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Abstract
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1. Introduction

To an investor seeking a mean-variance efficient portfolio, a risk-based pricing model
offers a powerful insight. If expected excess returns are linear combinations of exposures
(or “betas”) to k sources of risk (or “factors”), then the risky portion of any mean-variance
efficient portfolio is a combination of k benchmark portfolios that mimic those factors.!
In attempting to apply this insight, an investor confronts a variety of issues. Alternative
pricing models vie for consideration by the investor, who realizes that no model is likely to
be completely accurate. In one class of contenders to risk-based models, asset characteristics
unrelated to risk exposures enter expected returns due to behavioral phenomena such as
overreaction, and these “characteristic-based” models do not identify a set of benchmark
portfolios for investment. Moreover, the investor faces constraints on borrowing and short
sales, to at least some degree, whereas a theory’s investment implications are often derived

in the absence of such constraints.

This study conducts an empirical comparison of asset pricing models. In order to provide
an economic metric for judging differences between models, we analyze the portfolio-choice
problem from the perspective of investors who face the issues described above. Our in-
vestigation reveals the extent to which alternative pricing models imply different investment
choices. An investor views a pricing model as providing a way to center prior beliefs, specified
with varying degrees of confidence in the model. These prior beliefs about the distribution
of returns are then updated by the data and used to compute an optimal portfolio, subject
to margin requirements ranging from 50% to none at all. Our objective is not to choose one
pricing model over another but instead to shed some light on the economic importance of de-
liberating such a choice. We find that, in the presence of mispricing uncertainty and margin
requirements, models with fundamentally different views about the economic determinants

of expected returns often imply similar portfolio choices.

Fama and French (1993) and Daniel and Titman (1997) differ in their explanations of
the apparent empirical relation between a firm’s expected equity return and its market cap-
italization and book-to-market ratio. In the Fama-French model, the latter characteristics
are associated with risk exposures, whereas they reflect mispricing in the Daniel-Titman

model. From an investment perspective, we compare these models to each other and to the

!Examples of risk-based models that contain this implication are the Capital Asset Pricing Model (CAPM)
of Sharpe (1964) and Lintner (1965), the intertemporal model of Merton (1973), and the Arbitrage Pricing
Theory of Ross (1976). For further discussion see Jobson and Korkie (1985), Grinblatt and Titman (1987),
and Huberman, Kandel, and Stambaugh (1987).



Sharpe-Lintner CAPM. The investment universes are similar to those analyzed by Daniel and
Titman (1997) and Davis, Fama, and French (2000). In particular, portfolios are formed by
sorting stocks on total equity capitalization (“size”), the ratio of book value to market value
of common equity (“book-to-market”), and betas with respect to the “HML” book-to-market
factor of Fama and French (1993). One investment universe consists of the three benchmark
positions from the Fama-French specification of a factor-based model plus nine spread po-
sitions that are long stocks with low HML betas and short stocks with high HML betas,
holding size and book-to-market constant. These spread positions are designed to exploit
differences between the Fama-French model and the Daniel-Titman model: the expected
payoffs are negative under the first model but zero under the second. Optimal portfolios are
computed for various hypothetical investors who face this investment universe but believe in
different pricing models, with perfect confidence or with some uncertainty about a model’s

pricing ability.

The optimal portfolio for an investor with perfect confidence in a model’s pricing ability
can exhibit economically significant differences from that of an investor with equally strong
beliefs in an alternative pricing model. Suppose, for example, that risk aversion is specified
such that all of an investor’s wealth is allocated to the value-weighted stock market portfolio
if that is the only risky asset available. Then, if an investor with perfect confidence in
the Daniel-Titman characteristic-based model is forced to accept the portfolio of an investor
with equally strong beliefs in the Fama-French factor-based model, the first investor perceives
a certainty-equivalent loss of about 8% per year. A similar loss is perceived by the second
investor if forced to accept the portfolio of the first. When each investor has some uncertainty
about a model’s pricing ability, the losses are substantially reduced. For example, if this
“mispricing” uncertainty is such that a spread with long and short positions of one dollar
each has an expected payoff whose deviation from the model has a standard deviation of two

cents per year, then the annual certainty-equivalent losses described above drop below 2%.

Expected returns are associated with characteristics in both the Daniel-Titman and
Fama-French models. Given the latter model’s specification of the factors SMB and HML,
betas on those factors are correlated with size and book-to-market (e.g., high book-to-market
firms tend to have high HML betas). Indeed, based on comparisons of investment impli-
cations under strict beliefs in both models, each model is closer to the other than to the
CAPM, in which characteristics play a weaker role. An investor who believes in the com-
plete accuracy of the Daniel-Titman model perceives an annual certainty-equivalent loss of
20% if forced to hold a 100% allocation in the market portfolio, the choice of an investor with

complete confidence in the CAPM. The same loss for the investor with complete confidence



in the Fama-French model is about 12%. These losses are larger than the corresponding
8% value in the earlier comparison, but mispricing uncertainty again reduces these differ-
ences substantially. For example, with the same two-cent mispricing uncertainty described
previously, the loss for the Daniel-Titman investor drops below 5%, and the loss for the

Fama-French investor drops to about 2%.

The above results all describe cases in which an investor is permitted to establish long and
short equity positions of any size. Most investors, however, are likely to face some limit on
the aggregate value of risky positions that can be established per dollar of invested capital.
For example, Regulation T, which applies to customers of U.S. broker/dealers, requires 50%
margin, or a ratio of total position size to invested capital of no more than two. There are
practices by which some investors exceed this limit, such as dealing with non-U.S. brokers
or engaging in joint-back-office arrangements, but our understanding is that Regulation T
governs much of the U.S. investment industry at both the individual and institutional levels.

Nevertheless, in addition to a 50% margin requirement, we also consider margins of only

20% and 10%.

Margin requirements can dramatically reduce, and even eliminate, the cross-model dif-
ferences in investment implications. With margin requirements of 50% and 20%, the Fama-
French and Daniel-Titman models yield identical portfolios from the asset universe described
above, even for investors whose prior beliefs preclude any mispricing. Imposing even a 10%
margin still has large effects. For example, an investor with complete confidence in the
Daniel-Titman model who must hold the portfolio of an equally confident Fama-French in-
vestor perceives an annual certainty-equivalent loss of about 2%, as compared to 8% when
positions are unrestricted. With the two-cent mispricing uncertainty described earlier, the
loss drops to 67 basis points, compared to about 2% in the unrestricted case. (Essentially
the same statements apply for the Fama-French investor who must hold the portfolio of
a Daniel-Titman believer.) These results seem especially noteworthy, given that the asset

universe is constructed to exploit differences between these two models.

We also examine another asset universe that is similar to the first, except that the three-
way-sorted portfolios enter individually instead of being paired in long-short spreads. Margin
requirements give rise to a striking result. Under the typical 50% margin requirement, an in-
vestor with complete confidence in the accuracy of the Fama-French model bears substantial
risk but allocates nothing to that model’s three benchmark positions. Of course, without
margin requirements, those benchmarks constitute the entire risky portion of that investor’s

portfolio. This example illustrates a general point that, for an investor facing constraints, a



set of benchmarks can be correct for pricing but not for investing.

With the alternative asset universe, it is less straightforward to represent a prior belief
in a characteristic-based model, since the simple zero-expectation implication for the spread
positions no longer applies. We develop an alternative approach, applicable more generally,
that requires the size and book-to-market characteristics of each portfolio. A comparison
of the optimal portfolios chosen by investors with beliefs in different pricing models gives
results similar to those of the preceding analysis, except that the differences between this
alternative characteristic-based representation and the Fama-French model are no longer

eliminated completely by imposing margin requirements.

The remainder of the study is organized as follows. Section 2 discusses mean-variance
portfolio optimization in the presence of margin requirements and presents examples using
the second asset universe discussed above. The moments of the return distribution for that
illustration are taken as known and constructed assuming the Fama-French model holds ex-
actly, with sample moments replacing unknown quantities. Section 3 incorporates parameter
uncertainty, including uncertainty about a model’s pricing ability. The Bayesian approaches
we develop for this purpose are described, and the comparison of portfolio choices across pric-
ing models is conducted using the first asset universe, containing the characteristic-paired
spreads. Section 4 reports similar results for the second universe, after describing the alterna-
tive characteristic-based approach developed to accomodate a more general set, of non-paired
portfolios. Section 5 discusses briefly a potential extension to a model-uncertainty setting
in which an investor assigns probabilities to multiple models in making a portfolio choice.

Section 6 reviews the study’s conclusions.

2. Portfolio choice under investment constraints

Define spread position ¢, established at the end of period ¢ — 1, as a purchase of one
asset coupled with a short sale of an equal amount of another. The two assets are denoted
as L; and S;, and their rates of return in period ¢ are denoted as Ry, ; and Rg, ;. The spread
position involves at least one risky asset, which, without loss of generality, is designated
as asset L;. Asset S; can be either risky or riskless. The investment universe consists of
a riskless asset plus n such spread positions, and we assume that some amount of margin
capital is required to establish each position. Consider a spread position of size X; with a
dollar payoff equal to X;(Ry,; — Rs, ), where X; can be positive or negative. For a specified

¢ > 0, the margin requirements are as follows. If asset 5; is risky, then establishing a spread



position of size X; requires (2/c¢)|X;| dollars of capital. If asset S; is riskless, then establishing

a spread position of size X; requires (1/¢)|X;| dollars of capital.

The total capital required to establish the spread positions is less than the investor’s
wealth, W;_;. That is,

> 2/ Xil + > (1/)|Xi| < Wi, (1)

i€A i¢A

where A denotes the set of positions in which S; is risky, or

ieA igA
where w; = X;/W;_1. In other words, ¢ is the maximum permitted total value of risky
long and short positions per dollar of the investor’s wealth. A value of ¢ = 2, for example,

corresponds to the 50% margin requirement for common stocks specified by Regulation T.

The amount of total wealth in excess of the margin capital required to establish the n
spread positions is invested in the riskless asset, earning rate R;;, and we assume that the
margin capital also earns that rate. The rate of return on the total portfolio is then given

by
R _ Z?:l Xi(RLi,t - Rsi,t) + I/VvtflRﬁt
Pt — W ,
t—1

(3)

so the excess portfolio return is simply
n
Ry — Ry =) wi(Rpe — Rs,)- (4)
i=1

We also assume a common borrowing and lending rate, so that Rg,; = Ry, for all of the
spread positions in which S; is riskless (¢ ¢ A). In essence, the proceeds from $1 of short sales
can be invested in $1 of long positions, but an interest-bearing margin deposit of 2/c dollars
is required. Equivalently, each dollar of a long risky position can be financed by borrowing
[1 — (1/c)] dollars, each dollar of a short position requires a margin deposit of (1/¢) dollars,

and interest is earned on margin deposits as well as the proceeds of short sales.

Note that assuming margin capital earns the riskless rate, as stated above, does not imply

that the investor’s portfolio contains cash (the riskless asset). The cash position is given by

Xy =W - Y X, (5)
igA
which can be zero or negative (representing borrowing) if there are some positions in which

S; is riskless, i.e., if the investment universe does not consist solely of spreads in which



both legs are risky. For example, suppose n = 2 and the first position has common stocks
constituting assets L; and S but the second position has common stocks in only Lo, so asset,
Sy is riskless. Let W;_; = 100, X; = 50, and X5 = 100. The portfolio contains no cash and
has stock positions of 150 long and 50 short, or 200 in total, thereby meeting exactly a 50%
margin requirement (¢ = 2). In essence, 100 in interest-bearing margin capital supporting
positions X (requiring 50) and X, (requiring 50) is offset by a 100 short position in cash
implied by Xs.

Let w denote the n-vector with ¢th element w;. The investor is assumed to choose w so

as to maximize the mean-variance objective function
1
U= E{prt} — §A Var{prt}, (6)

subject to the constraint in (2), where A is interpreted as the coefficient of relative risk
aversion. Let 7, denote an n-vector with ¢th element r,; = Ry, ; — Rg,;, and denote the
mean vector and variance-covariance matrix of r; as £/ and V. Then the optimal portfolio

choice w can be rewritten as the solution to

w

ieA i¢A

max <w'E — %Aw'Vw)
(7)

When c is infinite, so that there is no margin requirement, it is well known that the solution
to (7) is given by
1

w = ZV*lE, (8)

which gives the usual tangent portfolio of risky assets. That is, if each risky “asset” i consists
of the zero-investment spread position ¢ plus an investment in the riskless asset, then w in
(8) is proportional to the weights in the risky portfolio having the maximum Sharpe ratio
(expected excess return divided by standard deviation). When c is finite, the solution to (7)

need not produce a portfolio with the maximum Sharpe ratio.?

In the next section, E' and V' are replaced by moments of Bayesian predictive distributions
corresponding to varying degrees of prior confidence in alternative pricing models. Before

proceeding to that analysis, we use a simpler specification of E and V to illustrate the

2Lintner (1965) observes that paying interest on margin deposits and short-sale proceeds gives rise to a
case in which (4) holds and allocations obey the restriction » . | |w;| < 1 (he assumes 100% margin and
all i ¢ A). Lintner allows unlimited borrowing and lending at the riskless rate, however, and therefore
maximizes the Sharpe ratio. As he observes, the solution in that case simply amounts to rescaling w in (8)
to satisfy the constraint.



potential effects of investment constraints on portfolio choice. Suppose expected asset returns
are known to be given exactly by, say, the three-factor model of Fama and French. That is,

the expected payoff on spread position 7 is given by
E{Tit} = ﬁLlE{MKTt} + ﬁgﬂE{SMBt} + 6371'E{HMLt}, (9)

where MKT} is the excess return on a value-weighted market index, SMB; is the difference in
returns between small and large firms, and HML; is the difference in returns between firms
with high and low book-to-market ratios. Assume that, in the universe of n spread positions,
those benchmark positions are included as the last three, corresponding to the second subset

in the following partition:

B Vi Vas
E= V= . 10
[EJ [‘/21 vm] (10

The vector of betas for each of the first (n — 3) non-benchmark positions, (51; B2 0s.), is
a row of the (n — 3) x 3 matrix

B =VisVy', (11)

and (9) implies
E\ = BE,. (12)

When ¢ = oo, Egs. (8), (11), and (12) give

S _ L Vi Vi T ViaVi ' By _ 1 9 ' (13)
Al Vo Va Ey A Vi By

That is, the optimal combination involves only the three benchmark positions, and wy is
proportional to the weights in the tangent portfolio corresponding to those positions. When

¢ is finite, however, the solution to (7) can yield w; # 0 and, as demonstrated below, it can

even yield wy = 0.

We present here an example with a universe containing n = 11 risky positions, the last
three of which are the Fama-French (FF) benchmark positions, SMB, HML, and MKT. The
eight non-benchmark positions are selected from a larger universe of 27 equity portfolios,
constructed in essentially the same manner as those in Davis, Fama, and French (2000). At
the end of June of year t, all NYSE, AMEX, and NASDAQ stocks in the intersection of
the CRSP and Compustat files are sorted on market capitalization (“size”) and assigned
to three categories. The same stocks are also assigned to three categories in an indepen-
dent sort on the ratio of book value of equity to market capitalization (“book-to-market”).

There are equal numbers of NYSE stocks in each of the three size categories as well as the



three book-to-market categories. The intersection of these categories produces nine groups
of stocks. The stocks within a group are then sorted by HML beta and assigned to one
of three subgroups containing equal numbers of stocks. Using up to 60 months of data

[4

through December of year ¢t — 1, the “pre-formation” HML betas are computed in a regres-
sion of the stock’s excess returns on “fixed-weight” versions of the FF factors, which hold
the weights on the constituent stocks constant at their June-end values of year ¢t. (The
latter procedure, suggested by Daniel and Titman, is designed to increase the dispersion in
the “post-formation” betas of the resulting portfolios.) This three-way grouping procedure
produces 27 value-weighted portfolios, which we identify by a combination of three letters,
designating increasing values of size (S, M, B), book-to-market (L, M, H), and HML beta (1,
m, h). For example, portfolio SHh contains stocks with the smallest size (S), highest book-
to-market (H), and highest HML beta (h). The eight non-benchmark positions form the
subset of the 27 portfolios with only the high and low (i.e., no medium) values of size, book-
to-market, and HML beta. Each portfolio is combined with a short position in the riskless

asset to construct the spread positions consistent with the framework presented earlier.

Values of I/ and V are constructed to satisfy exact Fama-French three-factor pricing.
The values of V' and FEj are set equal to sample estimates based on monthly returns from
July 1963 through December 1997, and the 8 x 1 vector F; is then specified using (11) and
(12).3 The value of A in (7) is set to 2.84, which is the value that results in an unconstrained
allocation of all wealth to MKT when that is the only risky position available, i.e., the
investor chooses neither to borrow nor lend. For the sample estimates used here, the optimal
market, allocation is actually 100.5%; the corresponding allocation is exactly 100% in the

next section, which accounts for estimation risk.

Table 1 reports, for different values of ¢, the optimal position sizes (X;’s) per $100 of
invested wealth (W;_; = 100). The “cash” row reports the overall (net) allocation in (5). In
the unconstrained case (¢ = 00), the optimal allocation calls for borrowing 70 and for position
sizes of about 64, 357, and 170 in SMB, HML, and MKT. The fact that no allocations are
made to any of the non-benchmark positions (w; = 0) is consistent with the unconstrained
solution in (13). Recall that a position size of 357 in HML implies that, for each $100 of
invested wealth, the investor establishes a $357 long position in the FF “high” book-to-

market stocks along with a $357 short position in the “low” book-to-market stocks, while a

3To obtain the size and book-to-market characteristics of the Fama-French factors required in the later
analysis in Section 4, the factor portfolios are reconstructed following the procedure in Fama and French
(1993). The returns on those portfolios are used in Section 4 to ensure the compatibility of factor returns
and characteristics, and they are used throughout the rest of the paper for uniformity. The reconstructed
factors are virtually identical to the original Fama-French series, supplied generously by Ken French.



position of 170 in MKT implies only a one-way (long) position in a risky asset. The sum of the
unconstrained risky positions, long and short, is equal to 2(64) +2(357) 4+ 170 = 1,012, a bit
more than ten times wealth. Thus, the constraint on w binds slightly at ¢ = 10, as evidenced
by the small nonzero allocations to the non-benchmark positions. The investment constraint
in (7) treats the n assets as indivisible, which ignores the fact that they are constructed as
portfolios of stocks, and a given stock can appear in a non-benchmark portfolio as well as in
each of the FF three benchmarks. A different (more complicated) constraint applies if the
latter fact is incorporated. If, for example, all of the underlying stock positions are held with
a single broker, then short and long positions in the same stock cancel each other, reducing

the margin required.

For smaller values of ¢, properties of the optimal portfolio are affected significantly by
the constraints on w. The standard deviations of the return on the optimal portfolio are
lower under the constraints: 21.8% per annum with ¢ = 2 versus 32.9% with ¢ = oc.
The correlation between the return on the unconstrained portfolio and the return on the
constrained portfolio (denoted p.) is equal to 0.86 for ¢ = 2. For ¢ = 5, HML is the
only FF benchmark receiving a nonzero allocation (of 180), and SHh, BHI, and BHh receive
allocations of 64, 34, and 42. For ¢ = 2, none of the three FF benchmarks enter the optimal
portfolio, while SHh, BHI, and BHh receive allocations of 76, —37, and 72. To reiterate,
with a 50% margin requirement, the FF benchmark positions receive zero weight in this

investment universe, even though E and V conform exactly to FF pricing.

When ¢ = 2, substantial long positions are taken in SHh and BHh, whose HML betas
are large (0.80 and 0.84, respectively), since they both contain high book-to-market stocks
with high HML betas. The portfolios of low book-to-market stocks with low HML betas, SLI
and BLI, both receive short positions, and their HML betas are -0.42 and -0.65, respectively.
In the unconstrained case, recall that the optimal portfolio includes a positive exposure of
357 to HML. With ¢ = 2, that exposure can be no more than 100, even with all other
exposures set to zero. For the constrained investor who believes in Fama-French pricing,
going long and short the non-benchmark portfolios essentially provides an alternative path
to high HML exposure that makes better use of the permitted overall risky-asset position.
That investor largely avoids the long positions in the stocks with medium and low HML
betas present in the long (H) leg of HML as well as the short positions in the stocks with the
high and medium HML betas present in the short (L) leg of HML. As a result, the HML beta
of the constrained optimal portfolio is 1.51, which exceeds the value of 1.00 obtainable by
allocating only to HML. This example illustrates the point that, for a constrained investor,

a set of benchmarks that is correct for pricing need not be correct for investing.



The example presented here simply uses sample estimates of Ey and V. Of course, an
investor who relies on a finite sample of data remains uncertain about the true values of those
parameters. Moreover, F; obeys exact three-factor FF pricing in this example, whereas an
investor might be uncertain about whether any given pricing model holds exactly. In the
next section, we incorporate parameter uncertainty, or “estimation risk,” which includes this

potential mispricing uncertainty.

3. Comparing investments under parameter uncertainty

Our objective is to compare pricing models in terms of their implications for portfolio
choice. Specifically, for a given investment universe containing cash plus n risky positions,
we compare the portfolios selected by investors who base their prior beliefs on three different
pricing models. Two are risk-based, the FF model and the CAPM, and relate expected
returns to betas on one or more risk factors. In the Daniel-Titman (DT) characteristic-

based model, expected returns depend on size and book-to-market, not betas.

To incorporate uncertainty about parameter values, including mispricing uncertainty, we
apply Bayesian methods.* Recall that r; is the n-vector with ith element Ry, — Rg, ;. We
assume that r; is drawn independently across ¢ from a multivariate normal distribution with
unknown parameters E and V. An investor has prior beliefs p(F, V), shaped in part by a
prior belief about the accuracy of a given pricing model. The investor forms posterior beliefs
p(E,V|R), based on the data {R : r,t = 1,...,T}, and forms the predictive distribution
for royq,

prralR) = [ [ plrealREV)p(E.VIR) dEAV. (14)

The investor then solves (7) with E and V replaced by E* and V*, the moments of the
predictive distribution in Eq. (14). As detailed in the Appendix, E* and V* are obtained
analytically for the risk-based models and through Gibbs sampling for the characteristic-
based model. The prior beliefs about E and V are discussed below. The prior beliefs
about V' are noninformative, and since the monthly data are fairly informative about second
moments, the predictive covariance matrix V* is quite similar across different pricing models

and degrees of mispricing uncertainty.

4Early applications of Bayesian methods to portfolio choice include Zellner and Chetty (1965), Klein and
Bawa (1976), and Brown (1979). Bayesian posterior distributions of measures of portfolio inefficiency are
analyzed by Shanken (1987), Kandel, McCulloch, and Stambaugh (1995), and Wang (1998), who incorporates
short sale restrictions.

10



3.1. Framework

It is useful to cast the problem in a regression setting. Let r; = (], 15,)’, following the
same partitioning applied to E and V in Eq. (10). That is, o, contains the payoffs on k
benchmark positions from a factor-based model, and r;; contains the payoffs on m (= n—k)

non-benchmark positions. Consider the multivariate regression,
T =+ Broy + uy, (15)

where u; obeys a multivariate normal distribution with mean zero and variance-covariance
matrix equal to X. In this regression framework, the set of parameters (F, V') is replaced by
(o, B, X, Fy, Vo), where B is defined in Eq. (11),

a = E1 - BEQ, (16)

and

Y = Vi — BV B (17)

The factor-based and characteristic-based models imply different restrictions on a, and
prior beliefs about « are centered on these restrictions, as will be explained below. The
models impose no restrictions on B, Y, Es, and Vi, so the prior distributions for these

parameters are noninformative. The prior distribution for ¥ is specified as inverted Wishart,
ST~ W(H ), (18)

with degrees of freedom v = 15, so that the prior contains only about as much information

7

as a sample of 15 observations (“~” is read “is distributed as”). From the properties of
the inverted Wishart distribution (e.g., Anderson, 1984), the prior expectation of ¥ equals
H/(v—m—1). We specify H = s?(v—m—1)I,,, so that E(X) = s2I,,. Following an “empirical
Bayes” approach, the value of s? is set equal to the average of the diagonal elements of the
sample estimate of 3. The joint prior distribution for the remaining parameters (B, Ey, V5s)

is assumed to be diffuse and independent of a and X.

The CAPM, in which k£ = 1, and the three-factor FF model, in which k = 3, are treated
in the same manner. Under the CAPM, the payoffs on the two nonmarket positions SMB
and HML are simply included in r;;, which then has n — 1 elements, whereas those payoffs
are included in r5; under the FF model, so r; ; then has only n—3 elements. The factor-based
pricing restriction in Eq. (12) is equivalent to a = 0. To allow for mispricing uncertainty,
the prior distribution for « is specified as a normal distribution,

oS ~ N(O,ai(s—éE)). (19)

11



The unconditional prior variance of each element of a, o2, reflects the investor’s prior degree
of mispricing uncertainty. When o, = 0, the investor believes dogmatically in the model,
and mispricing is ruled out completely. When o, = oo, the investor regards the model as
useless, since mispricing is completely unrestricted. Péstor and Stambaugh (1999) introduce

this measure of mispricing uncertainty.

Observe that the conditional prior covariance matrix of « is proportional to 3. This
specification is motivated by the recognition that there exist portfolios with high Sharpe
ratios if the elements of o are large when the elements of ¥ are small. When w is unrestricted
(no margin requirements), the maximum squared Sharpe ratio from the universe containing
the n positions is given by

S2 =S+ dY a, (20)

where S? is the maximum squared Sharpe ratio from the k£ benchmark positions. The
importance of bounding o/X~'a as n grows large arises in the arbitrage-pricing literature
(e.g., Ingersoll, 1984). For finite values of n, MacKinlay (1995) demonstrates empirically
the importance of a positive association between a and Y in reducing the value of .S,.
With no mispricing in the factor-based model, S? = S?. The prior in (19) reflects a belief
that, even with some mispricing, the risk-based nature of the model makes large values of
S2 — 52 less likely than under non-risk-based alternatives. For a given o, large values of
S%— S receive lower prior probabilities under (19) than when each element of « has standard
deviation o, but is distributed independently of all other parameters. Pastor and Stambaugh
(1999) introduce the same type of prior for a single element of a, and Pastor (2000) applies
the multivariate version in (19) to portfolio-choice problems. MacKinlay (1995) develops a
functional relation between o and ¥ when the mispricing is entirely risk based, i.e., when «
is proportional to sensitivities to a risk factor not included in rp;. MacKinlay and Péstor
(2000) use maximum likelihood procedures to investigate the implications of this relation for

estimation of expected returns and for portfolio selection.

The investment universe contains n risky positions, and in this section the last three
are again the FF benchmarks (as in Section 2). Recall that exact FF pricing implies the
restriction on E