∗∗) ψ̂t +
1
2

(1 − 2γ)A2 (τ∗∗)2 σ̂2
t (C39)

− log

⎛⎜⎜⎝ 1 −N
(
ψ; ψ̂t − γA2 (τ∗∗)σ2

ψ̂,t
, σ2

ψ̂,t

)
1 −N

(
ψ; ψ̂t + (1 − γ)A2 (τ∗∗) σ2

ψ̂,t
, σ2

ψ̂,t

)
⎞⎟⎟⎠ (C40)

Consider now the new economy

MBNt =
KtR

N
L,t + ptJt

G̃not + ptH̃t

where J t = (1 − κ)−γ KN
t R

N
H −KtR

N
L . The first derivative with respect to pt is

∂MBNt
∂pt

=
JtG̃

no
t −KtR

N
L,tH̃t(

G̃not + ptH̃t

)2
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Once again, the M/B of the new economy increases in pt if and only if J tG̃not − KtH̃tR
N
L,t > 0.

Substituting, we obtain the condition hnew > 0

hnew = −γA2 (τ∗∗)A2 (τ) σ̂2
t − log

⎛⎜⎜⎝N
(
ψ; ψ̂t + σL

yψ̂
, σ2

ψ̂,t

)
N

(
ψ; ψ̂t, σ2

ψ̂,t

)
⎞⎟⎟⎠ (C41)

− log

⎛⎜⎜⎝ 1−N
(
ψ; ψ̂t − γA2 (τ∗∗)σ2

ψ̂,t
, σ2

ψ̂,t

)
1 −N

(
ψ; ψ̂t − γA2 (τ∗∗)σ2

ψ̂,t
+ σLyψ , σ

2

ψ̂,t

)
⎞⎟⎟⎠ (C42)

Proof of Proposition 7: Consider MN

BN = ΦN

π̃
, where ΦN and π̃ are defined appropriately.

Then,
∂
(
MN

BN

)
∂ψ̂t

=
π̃∂ΦN/∂ψ̂t − ΦN∂π̃/∂ψ̂t

π̃2
> 0

if and only if SNM,t + Sπ,t > 0 where SNM,t, and Sπ,t are defined above. The probability of adoption
as of time t∗ is given by

pt∗ =
∫ ∞

f(κ,γ,σ̂2
t∗ ;τ∗)

1√
2π
e−

1
2
x2
dx

where

f
(
κ, γ, σ̂2

t∗ ; τ
∗) = − log (1 − κ) /A2(τ∗∗)

⎛⎜⎝
(
σ̂2
t∗
)−1 +

(
φ

σN,1

)2
(t∗∗ − t∗)

σ̂2
t∗

(
φ

σN,1

)2
(t∗∗ − t∗)

⎞⎟⎠
1
2

+
1
2 (γ − 1)A2(τ∗∗)(

φ
σN,1

)
(t∗∗ − t∗)

1
2

(
1 + σ̂2

t∗
(

φ
σN,1

)2
(t∗∗ − t∗)

) 1
2

Thus, pt is small whenever f
(
κ, γ, σ̂2

t∗ ; τ∗
)

is large. We can see that f
(
κ, γ, σ̂2

t∗ ; τ∗
)

is large when
κ is high, γ is high and, finally, when σ̂2

t∗ is small (if κ > 0). (In addition, we can see that
f is large when (t∗∗ − t∗) is small and T is large, the latter due to the increase in A2(τ∗∗) =
(T − t∗∗) −

(
1 − e−φ(T−t∗∗)

)
/φ). In all of these cases, the formulas for the various quantities in

SNM,t + Sπ,t imply that the latter becomes positive. Q.E.D.

Re Corollary 2. In the corollary, C0(τ∗∗) = C0(τ∗∗)−A0(τ∗∗). The proof is immediate from
Proposition 5 for pt∗∗ = 1 and pt∗∗ = 0. Q.E.D.

Optimal Stopping Time.

The value function is

V
(
Bt, ρt, ψ̂t, σ̂

2
t , t; T

)
= max

t∗∗
Et

[
W 1−γ
T

1 − γ

]
(C43)
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where WT = BT depends on time t∗∗, as at that time c in (C9) switches from c = 0 to c = 1.

Proposition 8: The value function in equation (C43) is given by

V
(
Bt, ρt, ψ̂t, σ̂

2
t , t; T

)
= B1−γ

t e(1−γ)A1(T−t)ρtV2

(
ψ̂t, t; T

)
, (C44)

where V2

(
ψ̂t, t; T

)
satisfies the PDE

0 =
∂V2

∂t
+

(
(1 − γ)A1(T − t)φρ+

1
2

(1 − γ)2A1(T − t)2σ2
)
V2 +

1
2
∂2V2

∂ψ̂2

(
σ̂2
t

φ

σN,1

)2

, (C45)

with the boundary conditions V2

(
ψ̂T , T

)
= 1

1−γ if t∗∗ > T and

V2

(
ψ̂t, t; T

)
≥ (1 − κ)1−γ

1 − γ
eA0(τ )+(1−γ)A2(τ )ψ̂t+

1
2
(1−γ)2A2(τ )

2σ̂2
t ,

where the equality holds at t = t∗∗.

Proof: Since σ̂2
t is a deterministic function of time, we write the value function simply as

V(Bt, ρt, ψ̂t, t; T ). For t ≤ t∗∗, V must satisfy the Bellman equation

0 =
∂V
∂t

+
∂V
∂Bt

Et [dBt]+
∂V
∂ρ

Et [dρt]+
∂V
∂ψ̂

Et
[
dψ̂t

]
+

1
2
∂2V
∂ρ2

Et
[
dρ2

t

]
+

1
2
∂2V
∂ψ̂2

Et
[
dψ̂2

t

]
+
∂2V
∂ρ∂ψ̂

Et
[
dρtdψ̂t

]
,

with the boundary conditions V(Bt, ρt, ψ̂t, t; T ) ≥ V (Bt(1 − κ), ρt, ψ̂t, σ̂t, t; T ) (and equality at t∗∗)
and V(BT , ρT , ψ̂T , σ̂T , T ; T ) = B1−γ

T /(1 − γ) if T < t∗∗. It is easy to verify that this Bellman
equation is satisfied by the value function (C44) with V2 satisfying the PDE and the boundary
conditions given in Proposition 8. Q.E.D.

Proposition 9: For t∗ ≤ t < t∗∗ the state price density is given by

πt = λ−1B−γ
t e−γA1(T−t)ρtF2

(
ψ̂t, t; T

)
, (C46)

where F2 satisfies the partial differential equation

0 =
∂F2

∂t
+

(
−γA1 (T − t)φρ+

1
2
γ2A1 (T − t)2 σ2

)
F2 +

1
2
∂2F2

∂ψ̂2

(
σ̂2
t

φ

σN,1

)2

with boundary conditions F2

(
ψ̂T , T ; T

)
= 1 and

F2

(
ψ̂t∗∗ , t

∗∗; T
)

= (1 − κ)−γ eA0(τ
∗∗)−γA2(τ∗∗)ψ̂t∗∗+ 1

2
γ2A2(τ∗∗)2σ̂2

t∗∗

where time t∗∗ is obtained endogenously in Proposition 8.

Proof: The state price density πt must follow a martingale. Define πt = F
(
Bt, ρt, ψ̂t, t; T

)
,

then the martingale condition and Ito’s Lemma imply

0 =
∂F

∂t
+
∂F

∂Bt
Et [dBt]+

∂F

∂ρ
Et [dρt]+

∂F

∂ψ̂t
Et

[
dψ̂

]
+

1
2
∂2F

∂ρ2
Et

[
dρ2

t

]
+

1
2
∂2F

∂ψ̂2
Et

[
dψ̂2

t

]
+
∂2F

∂ρ∂ψ̂
Et

[
dρtdψ̂t

]
,
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with boundary conditions F
(
BT , ρT , ψ̂T , T ; T

)
= λ−1B−γ

T and

F
(
Bt∗∗ , ρt∗∗, ψ̂t∗∗ , t

∗∗; T
)

= λ−1Et∗∗
[
B

−γ
T

]
= λ−1(1− κ)−γB−γ

t∗∗ e
A0(τ∗∗)−γA1(τ∗∗)ρt∗∗−γA2(τ∗∗)ψ̂t∗∗+ 1

2
γ2A2(τ∗∗)2σ̂2

t∗∗

It is easy to verify that this PDE is satisfied by function (C46), with the corresponding boundary
conditions.

Proposition 10: For t∗ ≤ t < t∗∗, the market-to-book ratios of the old and new economies are:

Mt

Bt
= eA1(T−t)ρt

(1 − γ)V2

(
ψ̂t, t; T

)
F2

(
ψ̂t, t; T

) (C47)

MN
t

BNt
= eA1(T−t)ρN

t

FN2

(
ψ̂t, t; T

)
F2

(
ψ̂t, t; T

) (C48)

where V2 and F2 are given in Propositions 8 and 9, and FN2 satisfies the PDE

0 =
∂FN2
∂t

+ FN2

(
A1(T − t)φψ̂t + (1 − γ)A1(T − t)φρ+

1
2
A1(T − t)2 (σ∗)2

)

+
1
2
∂2FN2

∂ψ̂2
t

(
σ̂2
t

φ

σN,1

)2

+A1(T − t)
∂FN2

∂ψ̂t
σ̂2
t φ (C49)

where the boundary conditions are FN2
(
ψ̂T , T

)
= 1 and

FN2

(
ψ̂t∗∗, t

∗∗; T
)

= (1− κ)−γeC0(τ∗∗)+(1−γ)A2(τ
∗∗)ψ̂t+

1
2
(1−γ)2A2

2(τ∗∗)σ̂2
t∗∗

Proof. The old economy price is

Mt =
Et [πTBT ]

πt
= λ−1

Et
[
B1−γ
T

]
πt

=
(1 − γ)B1−γ

t e(1−γ)A1(T−t)ρtV2

(
ψ̂t, t; T

)
B−γ
t e−γA1(T−t)ρtF2

(
ψ̂t, t; T

)
The last equality stems from Proposition 8, as the value function V = 1

1−γEt
[
B

1−γ
T

]
under the

optimal stopping time policy t∗∗. The result then follows by combining Propositions 8 and 9.

For the new economy, we must compute the quantity

FN
(
Bt, B

N
t , ρt, ρ

N
t , ψ̂t, t; T

)
= Et

[
πTB

N
T

]
= λ−1Et

[
B

−γ
T BNT

]
After accounting for the conversion cost κ, we have from Lemma A6 that at t∗∗

FN
(
Bt∗∗ , B

N
t∗∗, ρt∗∗, ρ

N
t∗∗, ψ̂t∗∗, t

∗∗; T
)

= λ−1(1 − κ)−γB−γ
t∗∗B

N
t∗∗

×eC0(τ∗∗)−γA1(τ∗∗)ρt∗∗+A1(τ∗∗)ρN
t∗∗+(1−γ)A2(τ∗∗)ψ̂t∗∗+ 1

2
(1−γ)2A2

2(τ
∗∗)σ̂2

t∗∗
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Feynman Kac theorem shows that for t ≤ t∗∗

0 =
∂FN

∂t
+
∂FN

∂Bt
Et[dBt] +

∂FN

∂BNt
Et[dBNt ] +

∂FN

∂ρt
Et[dρt] +

∂FN

∂ρNt
Et[dρNt ] +

∂FN

∂ψ̂t
Et[dψ̂t]

+
1
2
∂2FN

∂ρ2
t

Et[dρ2] +
1
2
∂2FN

∂
(
ρNt

)2Et[dρ2
N ] +

1
2
∂2FN

∂ψ̂2
t

Et[dψ̂2]

+
∂2FN

∂ρt∂ρ
N
t

Et[dρtdρNt ] +
∂2FN

∂ρt∂ψ̂t
Et[dρtdψ̂t] +

∂2FN

∂ρNt ∂ψ̂t
Et[dρNt dψ̂t]

It is easy to verify that this PDE is satisfied by

FN
(
Bt, B

N
t , ρt, ρ

N
t , ψ̂t, t; T

)
= λ−1B−γ

t BNt e
−γA1(T−t)ρt+A1(T−t)ρN

t FN2

(
ψ̂t, t; T

)
where FN2 satisfies (C49). The result then follows from the pricing formula MN

t = Et[πTBT ]/πt.
Q.E.D.

We solve the Partial Differential Equations by using the finite difference method.

Proof of Lemma A7: Let

yt∗∗ = −γbt∗∗ + bNt∗∗ − γA1 (t∗∗; T ) ρt∗∗ +A1 (t∗∗; T )ρNt∗∗ + (1 − c1)A2 (t∗∗; T ) ψ̂t∗∗

The fact that yt∗∗ and ψ̂t∗∗ are jointly normally distributed stems from the linearity of all of the
processes. To compute the means, variances and covariances, we can compute the joint moment
generating function. That is, let α1, α2 > 0, and define

N
(
bt, b

N
t , ρt, ρ

N
t , ψ̂t, σ̂

2
t , t

)
= Et

[
eα1yt∗∗+α2ψ̂t∗∗

]
where the processes of stochastic variables are given by (C8) - (C13) with c = 0. Let xt =(
bt, b

N
t , ρt, ρ

N
t , ψ̂t, σ̂

2
t

)
, the Feynman-Kac theorem shows that N must satisfy the PDE

0 =
∂N

∂t
+

∑
i

∂N

∂xi
Et [dx] +

1
2

∑
i

∑
j

∂2N

∂xi∂xj
Et [dxidxj]

with the boundary conditionN
(
bt∗∗, b

N
t∗∗, ρt∗∗, ρ

N
t∗∗, ψ̂t∗∗, σ̂

2
t∗∗ , t

∗∗
)

= eα1yt∗∗+α2ψ̂t∗∗ . It can be verified
that the solution to the PDE is given by

Nt = eα1{−γbt+bNt −γC1(t;T )ρt+C1(t;T )ρN
t }+α1C0(t;T )+{(1−c1)α1C2(t;T )+α2}ψ̂t+α1C3(t;T )σ̂2

t

where

C1 (t; T ) =
1 − e−φ(T−t)

φ
= A1 (t; T )

C2 (t; T ) = A2 (t∗∗; T ) +
1

(1 − c1)
a (t)

α1C3 (t; T ) = C̃3 (t; T )

=
1
2

((1 − c1)α1C2 + α2)
2 − 1

2
((1− c1)α1A2 (t∗∗; T ) + α2)

2
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and

α1C0 (t; T ) = C̃0 (t; T )

= α1 (1− γ)ρa (t) +
1
2

((1 − c1)α1A2 (t∗∗; T ) + α2)
2
[
σ̂2
t − σ̂2

t∗∗
]

+α2
1

1
2

(σ∗)2 a2 (t)

Above, a (t), a2 (t) and σ∗ are given by (C27) - (C29). Rewrite Nt = eg(α1,α2) where

g (α1, α2) = α1

{
−γbt + bNt − γC1 (t; T ) ρt + C1 (t; T ) ρNt

}
+C̃0 (t; T )+{(1− c1)α1C2 (t; T ) + α2} ψ̂t+C̃3 (t; T ) σ̂2

t

Thus
∂N

∂α1
= eg

{(
−γbt + bNt − γC1ρt +C1ρ

N
t

)
+
∂C̃0

∂α1
+ (1 − c1)C2ψ̂t +

∂C̃3

∂α1
σ̂2
t

}
We can use

∂C̃0

∂α1
= (1 − γ)ρa (t) + ((1− c1)α1A2 (t∗∗; T ) + α2) (1 − c1)A2 (t∗∗; T )

[
σ̂2
t − σ̂2

t∗∗
]

+α1 (σ∗)2 a2 (t)

and

∂C̃3

∂α1
= ((1 − c1)α1C2 + α2) (1 − c1)C2 − ((1 − c1)α1A2 (t∗∗; T ) + α2) (1 − c1)A2 (t∗∗; T )

Thus

lim
α1,α2→0

∂N

∂α1
= μy =

{
−γbt + bNt − γC1ρt + C1ρ

N
t + (1 − γ) ρa (t) + (1 − c1)C2ψ̂t

}
Similarly

∂N

∂α2
= eg

{
∂C̃0

∂α2
+ ψ̂t +

∂C̃3

∂α2
σ̂2
t

}
Since

∂C̃0

∂α2
= ((1 − c1)α1A2 (t∗∗; T ) + α2)

[
σ̂2
t − σ̂2

t∗∗
]

∂C̃3

∂α2
= ((1 − c1)α1C2 + α2) − ((1 − c1)α1A2 (t∗∗; T ) + α2)

we find
lim

α1,α2→0

∂N

∂α2
= μψ = ψ̂t

Turning to the second moments

∂2N

∂α2
1

= eg
{(

−γbt + bNt − γC1ρt + C1ρ
N
t

)
+
∂C̃0

∂α1
+ (1− c1)C2ψ̂t +

∂C̃3

∂α1
σ̂2
t

}2

+eg
{
∂2C̃0

∂α2
1

+
∂2C̃3

∂α2
1

σ̂2
t

}
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Since

∂2C̃0

∂α2
1

= (1 − c1)
2 A2 (t∗∗; T )2

[
σ̂2
t − σ̂2

t∗∗
]
+ (σ∗)2 a2 (t)

∂2C̃3

∂α2
1

= ((1 − c1)C2)
2 − ((1 − c1)A2 (t∗∗; T ))2

we obtain

lim
α1,α2→0

∂2N

∂α2
1

=
{
−γbt + bNt − γC1ρt + C1ρ

N
t + (1 − γ)ρa (t) + (1 − c1)C2ψ̂t

}2

+ (1− c1)
2A2 (t∗∗; T )2

[
σ̂2
t − σ̂2

t∗∗
]
+ (σ∗)2 a2 (t)

+
(
((1 − c1)C2)

2 − ((1 − c1)A2 (t∗∗; T ))2
)
σ̂2
t

Thus

σ2
y = lim

α1,α2→0

∂2N

∂α2
1

−
(

lim
α1,α2→0

∂N

∂α1

)2

= (1− c1)
2A2 (t∗∗; T )2

(
σ̂2
t − σ̂2

t∗∗
)

+ a (τ)2 σ̂2
t + 2A2 (t∗∗; T ) (1 − c1) a (τ) σ̂2

t + (σ∗)2 a2 (t)

Similarly,
∂2N

∂α2
2

= eg
{
∂C̃0

∂α2
+ ψ̂t +

∂C̃3

∂α2
σ̂2
t

}2

+ eg
{
∂2C̃0

∂α2
2

+
∂2C̃3

∂α2
2

σ̂2
t

}
Since

∂2C̃0

∂α2
2

=
[
σ̂2
t − σ̂2

t∗∗
]

∂C̃3

∂α2
= 0

we have

lim
α1,α2→0

∂2N

∂α2
2

= ψ̂2
t +

[
σ̂2
t − σ̂2

t∗∗
]

and thus

σ2
ψ = lim

α1,α2→0

∂2N

∂α2
2

−
(

lim
α1,α2→0

∂N

∂α2

)2

= σ̂2
t − σ̂2

t∗∗

Finally

∂2N

∂α2∂α1
= eg

{(
−γbt + bNt − γC1ρt +C1ρ

N
t

)
+
∂C̃0

∂α1
+ (1 − c1)C2ψ̂t +

∂C̃3

∂α1
σ̂2
t

}{
∂C̃0

∂α2
+ ψ̂t +

∂C̃3

∂α2
σ̂2
t

}

+eg
{

∂2C̃0

∂α2∂α1
+

∂2C̃3

∂α2∂α1
σ̂2
t

}
Since

∂2C̃0

∂α2∂α1
= (1 − c1)A2 (t∗∗; T )

[
σ̂2
t − σ̂2

t∗∗
]

∂2C̃3

∂α2∂α1
= (1 − c1) (C2 − A2 (t∗∗; T ))
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we have

lim
α1,α2→0

∂2N

∂α2∂α1
=

{
−γbt + bNt − γC1ρt +C1ρ

N
t + (1 − γ) ρa (t) + (1 − c1)C2ψ̂t

}{
ψ̂t

}
+

{
(1 − c1)A2 (t∗∗; T )

[
σ̂2
t − σ̂2

t∗∗
]
+ (1 − c1) (C2 −A2 (t∗∗; T )) σ̂2

t

}
implying

σy,ψ =

(
lim

α1,α2→0

∂2N

∂α2∂α1

)
−

(
lim

α1,α2→0

∂N

∂α1

)(
lim

α1,α2→0

∂N

∂α2

)
= (1 − c1)A2 (t∗∗; T )

(
σ̂2
t − σ̂2

t∗∗
)

+ a (t) σ̂2
t

Some additional algebra yields the formulas in Lemma A7. Q.E.D.
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Alternative Decentralized Model.

In this section we prove Proposition B1 and B2 in the appendix of the paper. In addition, we also
show two additional claims about the Nash equilibrium at time t∗, as discussed in footnote 21.

In order to prove Proposition B1 and B2, we need to compute the following four pricing func-
tions:

M sN=1,yes
i,t∗∗ = E

[(
πs

N=1
T

πs
N=1
t∗∗

)
Bi,T |adopt

]
and M sN=1,no

i,t∗∗ = E

[(
πs

N=1
T

πs
N=1
t∗∗

)
Bi,T |do not adopt

]

M sN=0,yes
i,t∗∗ = E

[(
πs

N=0
T

πs
N=0
t∗∗

)
Bi,T |adopt

]
and M sN=0,no

i,t∗∗ = E

[(
πs

N=0
T

πs
N=0
t∗∗

)
Bi,T |do not adopt

]

We start with the following Lemmas:

Lemma B1: Let a common factor x follow the process

dxt = −φxdt+ σdZ0,t, t∗∗ ≤ t ≤ T

Consider two old firms i and j. Let ρit∗∗ = ρjt∗∗, and let i invest in the old technology from t∗∗ to t,
and j in the new technology. Then

ρit = xt + εOt and ρjt = xt + εNt

with xt∗∗ = ρit∗∗ = ρjt∗∗ and where

dεOt = φ
(
g
(
sO

)
− εOt

)
dt and dεNt = φ

(
g
(
sN

)
+ ψ − εNt

)
dt

with εOt∗∗ = εNt∗∗ = 0. Solving the differential equation, we obtain

εOt = g
(
sO

)(
1 − e−φ(t−t∗∗)

)
and εNt =

(
g
(
sN

)
+ ψ

)(
1 − e−φ(t−t∗∗)

)

Proof of Lemma B1: From Ito’s Lemma, ρit and ρjt satisfy (B1) and (B3) in the paper.
Q.E.D.

Lemma B2: (a) Let some amount of capital Bt (resp B̃t) be invested in the old (new) economy
at t∗∗. Then for t > t∗∗

Bt = Bt∗∗e
∫ t

t∗∗ xsds+
∫ t

t∗∗ ε
O
s ds = Bt∗∗e

∫ t

t∗∗ xsds+g(sO)A2(τ∗∗)

B̃t = B̃t∗∗e
∫ t

t∗∗ xsds+
∫ t

t∗∗ ε
N
s ds = B̃t∗∗e

∫ t

t∗∗ xsds+(g(sN)+ψ)A2(τ∗∗)

where A2(τ) is as in Proposition 2.

(b) For any two constants α and β, conditional on ψ being observable:

Et∗∗
[
BαT B̃

β
T |ψ

]
= Bαt∗∗B̃

β
t∗∗e

(α+β)ρt∗∗A1(τ∗∗)+σ2(α+β)2

2φ2 A3(τ
∗∗)+αg(sO)A2(τ∗∗)+β[g(sN)+ψ]A2(τ∗∗)
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where A1 (τ) is as in Corollary 1, and A3 (τ) = τ + 1−e−2φτ

2φ − 2A1 (τ)

(c) If ψ is unknown and ψ ∼ N
(
ψ̂, σ̂2

t∗∗
)
, then

Et∗∗
[
BαT B̃

β
T

]
= Bαt∗∗B̃

β
t∗∗e

(α+β)ρt∗∗A1(τ∗∗)+σ2(α+β)2

2φ2 A3(τ∗∗)+αg(sO)A2(τ∗∗)+βg(sN)A2(τ∗∗)+βψ̂t∗∗A2(τ∗∗)+ 1
2
β2σ̂2

t∗∗A2(τ∗∗)2

Proof of Lemma B2: Part (a) follows immediately from the integral representation of stochas-
tic differential equations. Part (b) follows from

Et∗∗
[
BαT B̃

β
T |ψ

]
= Et∗∗

[(
Bαt∗∗e

α
∫ T

t∗∗ xsds+αg(sO)A2(τ∗∗)
)(

B̃αt∗∗e
β
∫ T

t∗∗ xsds+β[g(sN)+ψ]A2(τ∗∗)
)
|ψ

]
= Bαt∗∗B̃

β
t∗∗Et∗∗

[
e(α+β)

∫ T

t∗∗ xsds
]
eαg(s

O)A2(τ
∗∗)+β[g(sN)+ψ]A2(τ

∗∗)

= Bαt∗∗B̃
β
t∗∗e

(α+β)xt∗∗A1(τ∗∗)+σ2(α+β)2

2φ2 A3(τ
∗∗)+αg(sO)A2(τ∗∗)+β[g(sN)+ψ]A2(τ∗∗)

= Bαt∗∗B̃
β
t∗∗e

(α+β)ρt∗∗A1(τ∗∗)+
σ2(α+β)2

2φ2 A3(τ∗∗)+αg(sO)A2(τ∗∗)+β[g(sN)+ψ]A2(τ∗∗)

where from the properties of mean reverting processes we have

E

[
e(α+β)

∫ T

t∗∗ xsds
]

= e
(α+β)xt∗∗A1(τ∗∗)+σ2(α+β)2

2φ2 A3(τ
∗∗)

Part (c) follows from the properties of the normal distribution. Q.E.D.

Proof of Proposition B1: (a) We must compute

M sN=1,yes
i,t∗∗ = Et∗∗

[(
πs

N=1
T

πs
N=1
t∗∗

)
Bi,T |adopt

]
and M sN=1,no

i,t∗∗ = Et∗∗

[(
πs

N=1
T

πs
N=1
t∗∗

)
Bi,T |do not adopt

]

If at t∗∗ all firms switch, i.e. sNt∗∗ = 1, their productivity switches to process (B3) in the paper with
g(sN) = g(1) = ρ. Since all firms are identical up to t∗∗, for all firms i and j, ρit = ρjt = ρt and
Bit∗∗ = Bjt∗∗ = Bt∗∗ . Thus, aggregate capital also follows the process dBt = ρtBtdt where ρt follows
the process (B3) in the paper.

As a consequence, if firm i adopts the new technology at t∗∗, then

πs
N=1
T ×Bi,T = B−γ

T ×Bi,T = B1−γ
T .

(We choose λ = 1 without loss of generality.) It follows from Lemma B2, with α = 0 and β = 1−γ:

Et∗∗
[(
πs

N=1
T

)
Bi,T |adopt

]
= Et∗∗

[
B1−γ
T

]
= B1−γ

t∗∗ (1 − κ)1−γ e(1−γ)ρt∗∗A1(τ∗∗)+σ2(1−γ)2

2φ2 A3(τ∗∗)+(1−γ)ρA2(τ
∗∗)+(1−γ)ψ̂t∗∗A2(τ∗∗)+ 1

2
(1−γ)2σ̂2

t∗∗A2(τ∗∗)2(C50)

Similarly, if firm i does not adopt, then πs
N=1
T Bi,T = BT B̃

−γ
T , where we use the notation of

Lemma B2 to differentiate capital invested in the old and in the new technology. It follows from
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Lemma B2 with α = 1 and β = −γ, and the fact that at t∗∗ we have Bt∗∗ = B̃i,t∗∗ (before the
conversion costs are paid)

Et∗∗
[
πs

N=1
T Bi,T |do not adopt

]
= Et∗∗

[
BT B̃

−γ
T

]
= Bt∗∗B

−γ
t∗∗ (1 − κ)−γ e(1−γ)ρt∗∗A1(τ∗∗)+σ2(1−γ)2

2φ2 A3(τ
∗∗)+ρ0A2(τ∗∗)−γρA2(τ∗∗)−γψ̂t∗∗A2(τ∗∗)+ 1

2
γ2σ̂2

t∗∗A2(τ∗∗)2(C51)

Since the denominators in the pricing formulas are the same, MsN=1,yes
i,t∗∗ > M sN =1,no

i,t∗∗ if and only
if (C50) is greater than (C51). The claim follow after some algebra.

(b) This part is similar. We must compute

M sN =0,yes
i,t∗∗ = E

[(
πs

N=0
T

πs
N=0
t∗∗

)
Bi,T |adopt

]
and M sN=0,no

i,t∗∗ = E

[(
πs

N=0
T

πs
N=0
t∗∗

)
Bi,T |do not adopt

]

If at t∗∗ all firms do not switch, i.e. sNt∗∗ = 0, then their productivity process is given by (B1)
in the paper with g(s0) = g(1) = ρ. Since all firms are identical up to t∗∗, for all firms i and j,
ρit = ρjt = ρt and Bit∗∗ = Bjt∗∗ = Bt∗∗ . Thus, aggregate capital also follows the process dBt = ρtBtdt
where ρt follows the process (B1) in the paper.

As a consequence, if firm i does not adopt the new technology at t∗∗, then

πs
N=0
T Bi,T = B1−γ

T

where we use the convention of Lemma B2 to denote capital invested in the old technology. It
follows from Lemma B2, with α = 1 − γ and β = 0 that

Et∗∗
[(
πs

N=0
T

)
Bi,T |do not adopt

]
= Et∗∗

[
B1−γ
T

]
= B1−γ

t∗∗ e
(1−γ)ρt∗∗A1(τ∗∗)+σ2(1−γ)2

2φ2 A3(τ
∗∗)+(1−γ)ρA2(τ∗∗)(C52)

Similarly, if firm i adopts the new technology, then

πs
N=0
T Bi,T = B−γ

T B̃T

Then, it follows from Lemma B2 with α = −γ and β = 1, and the fact that at t∗∗ Bt∗∗ = B̃i,t∗∗

(before the conversion costs are paid)

Et∗∗
[
πs

N=0
T Bi,T |adopt

]
= Et∗∗

[
B−γ
T B̃T

]
= B−γ

t∗∗Bt∗∗ (1 − κ) e(1−γ)ρt∗∗A1(τ
∗∗)+

σ2(1−γ)2

2φ2 A3(τ∗∗)−γρA2(T−t∗∗)+ρ0A2(T−t∗∗)+ψ̂t∗∗A2(τ∗∗)+ 1
2
σ̂2

t∗∗A2(τ∗∗)2(C53)

Since the denominators of the pricing formulas are the same, MsN=0,yes
i,t∗∗ > M sN =0,no

i,t∗∗ if and only if
(C53) is greater than (C52). The claim follows after some algebra. Q.E.D.

Proof of Proposition B2: The claim follows from Proposition B1 and the definition of a Nash
Equilibrium. In particular, if ψ̂t∗∗ ≥ ψ and all other firms switch to a new technology (sN = 1), then
Proposition B1 (a) shows that it is optimal for an individual firm i to adopt the new technology,
thereby supporting the equilibrium outcome. Similarly, if ψ̂t∗∗ < ψ and all firms do not switch
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to the new technology (sN = 0), then it is optimal for each individual firm not to adopt the new
technology, thereby supporting again the equilibrium outcome. Finally, if in equilibrium, either
sN = 0 or sN = 1 at t∗∗, it follows that the pricing kernel πt is indeed the same as in the paper and
the one used in Proposition B1 to obtain the pricing formulas. Since the pricing formulas determine
the optimal firm choice at t∗∗ as in Proposition B1, the Nash equilibrium is established. Q.E.D.

We now prove that adopting the new technology is never an equilibrium at t∗ and, under a
plausible sufficient condition, that not adopting the technology at t∗ is in fact a Nash Equilibrium.

Proposition B3: sNt∗ = 1 is not an equilibrium at t∗.

Proof. The claim follows from the same argument as in Proposition B1 and B2. If sN = 1
at t∗, then a firm i has the choice of adopting at t∗, adopting it at t∗∗ or never. Clearly, since at
t∗∗ firm i will be able to choose whether to adopt it or not, the price in which the firm retains
the option to adopt must be larger than the price in which the firm commits never to adopt the
technology. Thus, if we show that Mnever

t∗ > M
adopt
t∗ , the statement follows. The same derivations

as in Proposition B1 but for the pricing formulas

M
sN
t∗=1,adopt
i,t∗ = E

⎡⎣⎛⎝πsNt∗=1

T

π
sN
t∗=1

t∗

⎞⎠Bi,T |adopt

⎤⎦ and M
sN
t∗=1,never
i,t∗ = E

⎡⎣⎛⎝πsNt∗=1

T

π
sN
t∗=1

t∗

⎞⎠Bi,T |never adopt

⎤⎦
show that adopting at t∗ when everybody else adopts at t∗ is optimal if and only if

ψ̂t∗ > − log (1− κ)
A2 (T − t∗)

+ (ρ0 − ρ) +
1
2

(2γ − 1) σ̂2
t∗A2 (T − t∗)

At time t∗, however, ψ̂t∗ = 0, while the network externality gain is given by

ρ− ρ0 =
1
2
γσ̂2

t∗∗A2 (T − t∗∗) (C54)

Thus, if everybody adopts at time t∗ it is optimal to adopt for an individual firm if and only if

0 > − log (1 − κ)
A2 (T − t∗)

− 1
2
γσ̂2

t∗∗A2 (T − t∗∗) +
1
2

(2γ − 1) σ̂2
t∗A2 (T − t∗) (C55)

Note that if γ ≥ 1, the right hand side is always greater than zero, as σ̂2
t∗A2 (T − t∗) > σ̂2

t∗∗A2 (T − t∗∗).
This implies that condition (C55) is never realized. It follows that sN = 1 cannot be a Nash Equi-
librium: if everybody switches, it is value maximizing for an individual firm to deviate and not to
switch. Q.E.D.

Showing that sNt∗ = 0 is instead a Nash Equilibrium is more challenging, as the pricing formulas
are substantially more complicated in this case. We can however prove the following limiting result.

Proposition B4: Let sNt∗ = 0. Then, there exists p such that if pt∗ < p, an old firm i does not
switch to the new technology at t∗ if

γ >
σ̂2
t∗A2 (T − t∗)

σ̂2
t∗∗A2 (T − t∗∗)

+ 2
log (1 − κ)
A2 (T − t∗)

(C56)
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It follows that under condition (C56), if pt∗ < p, then sNt∗ = 0 is a Nash Equlibrium.1

Proof of Proposition B4: Let sNt∗ = 0. A firm can (a) adopt at t∗, or (b) do not adopt at
t∗ but retain the option to adopt at t∗∗. Suppose the firm could commit also not to ever adopt
the new technology. The price of the stock in this case cannot be larger than under (b). That is,

M
sN
t∗=0, option at t∗∗
i,t∗ ≥ M

sN
t∗=0,never
i,t∗ . Thus, if we show that M

sN
t∗=0,never
i,t∗ > M

sN
t∗=0,adopt
i,t∗ , then

the claim follows.

Let pt∗ = Pr
(
ψ̂t∗∗ ≥ ψ

)
denote the probability of large scale adoption at t∗∗. The pricing

function is continuous in this probability pt∗ , and this probability can be decreased to essentially
zero by increasing κ. In the limiting case in which pt∗ → 0, the pricing formulas converge to

M
sN
t∗=0,adopt
i,t∗ = E

⎡⎣⎛⎝πsNt∗=1

T

π
sN
t∗=1

t∗

⎞⎠Bi,T |adopt

⎤⎦ and M
sN
t∗=0,never
i,t∗ = E

⎡⎣⎛⎝πsNt∗=1

T

π
sN
t∗=1

t∗

⎞⎠Bi,T |never adopt

⎤⎦
In this case, we know that the threshold is

ψs
N
t∗=0 = − log (1 − κ)

A2 (T − t∗)
+ (ρ− ρ0)−

1
2
σ̂2
t∗A2 (T − t∗)

Since ψ̂t∗ = 0, no adoption is optimal if ψs
N
t∗=0 > 0. Substituting the expression for ρ−ρ0 obtained

earlier (see (C54)), we find

ψs
N
t∗=0 = − log (1 − κ)

A2 (T − t∗)
+

1
2
γσ̂2

t∗∗A2 (T − t∗∗) − 1
2
σ̂2
t∗A2 (T − t∗)

The right hand side is positive if and only if (C56) holds. It follows that under this condition, if
sNt∗ = 0 then it is not optimal for an individual firm i to adopt the new technology in the limiting
case in which pt∗ → 0. Since the price inequality is strict, by continuity of the pricing functions it
follows that there is a p such that if pt∗ < p, it is not optimal to adopt the new technology when
sNt∗ = 0. Thus, sNt∗ = 0 is a Nash Equilibrium. Q.E.D.

1In our base case calibration, the right hand side of (C56) is 1.88, which is indeed smaller than γ = 4
that we use.
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Separating Productivity from Profitability

In our simple model, all output represents firm profits, so productivity and profitability coincide.
In reality, technological advances lead to permanent increases in productivity but only temporary
increases in profitability. In the long run, new technology tends to benefit workers and consumers,
not producers. Therefore, we now also analyze a richer model in which labor income drives a
wedge between productivity and profitability. Specifically, we assume that while productivity gains
from new technology last until time T , profitability gains last only until a random time t∗∗∗ ≤ T ,
after which all productivity gains go to labor. The key insight from this analysis is the following:
while profitability affects cash flow to stocks, the permanent change in productivity affects the
discount rate, because it affects the total wealth produced at time T , independently of whether it is
compensation to capital or to labor. As a consequence, the adoption of the new technology results
in an increase in the discount rate, and our predictions remain largely unaffected.

More in detail, as in the paper, aggregate capital evolves according to the process

dBt = ρtBtdt

Aggregate capital Bt has now two components: One component, B̃t, accrues to the firm’s share-
holders, while the second component, Bt − B̃t, accrues to the workers. As in the paper, there are
no payouts before T . At time T , the firms’ payout to shareholders is B̃T while its payout to labor
is BT − B̃T . Since we do not modify any of the model’s assumptions about the aggregate capital,
the utility maximizing choice at time t∗∗ is the same as in the paper, namely, the new technology
will be adopted if and only if ψ̂t∗∗ ≥ ψ, as in Proposition 2. In particular, if adoption occurs at
t∗∗, then productivity ρt follows the process (4) as in the paper. The important implication is that
the stochastic discount factor used to discount the future cash flow of the firm is the one given in
Proposition 4.

We identify the old economy return on equity capital as the rate of growth of B̃t, that is, the
share of capital that will accrue to the firm’s shareholders. We refer to B̃t as physical capital.
Denote the old economy return on capital, or profitability, by ρ̃t. Then,

dB̃t = ρ̃tB̃tdt

For simplicity, before t∗∗, return on capital follows the same process as productivity ρ̃t = ρt. So
long this condition is satisfied, the ratio of physical capital to total capital remains constant over
time B̃t/Bt = s = constant.

At t∗∗ the new technology is either adopted or not. If no adoption occurs at time t∗∗, then
ρ̃t = ρt for t > t∗∗ as well. In this case, we have B̃T = sBT .

If adoption occurs at t∗∗, then ρ̃t = ρt only until t∗∗∗, where t∗∗ ≤ t∗∗∗ ≤ T . After t∗∗∗, the
productivity process ρt and the profitability process ρ̃t diverge. In particular, while the productivity
process is given by (4) in the paper, the profitability process instead reverts back to

dρ̃t = φ (ρ− ρ̃t) dt+ σdZ0,t

Note that the profitability process is continuous at t∗∗∗, but the average profitability declines back
to ρ from ρ+ ψ.
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We assume that t∗∗∗ is random, with t∗∗∗ − t∗∗ distributed according to an exponential distri-
bution with parameter p. For simplicity, t∗∗∗ is observable. Since we are interested in the price
pattern before t∗∗, this assumption is innocuous, but it simplifies the derivations.

Proposition C1. (a) If no adoption occurs at t∗∗, then the market to book ratio of the old
economy at t∗∗ is identical to the one in the paper. (b) If adoption occurs at t∗∗, then

M̃t∗∗

B̃t∗∗
= eA0(τ∗∗)−A0(τ∗∗)+A1(τ∗∗)ρt∗∗ × Ṽ2

(
ψ̂t∗∗, σ̂

2
t∗∗ , τ

∗∗)
where A0 (τ∗∗) is defined in Lemma A3, and A0 (τ∗∗) in the Proof of Proposition 4, and where

Ṽ2

(
ψ̂t∗∗, σ̂

2
t∗∗ , τ

∗∗) =
∫ T

t∗∗
pe−p(t

∗∗∗−t∗∗)+ψ̂t(A2(τ
∗∗)−A2(T−t∗∗∗))+ 1

2 [γ2A2
2(τ∗∗)+((1−γ)A2(τ∗∗)−A2(T−t∗∗∗))2]σ̂2

t∗∗dt∗∗∗

+e−p(T−t
∗∗)e+ψ̂t(A2(τ∗∗))+ 1

2 [γ2A2
2(τ∗∗)+((1−γ)A2(τ∗∗))2]σ̂2

t∗∗

(c) For t < t∗∗, the market to book ratio of the old economy is given by

M̃t/B̃t = eA1(τ )ρt × V̂2(t, ψ̂t)/F2(t, ψ̂t),

where F2(t, ψ̂t) is given in Proposition 9 (for the case in which t∗∗ is exogenous), and V̂2(t, ψ̂t)
satisfies the partial differential equation

0 =
∂V̂2

∂t
+

(
(1 − γ)A1(T − t)φρ+

1
2

(1− γ)2A1(T − t)2σ2
)
V̂2 +

1
2
∂2V̂2

∂ψ̂2

(
σ̂2
t

φ

σN,1

)2

,

with boundary condition

V̂2(t∗∗, ψ̂t∗∗) =

{
(1 − κ)1−γṼ2

(
ψ̂t∗∗ , σ̂

2
t∗∗, τ

∗∗
)

if ψ̂t∗∗ ≥ ψ

1 if ψ̂t∗∗ < ψ

We now turn to the new economy. As for the old economy, we assume that at time t∗∗∗ the
excess profitability gain ψ moves back to zero. We assume that this occurs independently of the
choice of the old economy at t∗∗. The profitability process for the new economy is then

dρ̃Nt = φ
(
ρ+ ψ − ρ̃Nt

)
dt+ σN,0dZ0,t + σN,1dZ1,t for t < t∗∗∗

dρ̃Nt = φ
(
ρ− ρ̃Nt

)
dt+ σN,0dZ0,t + σN,1dZ1,t for t > t∗∗∗

Physical capital B̃Nt for the new economy evolves according to

dB̃Nt = ρ̃Nt B̃
N
t dt

(the new economy final wage BNT − B̃NT has no impact on the SDF, as it is infinitesimal, and thus
its dynamics is irrelevant).

In this case, the computation of asset prices is substantially more complicated, except in the
special case in which σN,0 = σ. For simplicity, we focus on this special case. Note that this is the
case that we consider in our calibration (see Table 1 in the paper).
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Proposition C2. Let σN,0 = σ. Then, (a) if the technology is adopted, the market to book
ratio of the new economy is

M̃N
t∗∗

B̃Nt∗∗
= e[C0(τ

∗∗)−A0(τ
∗∗)]+A1(τ∗∗)ρN

t∗∗ × F̃N2

(
ψ̂t∗∗, σ̂

2
t∗∗ , τ

∗∗)
where C0(τ) is given in Lemma A6 (with σ = σN,0), and

F̃N2

(
ψ̂t∗∗, σ̂

2
t∗∗ , τ

∗∗) =
∫ T

t∗∗
pe−p(t

∗∗∗−t∗∗)e+(A2(τ
∗∗)−A2(T−t∗∗∗))ψ̂t∗∗+ 1

2 [γ2A2
2(τ

∗∗)+((1−γ)A2(τ∗∗)−A2(T−t∗∗∗))2]σ̂2
t∗∗dt∗∗∗

+e−p(T−t
∗∗)eA2(τ∗∗)ψ̂t∗∗+ 1

2 [γ2A2
2(τ

∗∗)+((1−γ)A2(τ∗∗))2]σ̂2
t∗∗

(b) if the technology is not adopted, the market to book ratio of the new economy is

M̃N
t∗∗

B̃Nt∗∗
= e[C0(τ

∗∗)−A0(τ
∗∗)]+A1(τ∗∗)ρN

t∗∗ × F̂N2

(
ψ̂t∗∗, σ̃

2
t∗∗ , τ

∗∗
)

where

F̂N2

(
ψ̂t∗∗, σ̃

2
t∗∗ , τ

∗∗
)

=
∫ T

t∗∗
pe−p(t

∗∗∗−t∗∗)e+A5(t∗∗,t∗∗∗,T )ψ̂t∗∗+ 1
2
A2

5(t∗∗,t∗∗∗,T )σ̂2
t∗∗dt∗∗∗

+e−p(T−t
∗∗)eA2(τ

∗∗)ψ̂t∗∗+ 1
2
A2

5A2(τ
∗∗)σ̂2

t∗∗

(c) For t < t∗∗, the market to book ratio of the new economy is given by

M̃N
t /B̃

N
t = eA1(τ )ρN

t × FN2 (t, ψ̂t)/F2(t, ψ̂t),

where FN2 (t, ψ̂t) satisfies the partial differential equation (C49), with boundary condition

FN2 (t∗∗, ψ̂t∗∗) =

⎧⎨⎩ (1− κ)−γF̃N2
(
ψ̂t∗∗, σ̂

2
t∗∗ , τ

∗∗
)

if ψ̂t∗∗ ≥ ψ

F̂N2

(
ψ̂t∗∗ , σ̂

2
t∗∗, τ

∗∗
)

if ψ̂t∗∗ < ψ

Proof of Proposition C1: If no adoption occurs at time t∗∗, there is no difference between
productivity and profitability. It follows that B̃T /BT = B̃t∗/Bt∗ = s. Since the SDF depends on
total capital BT as well, we find:

M̃t∗∗ = =
Et∗∗

[
B−γ
T B̃T |no adoption

]
Et∗∗

[
B−γ
T |no adoption

] =
B̃t∗∗

Bt∗∗

Et∗∗
[
B−γ
T BT |no adoption

]
Et∗∗

[
B−γ
T |no adoption

] =
B̃t∗∗

Bt∗∗
Mt∗∗

where Mt∗∗ denotes the discounted value of aggregate capital, i.e., the price as in the paper.

Consider now the case in which the new technology is adopted. In this case, from t∗∗∗ a
wedge appears between productivity and profitability. In particular, define the difference between
productivity and profitability xt = ρt − ρ̃t. It easy to see that for t > t∗∗∗,

xt = ψ
(
1 − e−φ(t−t∗∗∗))
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Thus, since by definition ρ̃t = ρt − xt, we can write the firm capital process from t∗∗∗ onward as
dB̃t = (ρt − xt) B̃tdt. This implies that the physical capital at T is

B̃T = B̃t∗∗e
∫ T

t∗∗ ρudu−
∫ T

t∗∗∗ xudu = B̃t∗∗e
∫ T

t∗∗ ρudue
−ψ

∫ T

t∗∗∗

(
1−e−φ(u−t∗∗∗)

)
du

= B̃t∗∗e
∫ T

t∗∗ ρudue−ψA2(τ∗∗∗)

=

(
B̃t∗∗

Bt∗∗

)
BT e

−ψA2(τ∗∗∗)

where the last equality stems from BT = Bt∗∗e
∫ T

t∗∗ ρudu. For t ≥ t∗∗, it is easy to see that we
can also decompose productivity as ρt = εt + (ρ+ ψ)

(
1 − e−φ(t−t∗∗)

)
, where εt∗∗ = ρt∗∗ and

dεt = −φεtdt+ σdZ0,t. Thus, we can write

BT = Bt∗∗e
∫ T

t∗∗ ρudu = Bt∗∗e

∫ T

t∗∗ εudu+
∫ T

t∗∗(ρ+ψ)

(
1−e−φ(u−t∗∗)

)
du

= Bt∗∗e
∫ T

t∗∗ εudu+ρA2(τ
∗∗)+ψA2(τ∗∗)

It follows that for the old economy, we obtain

Et∗∗
[
πT B̃T |adopt, t∗∗∗

]
=

(
B̃t∗∗

Bt∗∗

)
Et∗∗

[
B1−γ
T e−ψA2(τ∗∗∗)|adopt, t∗∗∗

]
=

(
B̃t∗∗

Bt∗∗

)
Et∗∗

[
B1−γ
t∗∗ e(1−γ)

∫ T

t∗∗ εudu+(1−γ)ρA2(τ
∗∗)+(1−γ)ψA2(τ∗∗)−ψA2(τ∗∗∗)|adopt, t∗∗∗

]
= B̃t∗∗B

−γ
t∗∗Et∗∗

[
e(1−γ)

∫ T

t∗∗ εudu+(1−γ)ρA2(τ
∗∗)+ψ((1−γ)A2(τ∗∗)−A2(τ∗∗∗))|adopt, t∗∗∗

]
= B̃t∗∗B

−γ
t∗∗ e

A0(τ∗∗)+(1−γ)A1(τ∗∗)ρt∗∗+ψ̂t((1−γ)A2(τ
∗∗)−A2(τ∗∗∗))+ 1

2
((1−γ)A2(τ

∗∗)−A2(τ∗∗∗))2σ̂2
t∗∗

The claim follows from this equation after (i) we integrate the right hand side over all possible
t∗∗∗, which is distributed according to an exponential distribution with probability p,2 and (ii) we
divide by the SDF πt, which is the same as in the paper.

(c) The pricing value before t∗∗ follows from the same argument as in Proposition 10, since
before t∗∗ there are no differences between this model and the one in the paper (note that the
PDE in part (c) equals the PDE (C45) in Proposition 8, as the V2 and Ṽ2 are proportional to each
other). The only difference is given by the boundary condition at t∗∗, which are given explicitly in
the proposition. Q.E.D.

Proof of Proposition C2: (a) In case of adoption, the SDF is

πT = B−γ
T = B−γ

t∗∗ e
∫ T

t∗∗ −γεudu−γρA2(τ∗∗)−γψA2(τ∗∗).

Moreover, we can write ρNt = ρt − xt + ε̃t where ε̃t∗∗ = ρNt∗∗ − ρt∗∗, xt is zero between t∗∗ and t∗∗∗

and then it grows according to dxt = φ (ψ − xt) dt and3

dε̃t = −φε̃tdt+ σN,1dZ1,t (C57)

Thus, we can write

B̃NT = B̃Nt∗∗e
∫ T

t∗∗ ρ
N
u du = B̃Nt∗∗e

∫ T

t∗∗ ρudu−
∫ T

t∗∗∗ xudu+e
∫ T

t∗∗ ε̃udu = B̃Nt∗∗e
∫ T

t∗∗ εudu+ρA2(τ
∗∗)+ψA2(τ∗∗)−ψA2(τ∗∗∗)e

∫ T

t∗∗ ε̃udu

2In particular, we must be careful to assign probability Pr(t∗∗∗ > T ) = e−p(T−t∗∗) to the expression with
t∗∗∗ = T (which reduces to the same formulas in the paper)

3This can be verified by an application of Ito’s Lemma.
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where the last equality follows from ρt = εt+(ρ+ ψ)
(
1 − e−φ(t−t∗∗)

)
, where recall that εt∗∗ = ρt∗∗.

It follows that conditioning on t∗∗∗

E
[
πT B̃

N
T |adopt, t∗∗∗

]
= Et∗∗

[
B−γ
T B̃NT |adopt, t∗∗∗

]
= B

−γ
t∗∗ B̃

N
t∗∗Et∗∗

[
e(1−γ)

∫ T

t∗∗ εudu+(1−γ)ρA2(τ∗∗)+(1−γ)ψA2(τ∗∗)−ψA2(τ∗∗∗)|adopt, t∗∗∗
]
×

×E
[
e
∫ T

t∗∗ ε̃udu|adopt, t∗∗∗
]

= B−γ
t∗∗ B̃

N
t∗∗e

C0(τ∗∗)+(1−γ)A1(τ
∗)εt∗∗+A1(τ∗∗)ε̃t∗∗+((1−γ)A2(τ∗∗)−A2(τ∗∗∗))ψ̂t∗∗+ 1

2
((1−γ)A2(τ∗∗)−A2(τ∗∗∗))2σ̂2

t∗∗

= B−γ
t∗∗ B̃

N
t∗∗e

C0(τ∗∗)−γA1(τ∗)ρt∗∗+A1(τ∗∗)ρN
t∗∗+((1−γ)A2(τ∗∗)−A2(τ∗∗∗))ψ̂t∗∗+ 1

2
((1−γ)A2(τ∗∗)−A2(τ∗∗∗))2σ̂2

t∗∗

where C0(τ) is in Lemma A6, and the last equality stems from εt∗∗ = ρt∗∗ and ε̃t∗∗ = ρNt∗∗ − ρt∗∗.
The claim follows from the following additional steps: (i) integrate the right hand side over all
possible t∗∗∗, which is distributed according to an exponential distribution with probability p, and
(ii) we divide by the SDF πt, which is the same as in the paper.

Part (b) is obtained in a similar fashion. In particular, in this case, the SDF is πT = B
−γ
T =

B−γ
t∗∗ e

∫ T

t∗∗ −γεudu−γρA2(τ∗∗). In this case we can write ρNt = ρt + xt + ε̃t where ε̃t∗∗ = ρNt∗∗ − ρt∗∗,
where4

xt =

⎧⎨⎩ ψ
(
1 − e−φ(t−t∗∗)

)
t ∈ [t∗∗, t∗∗∗)

ψ
(
1 − e−φ(t∗∗∗−t∗∗)

)
e−φ(t−t∗∗∗) t ≥ t∗∗∗

and ε̃t follows (C57). This implies that

B̃NT = B̃Nt∗∗e
∫ T

t∗∗ ρ
N
u du = B̃Nt∗∗e

∫ T

t∗∗ ρudu+
∫ T

t∗∗ xudu+e
∫ T

t∗∗ ε̃udu = B̃Nt∗∗e
∫ T

t∗∗ εudu+ρA2(τ
∗∗)+ψA5(t∗∗,t∗∗∗,T )e

∫ T

t∗∗ ε̃udu

where

A5 (t∗∗, t∗∗∗, T ) =
∫ T

t∗∗
xudu = t∗∗∗ − t∗∗ −

(
1 − e−φ(t∗∗∗−t∗∗)

)
φ

e−φ(T−t∗∗∗)

It follows that

E
[
πT B̃

N
T |no adoption, t∗∗∗

]
= Et∗∗

[
B

−γ
T B̃NT |no adoption, t∗∗∗

]
= B−γ

t∗∗ B̃
N
t∗∗Et∗∗

[
e(1−γ)

∫ T

t∗∗ εudu+(1−γ)ρA2(τ∗∗)+ψA5(t∗∗,t∗∗∗,T )|no adoption, t∗∗∗
]
×

×E
[
e
∫ T

t∗∗ ε̃udu|no adoption, t∗∗∗
]

= B
−γ
t∗∗ B̃

N
t∗∗e

(1−γ)C0(τ
∗∗)+(1−γ)A1(τ∗∗)εt∗∗+A1(τ∗∗)ε̃t∗∗+A5(t∗∗,t∗∗∗,T )ψ̂t∗∗+ 1

2
A2

2(t∗∗,t∗∗∗,T )σ̂2
t∗∗

= B−γ
t∗∗ B̃

N
t∗∗e

C0(τ∗∗)−γA1(τ∗∗)ρt∗∗+A1(τ∗∗)ρN
t∗∗+A5(t∗∗,t∗∗∗,T )ψ̂t∗∗+ 1

2
A2

5(t∗∗,t∗∗∗,T )σ̂2
t∗∗

where the last equality follows from εt∗∗ = ρt∗∗ and ε̃t∗∗ = ρNt∗∗ − ρt∗∗. The claim follows from (i)
integrating the right hand side over all possible t∗∗∗, which is distributed according to an exponential
distribution with intensity p, and (ii) dividing by the SDF πt, which is the same as in the paper
for the case of no adoption.

(c) The pricing value before t∗∗ follows from the same argument as in Proposition 10, since
before t∗∗ there are no differences between this model and the one in the paper. The only difference
is given by the boundary condition at t∗∗, which are given explicitly in the proposition. Q.E.D.

4This claim can be verified by Ito’s Lemma.
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