
Technical Appendix

to accompany

Uncertainty about Government Policy and Stock Prices
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Background Information.

Firm profitability evolves stochastically for all t ∈ [0, T ]:

dΠi
t = (µ + gt) dt + σdZt + σ1dZ

i
t . (B1)

The prior distributions of both gold and gnew at time 0 are normal:

g ∼ N
(
0, σ2

g

)
. (B2)

Learning.

Proposition 1. Observing the continuum of signals dΠi
t in equation (B1) across all firms

i ∈ [0, 1] is equivalent to observing a single aggregate signal about gt:

dst = (µ + gt) dt + σdZt. (B3)

Under the prior in equation (B2), the posterior for gt at any time t ∈ [0, T ] is given by

gt ∼ N
(
ĝt, σ̂

2
t

)
. (B4)

For all t ≤ τ , the mean and the variance of this posterior distribution evolve as

dĝt = σ̂2
t σ

−1dẐt (B5)

σ̂2
t =

1
1
σ2

g
+ 1

σ2 t
, (B6)

where the “expectation error” dẐt is given by dẐt = (dst − Et (dst)) /σ for all t ∈ [0, T ].
If there is no policy change at time τ , then the processes (B5) and (B6) hold also for t > τ .
If there is a policy change at τ , then ĝt jumps from ĝτ to zero right after the policy change,
and for t > τ , ĝt follows the process in equation (B5). In addition, for t > τ , σ̂t follows

σ̂2
t =

1
1
σ2

g
+ 1

σ2 (t − τ )
. (B7)

Proof of Proposition 1: Let ∆ denote a small time interval. Each signal si
t ≡ dΠi

t can be
written as the sum of a common component and idiosyncratic noise. The common component
is ct = (µ + gt)∆ + σεt, where εt ∼ N (0, ∆). Therefore, each signal at time t is given by

si
t = ct + σ1ε

i
t

where the εi
t’s are cross-sectionally independent and distributed as εi

t ∼ N (0, ∆). Consider
the information from the cross-section of signals for a given time t. Conditional on ct, all
firm-level signals si

t are independent, as a result of which they reveal ct perfectly. However,
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these signals cannot reveal more than ct for any t, because ct is the same across signals. It
follows that the agents’ information set includes the common component ct and nothing else.
As ∆ → 0, we have ct → dst. This common signal is equal to average profitability across
firms: dst =

∫ 1

0
dΠi

tdi. Substituting for dΠi
t from (B1) yields

dst = (µ + gt)dt + σdZt + σ1

∫ 1

0

dZ i
t .

The Law of Large Numbers implies that the last integral is identically zero, as
∫ 1

0
dZ i

t =
Ei [dZ i

t ] = 0, where Ei[ ] denotes an expectation taken across i.

Having established the equivalence in (B3), the remainder of the proposition follows from
standard results about the Kalman Bucy filter (see e.g. Liptser and Shiryaev (1977)).

QED (Proposition 1)

Optimal Changes in Government Policy.

Statement from the text: The aggregate capital at time T , BT =
∫ 1

0
Bi

T di, is given by

BT = Bτe

“
µ+g−σ2

2

”
(T−τ )+σ(ZT−Zτ )

, (B8)

where g ≡ gold if there is no policy change and g ≡ gnew if there is one.

Proof: From the capital evolution equation dBi
t = Bi

tdΠi
t, where dΠi

t is given in (B1), we
immediately obtain the following expression for firm i’s capital at time T :

Bi
T = Bi

τe

„
µ+g−σ2

2
−

σ2
1
2

«
(T−τ )+σ(ZT −Zτ )+σ1(Zi

T−Zi
τ)

, (B9)

where g ≡ gold if there is no policy change and g ≡ gnew if there is one. Aggregating across
firms, we obtain

BT =

∫ 1

0

Bi
T di = e

„
µ+g−σ2

2
−

σ2
1
2

«
(T−τ )+σ(ZT−Zτ )

∫ 1

0

Bi
τe

σ1(Zi
T−Zi

τ)di . (B10)

The Law of Large Numbers implies that

∫ 1

0

Bi
τe

σ1(Zi
T−Zi

τ)di = Ei
[
Bi

τe
σ1(Zi

T−Zi
τ)
]

= Ei
[
Bi

τ

]
Ei
[
eσ1(Zi

T−Zi
τ)
]

, (B11)

where the last step follows from the fact that the random variables Bi
τ and (Z i

T − Z i
τ ) are

independent of each other. The first expectation on the right-hand side of (B11) is

Ei
[
Bi

τ

]
=

∫ 1

0

Bi
τdi = Bτ .
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The second expectation is Ei
[
eσ1(Zi

T−Zi
τ)
]

= e
1
2
σ2
1(T−τ ). Substituting both expectations into

(B10), we obtain the claim in (B8).

QED (Statement from the text)

Proposition 2. The government changes its policy at time τ if and only if

ĝτ < g(c) , (B12)

where

g(c) = −
(
σ2

g − σ̂2
τ

)
(γ − 1) (T − τ )

2
− c

(T − τ ) (γ − 1)
. (B13)

Proof of Proposition 2: Using the market clearing condition WT = BT , we can use (B8)
to compute the expected utility at time T conditional on a policy change (“yes”) or no policy
change (“no”). The expectation is conditional on the government’s information set, which
includes the realization of the political cost c. Recall that if the government changes its
policy, then g ∼ N(0, σ2

g); if it does not, then g ∼ N(ĝτ , σ
2
τ).

E

[
CW 1−γ

T

1 − γ
|yes

]
=

B1−γ
τ

1 − γ
ec+(1−γ)(µ− 1

2
σ2)(T−τ )+ 1

2
σ2

g(1−γ)2(T−τ )2+
(1−γ)2

2
σ2(T−τ ) (B14)

E

[
W 1−γ

T

1 − γ
|no

]
=

B1−γ
τ

1 − γ
e(1−γ)(µ+bgτ−

1
2
σ2)(T−τ )+ 1

2
bσ2

τ (1−γ)2(T−τ )2+
(1−γ)2

2
σ2(T−τ ) (B15)

The claim of the proposition follows immediately from the optimality condition

E

[
CW 1−γ

T

1 − γ
|yes

]
> E

[
W 1−γ

T

1 − γ
|no

]
.

QED (Proposition 2)

Stock Prices.

Proposition 3. Each firm’s stock return at the announcement of a policy change is given by

R (ĝτ ) =
(1 − p (ĝτ )) F (ĝτ ) (1 − G (ĝτ ))

p (ĝτ ) + (1 − p (ĝτ ))F (ĝτ )G (ĝτ )
, (B16)

where

F (ĝτ ) = e−γbgτ (T−τ )− 1
2
γ2(T−τ )2(σ2

g−bσ2
τ) (B17)

G (ĝτ ) = ebgτ (T−τ )− 1
2
(1−2γ)(T−τ )2(σ2

g−bσ2
τ) (B18)

p (ĝτ ) = N

(
ĝτ (1 − γ) (T − τ )− (1 − γ)2

2
(T − τ )2

(
σ2

g − σ̂2
τ

)
; −σ2

c

2
, σ2

c

)
, (B19)
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and N(x; a, b) denotes the c.d.f. of a normal distribution with mean a and variance b.

The proof of Proposition 3 comes after the proof of the following statement in the text.

Statement from the text: Right after time τ , at time τ+, the market value of each firm
i takes one of two values:

M i
τ+ =





M i,yes

τ+ = Bi
τ+ e(µ−γσ2)(T−τ )+ 1−2γ

2
(T−τ )2σ2

g if policy changes

M i,no
τ+ = Bi

τ+ e(µ−γσ2+bgτ)(T−τ )+ 1−2γ
2

(T−τ )2bσ2
τ if policy does not change

(B20)

Right before time τ , the market value of firm i is

M i
τ = ωM i,yes

τ+ + (1 − ω) M i,no
τ+ , (B21)

where the weight ω, which is always between 0 and 1, is given by

ω =
pτ

pτ + (1 − pτ )F (ĝτ )
, (B22)

using the abbreviated notation pτ ≡ p (ĝτ ).

Proof: The stochastic discount factor is πt = λ−1Et

[
B−γ

T

]
. Its value right after the policy

decision, at time τ+, is given by

πτ+ = λ−1B−γ
τ+Et

[
e−γ(µ+g− 1

2
σ2)(T−τ )−γσ(ZT−Zτ )

]
(B23)

=





πyes

τ+ = λ−1B−γ
τ+ e(−γµ+ 1

2
γ(γ+1)σ2)(T−τ )+γ2

2
(T−τ )2σ2

g if policy changes

πno
τ+ = λ−1B−γ

τ+ e(−γ(µ+bgτ )+ 1
2
γ(γ+1)σ2)(T−τ )+γ2

2
(T−τ )2bσ2

τ if policy does not change
(B24)

where we have used (B8). Right before the policy decision, we have

πτ = Eτ [πτ+] = pτπ
yes
τ+ + (1 − pτ )π

no
τ+, (B25)

where pτ ≡ p(ĝτ ) = Prob
(
ĝτ < g(c)

)
is the probability of a policy change from the perspec-

tive of investors (who know ĝτ but not c). It is easy to see from (B13) that this probability
is given by expression (B19).

The market value of stock i is given by M i
t = π−1

t Et [πTBi
T ] = π−1

t λ−1Et

[
B−γ

T Bi
T

]
. Right

after a policy decision, at time τ+, using both (B8) and (B9), we obtain

Eτ+

[
B−γ

T Bi
T

]
= B−γ

τ+Bi
τ+Eτ+

[
e−γ(µ+g− 1

2
σ2)(T−τ )−γσ(ZT−Zτ )e

„
µ+g−σ2

2
−

σ2
1
2

«
(T−τ )+σ(ZT−Zτ )+σ1(Zi

T −Zi
τ)
]

= B−γ
τ+Bi

τ+Eτ+

[
e(1−γ)(µ+g− 1

2
σ2)(T−τ )+(1−γ)σ(ZT−Zτ )e−

1
2
σ2
1(T−τ )+σ1(Zi

T−Zi
τ)
]

= B−γ
τ+Bi

τ+Eτ+

[
e(1−γ)(µ+g− 1

2
σ2)(T−τ )+(1−γ)σ(ZT−Zτ )

]
Eτ+

[
e−

1
2
σ2
1(T−τ )+σ1(Zi

T−Zi
τ)
]

= B−γ
τ+Bi

τ+Eτ+

[
e(1−γ)(µ+g− 1

2
σ2)(T−τ )+(1−γ)σ(ZT−Zτ )

]

=





B−γ

τ+Bi
τ+ e((1−γ)µ+ 1

2
γ(γ−1)σ2)(T−τ )+ (1−γ)2

2
(T−τ )2σ2

g if policy changes

B−γ
τ+Bi

τ+ e((1−γ)(µ+bgτ )+ 1
2
γ(γ−1)σ2)(T−τ )+

(1−γ)2

2
(T−τ )2bσ2

τ if policy does not change
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These expressions can be substituted into M i,yes
τ+ = λ−1Eτ+

[
B−γ

T Bi
T |yes

]
/πyes

τ+ and M i,no
τ+ =

λ−1Eτ+

[
B−γ

T Bi
T |no

]
/πno

τ+ to yield equation (B20).

Finally, the stock price right before the policy decision announcement is equal to

M i
τ =

Eτ

[
Eτ+

[
λ−1B−γ

T Bi
T

]]

πτ

=
pτEτ+

[
λ−1B−γ

T Bi
T |yes

]
+ (1 − pτ )Eτ+

[
λ−1B−γ

T Bi
T |no

]

pτπ
yes
τ+ + (1 − pτ )πno

τ+

=
pτπ

yes
τ+ M i,yes

τ+ + (1 − pτ )π
no
τ+M i,no

τ+

pτπ
yes
τ+ + (1 − pτ )πno

τ+

which is equivalent to (B21) when we define

ω =
pτπ

yes
τ+

pτπ
yes
τ+ + (1 − pτ )πno

τ+

=
pτ

pτ + (1 − pτ )
πno

τ+

π
yes
τ+

It follows immediately from (B24) that F (ĝτ) =
πno

τ+

π
yes
τ+

.

QED (Statement from the text)

Proof of Proposition 3: From the definition of the announcement return, we have

R(ĝτ ) =
M i,yes

τ+ − M i
τ

M i
τ

=
(1 − ω)(M i,yes

τ+ − M i,no
τ+ )

ωM i,yes
τ+ + (1 − ω)M i,no

τ+

=
(1 − ω)(1 −M i,no

τ+ /M i,yes
τ+ )

ω + (1 − ω)(M i,no
τ+ /M i,yes

τ+ )
(B26)

It is easy to see from (B20) that G(ĝτ ) = M i,no
τ+ /M i,yes

τ+ . Substituting this expression and ω
from (B22) proves the claim.

QED (Proposition 3)

Corollary 1. As risk aversion γ → ∞, the announcement return R (ĝτ ) → −1 for any ĝτ .

Proof of Corollary 1: For any given ĝτ , expression (B19) implies that pτ → 0 as γ → ∞,
as the term involving γ2 dominates the limit. In addition, an application of l’Hospital’s rule
shows that pτ/(F (ĝτ)G(ĝτ )) → 0. Finally, G(ĝτ ) trivially diverges to infinity. Therefore,

R (ĝτ ) =
(1 − pτ ) F (ĝτ ) (1 − G (ĝτ ))

pτ + (1 − pτ )F (ĝτ )G (ĝτ )
=

(1 − pτ ) (1/G (ĝτ ) − 1)

pτ/ (F (ĝτ )G (ĝτ )) + (1 − pτ )
→ −1 .

QED (Corollary 1)

Corollary 2. As risk aversion γ → 1, the expected value of the announcement return goes
to zero (E {R (ĝτ )} → 0), where the expectation is computed with respect to ĝτ as of time 0.

Proof of Corollary 2: From expression (B19), we have pτ → p = N (0,−σ2
c

2
, σ2

c ) as γ → 1.
In addition, F (ĝτ) → 1/G(ĝτ ). Therefore,

R (ĝτ ) =
(1 − pτ ) F (ĝτ ) (1 − G (ĝτ))

pτ + (1 − pτ )F (ĝτ )G (ĝτ )
=

(1 − pτ ) (F (ĝτ ) − F (ĝτ) G (ĝτ ))

pτ + (1 − pτ )F (ĝτ ) G (ĝτ )

→ (1 − p)
(
e−bgτ (T−τ )− 1

2
(T−τ )2(σ2

g−bσ2
τ ) − 1

)
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Recalling that ĝτ ∼ N(0, σ2
g − σ̂2

τ), it is easy to compute the expectation:

E [R (ĝτ )] = (1 − p)
(
e+ 1

2
(T−τ )2(σ2

g−bσ2
τ)− 1

2
(T−τ )2(σ2

g−bσ2
τ) − 1

)
= 0 .

QED (Corollary 2)

Proposition 4. The market value of each firm drops at the announcement of a policy change
(i.e., R (ĝτ ) < 0) if and only if

ĝτ > g∗ , (B27)

where

g∗ = −
(
σ2

g − σ̂2
τ

)
(T − τ )

(
γ − 1

2

)
. (B28)

Proof of Proposition 4: From expression (B16), we see that R(ĝτ ) < 0 if and only if
G(ĝτ ) > 1. From the formula for G(ĝτ ) in (B18), we see that the latter condition is satisfied
if and only if condition (B27) is.

QED (Proposition 4)

Proposition 5. The expected value of the announcement return conditional on a policy
change is negative: E [R(ĝτ )|Policy Change] < 0.

Proof of Proposition 5: The proof proceeds through four Lemmas, A1–A4.

Lemma A1: The announcement return is given by

R (x) =
(1 −Nc (x)) ex

Nc (x) + (1 − Nc (x)) ex

(
e

x
γ−1

− 1
2
γ(T−τ )2(σ2

g−bσ2
τ) − 1

)
, (B29)

where Nc (x) = N
(
x,−σ2

c

2
, σ2

c

)
= Pr (c < x) is the cumulative normal density, and the

random variable x has the normal distribution

x ∼ N

(
−σ2

x

2
, σ2

x

)
,

where
σ2

x = (1 − γ)
2
(T − τ )

2 (
σ2

g − σ̂2
τ

)
. (B30)

Moreover, a policy change occurs if and only if the political cost is sufficiently low, i.e.

c < x .
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Proof of Lemma A1: We can rewrite the formula for R (ĝτ ) in Proposition 3 as

R (ĝτ) =
(1 − p (ĝτ )) F (ĝτ )G (ĝτ ) (G−1 (ĝτ ) − 1)

p (ĝτ ) + (1 − p (ĝτ )) F (ĝτ )G (ĝτ )

=
(1 − p (ĝτ )) V (ĝτ ) (G−1 (ĝτ ) − 1)

p (ĝτ ) + (1 − p (ĝτ )) V (ĝτ )

where

V (ĝτ) = F (ĝτ )G (ĝτ ) = e−γbgτ (T−τ )− 1
2
γ2(T−τ )2(σ2

g−bσ2
τ )ebgτ(T−τ )− 1

2
(1−2γ)(T−τ )2(σ2

g−bσ2
τ)

= ebgτ (1−γ)(T−τ )− 1
2
(1−γ)2(T−τ )2(σ2

g−bσ2
τ)

Note that the exponent in V (ĝτ ) is identical to the argument in p (ĝt) in (B19). Denoting
this exponent by x,

x ≡ ĝτ (1 − γ) (T − τ ) − 1

2
(1 − γ)

2
(T − τ )

2 (
σ2

g − σ̂2
τ

)
,

we can rewrite the announcement return as (with a slight abuse of notation):

R (ĝτ ) = R (x) =

(
1 − N

(
x,−σ2

c

2
, σ2

c

))
ex (G−1 (ĝτ) − 1)

N
(
x,−σ2

c

2
, σ2

c

)
+
(
1 − N

(
x,−σ2

c

2
, σ2

c

))
ex

In addition, expressing ĝτ in terms of x,

ĝτ =
x

(1 − γ) (T − τ )
+

1

2
(1 − γ) (T − τ )

(
σ2

g − σ̂2
τ

)

we also obtain

G−1 (ĝτ ) = e−bgτ (T−τ )+ 1
2
(1−2γ)(T−τ )2(σ2

g−bσ2
τ)

= e−
x

(1−γ)
− 1

2
(1−γ)(T−τ )2(σ2

g−bσ2
τ)+ 1

2
(1−2γ)(T−τ )2(σ2

g−bσ2
τ)

= e
x

γ−1
− 1

2
γ(T−τ )2(σ2

g−bσ2
τ)

which leads to (B29).

From its definition above, x is normally distributed as of time 0, x ∼ N(µx, σ
2
x), where

σ2
x = (1 − γ)2 (T − τ )2 (σ2

g − σ̂2
τ

)

µx = −1

2
(1 − γ)

2
(T − τ )

2 (
σ2

g − σ̂2
τ

)
= −σ2

x

2
.

Finally, the condition for a policy change can also be expressed in terms of x. Recall that
a policy change occurs if and only if

ĝτ < g (c) = −
(
σ2

g − σ̂2
τ

)
(γ − 1) (T − τ )

2
− c

(T − τ ) (γ − 1)
.
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This inequality is equivalent to

c < −ĝτ (T − τ ) (γ − 1) −
(
σ2

g − σ̂2
τ

)
(γ − 1)

2
(T − τ )

2

2
= x .

Q.E.D. (Lemma A1)

Lemma A2: The Expected Annoucement Return (EAR) can be written as

E [R (x) |Policy Change] =
1∫

φx (x)Nc (x) dx
×
∫

k (x)
(
e

x
γ−1

− 1
2
γ(T−τ )2(σ2

g−bσ2
τ) − 1

)
φx (x) dx ,

where φx (x) denotes the normal probability density function of x and

k (x) =
(1 − Nc (x)) Nc (x) ex

Nc (x) + (1 − Nc (x)) ex
.

Proof of Lemma A2: We can write

E [R (x) |Policy Change] =

∫
R (x)φx (x|Policy Change) dx ,

where φx (x|Policy Change) denotes the density of x conditional on a policy change at τ . We
know that a policy change occurs iff x > c, where c has a normal density that is independent
of x. That is,

φx (x|Policy Change) =

∫
φx (x|yes, c)φc (c) dc =

∫
φx (x|x > c, c)φc (c) dc

∝
∫

φx (x) 1{x>c}φc (c) dc = φx (x)

∫ x

−∞

φc (c) dc

= φx (x)Nc (x) .

Dividing by the integration constant, we obtain

φx (x|Policy Change) =
φx (x)Nc (x)∫
φx (x)Nc (x) dx

.

Therefore, we can substitute

E [R (x) |Policy Change] =

∫
R (x)φx (x|Policy Change) dx

=
1∫

φx (x)Nc (x) dx
×

×
∫

(1 −Nc (x)) ex

Nc (x) + (1 − Nc (x)) ex

(
e

x
γ−1

− 1
2
γ(T−τ )2(σ2

g−bσ2
τ) − 1

)
φx (x)Nc (x) dx

=
1∫

φx (x)Nc (x) dx
×

×
∫

(1 − Nc (x))Nc (x) ex

Nc (x) + (1 − Nc (x)) ex

(
e

x
γ−1

− 1
2
γ(T−τ )2(σ2

g−bσ2
τ) − 1

)
φx (x) dx .
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Defining k (x) as in the claim yields the lemma.

Q.E.D. (Lemma A2)

The denominator in E [R (x) |Policy Change], namely
∫

φx (x)Nc (x) dx, is always posi-
tive. Therefore, we only need to consider the numerator, which we denote as

S =

∫
k (x)

(
e

x
γ−1

− 1
2
γ(T−τ )2(σ2

g−bσ2
τ) − 1

)
φx (x) dx (B31)

It is convenient to express S as a function of σx and a constant `. In particular, from the
definition of σx in (B30), we obtain

γ − 1 =
σx

(T − τ )
√

σ2
g − σ̂2

τ

.

Substituting for γ in (B31), we obtain the equivalent expression

S =

∫
k (x)

(
e

„
x− 1

2 σ2
x

σx

«
`− 1

2
`2 − 1

)
φx (x) dx , (B32)

where
` = (T − τ )

√
σ2

g − σ̂2
τ .

We now rewrite S in an equivalent form, swapping the exponential term for the function
k evaluated at a different value.

Lemma A3: An equivalent expression for S is

S = E
[
e−mk (x + m)

]
− E [k (x)] ,

where x ∼ N
(
−1

2
σ2

x, σ
2
x

)
and

m = σx` .

Proof of Lemma A3: Rewrite

S =

∫
k (x)

(
e

„
x− 1

2 σ2
x

σx

«
`− 1

2
`2 − 1

)
φx (x) dx = e−

1
2
`2E

[
k (x) e

„
x− 1

2 σ2
x

σx

«
`

]
−E [k (x)]

We now rewrite the first expectation as follows

E

[
k (x) e

„
x− 1

2 σ2
x

σx

«
`

]
=

∫
k (x) e

„
x− 1

2 σ2
x

σx

«
`e

− 1
2

(x+1
2 σ2

x)
2

σ2
x√

2πσx

dx .
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The product of the exponentials can be written as

e

„
x− 1

2 σ2
x

σx

«
`e

−(x+ 1
2 σ2

x)
2

2σ2
x√

2πσx

=
e

−(x+ 1
2 σ2

x)
2
+(x− 1

2 σ2
x)2`σx

2σ2
x√

2πσx

Now, we can rewrite the exponent in the exponential function as follows

Exponent =
−
(
x + 1

2
σ2

x

)2
+
(
x − 1

2
σ2

x

)
2`σx

2σ2
x

=
−
(
x2 +

(
1
2
σ2

x

)2
+ xσ2

x

)
+
(
x − 1

2
σ2

x

)
2`σx

2σ2
x

=
−
(
x2 +

(
1
2
σ2

x

)2
+ xσ2

x − x2`σx

)
− σ2

x`σx

2σ2
x

=
−
(
x2 +

(
1
2
σ2

x

)2
+ x (σ2

x − 2`σx)
)
− σ3

x`

2σ2
x

=
−
(
x + 1

2
(σ2

x − 2`σx)
)2

+
(
(`σx)

2 − σ3
x`
)
− σ3

x`

2σ2
x

=
−
(
x + 1

2
(σ2

x − 2`σx)
)2

+ (`σx)
2 − 2σ3

x`

2σ2
x

=
−
(
x + 1

2
(σ2

x − 2`σx)
)2

2σ2
x

+
1

2
`2 − σx` .

Thus, we obtain the identity

e

„
x− 1

2 σ2
x

σx

«
` e

−(x+ 1
2 σ2

x)
2

2σ2
x√

2πσx

=
e

−(x+ 1
2(σ2

x−2`σx))
2

2σ2
x

+ 1
2
`2−σx`

√
2πσx

= e+ 1
2
`2−σx`




e

−(x+ 1
2(σ2

x−2`σx))
2

2σ2
x√

2πσx





Note that the expression in the parenthesis is the density of a normal with mean −1
2
(σ2

x − 2`σx) =
−1

2
σ2

x + `σx and variance σ2
x. Substituting in the expression for S, we obtain

S = e−
1
2
`2E

[
k (x) e

„
x− 1

2 σ2
x

σx

«
`

]
− E [k (x)]

= e−
1
2
`2
∫

k (x) e

„
x− 1

2 σ2
x

σx

«
` e

− 1
2

(x+ 1
2 σ2

x)
2

σ2
x√

2πσx

dx −E [k (x)]
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= e−
1
2
`2
∫

k (x) e+ 1
2
`2−σx` e

−(x+ 1
2(σ2

x−2`σx))
2

2σ2
x√

2πσx

dx − E [k (x)]

= e−
1
2
`2E

[
k (x̂) e

1
2
`2−σx`

]
− E [k (x)]

= e−σx`E [k (x̂)] − E [k (x)] ,

where

x̂ ∼ N

(
−1

2
σ2

x + `σx, σ
2
x

)

Because x and x̂ differ from each other only because of the mean m = `σx, we have

x̂ = x + m

(formally, we have defined x̂ from x in the derivation above). This implies that we can
rewrite S as

S = E
[
e−mk (x + m)

]
− E [k (x)] .

Q.E.D. (Lemma A3)

The following lemma yields one last transformation of S.

Lemma A4: S can be equivalently expressed as

S = E
[
k (x + m) − k (x)

]
, (B33)

where

x ∼ N

(
1

2
σ2

x, σ
2
x

)

and

k (x) =
(1 − Nc (x))Nc (x)

Nc (x) + (1 − Nc (x)) ex
. (B34)

(Note that we have redefined x so the mean of x changes the sign compared to the x defined
in Lemma A1.)

Proof of Lemma A4: From Lemma A3, we have

S = E
[
e−mk (x + m)

]
− E [k (x)] .

Substituting for k (x + m) and k (x),

S = E

[
e−m (1 − Nc (x + m))Nc (x + m) ex+m

Nc (x + m) + (1 − Nc (x + m)) ex+m

]
− E

[
(1 − Nc (x))Nc (x) ex

Nc (x) + (1 − Nc (x)) ex

]

= E

[
(1 − Nc (x + m))Nc (x + m) ex

Nc (x + m) + (1 − Nc (x + m)) ex+m

]
− E

[
(1 −Nc (x))Nc (x) ex

Nc (x) + (1 − Nc (x)) ex

]

= E
[
k (x + m) ex

]
− E

[
k (x) ex

]
= E

[[
k (x + m) − k (x)

]
ex
]

=

∫ [
k (x + m) − k (x)

]
ex e

−
(x+ 1

2 σ2
x)

2

2σ2
x√

2πσx

dx ,

11



where x is still defined as x ∼ N
(
−1

2
σ2

x, σ
2
x

)
. We now carry out a transformation to swap

the exponential ex for a change in the mean of the distribution of x. The product of the
exponentials is

ex e
−
(x+1

2 σ2
x)

2

2σ2
x√

2πσx

=
e

−(x+1
2 σ2

x)
2
+x2σ2

x

2σ2
x√

2πσx

=
e

−

„
x2+( 1

2 σ2
x)

2
+xσ2

x

«
+x2σ2

x

2σ2
x√

2πσx

=
e

−

„
x2+( 1

2 σ2
x)

2
−xσ2

x

«

2σ2
x√

2πσx

=
e

−(x−( 1
2 σ2

x))
2

2σ2
x√

2πσx

,

which is the density of the normal distribution with mean 1
2
σ2

x and variance σ2
x (note the

change in the sign of the mean compared to the definition of x in Lemma A1). Substituting
this identity, we obtain

S =

∫ [
k (x + m) − k (x)

]
exe

−
(x+ 1

2 σ2
x)

2

2σ2
x√

2πσx

dx =

∫ [
k (x + m) − k (x)

] e
−(x−( 1

2 σ2
x))

2

2σ2
x√

2πσx

dx

= E
[
k (x + m) − k (x)

]
,

where x is now redefined as

x ∼ N

(
1

2
σ2

x, σ
2
x

)
.

Q.E.D. (Lemma A4)

To summarize Lemmas A1 through A4, we have proved that E [R(x)|Policy Change] < 0
if and only if S < 0, where S is given in (B33). To prove that S < 0, we now prove that the
function E

[
k (x + m)

]
is decreasing in m for all m > 0.

First, we document some properties of the k(x) function, which is defined in (B34). This
function is always positive, and it converges to zero for both x → −∞ and x → ∞. In other
words, the function k(x) is “hump-shaped”. Second, we prove that k(x) peaks below zero;
that is, k(x) is monotonically decreasing for all x > 0. To show this result, we show that the

first derivative of k is negative for all x > 0. We have dk
dx

< 0 if and only if

−N ′
c (x)Nc (x)

2
+ (1 − Nc (x))

2
(N ′

c (x) − Nc (x)) ex < 0 ,

or, equivalently, if and only if

(
1 − Nc (x)

N ′
c (x)

)
< e−x

(
Nc (x)

1 − Nc (x)

)2

.

Direct computation shows that this condition is always satisfied for any x > 0 and any
σc. Third, we note that if the function k(x) were symmetric, the claim S < 0 would
follow immediately. This is because the expectation E

[
k (x)

]
is computed with respect to

the normal density of x whose mean µx = 1
2
σ2

x is positive. Since the function k(x) peaks

12



below zero, increasing the mean of x from µx > 0 to µx + m would decrease the expected
value of a symmetric k(x) for all m > 0. The function k(x) is almost symmetric: the
numerator of k(x) in (B34) is symmetric about −1/2σ2

c , while the denominator is given by
Den(x) = Nc(x) + (1 − Nc(x))f(x), where f(x) = ex. If we had f(x) = 1 for all x, then it
would be the case that Den(x) = 1 and k(x) would be symmetric. Instead, f(x) = ex > 1 for
all x > 0, which implies Den(x) > 1, so that k(x) is lower than the corresponding symmetric
value. For x < 0, we have f(x) = ex < 1, which implies Den(x) < 1 and thus k(x) is above
the corresponding symmetric value. This characterization implies that k(x) is negatively
skewed—the right tail of k(x) for x > 0 is thinner than it would be under the symmetric
distribution. Since increasing the mean of x from µx to µx + m shifts the whole density to
the right, the thinner right tail of k(x) reinforces the argument for S < 0 under symmetry.
We conclude that E[k(x + m)] < E[k(x)] for every m > 0.

QED (Proposition 5)

Proposition A1. In the benchmark model for t ≤ τ , the state price density is given by

πt = B−γ
t Ω(ĝt, t) , (B35)

where

Ω (ĝt, t) = pyes
t Gyes

t + (1 − pno
t )Gno

t

Gyes
t = e−γµ(T−t)−γbgt(τ−t)+γ2

2 ((T−τ )2bσ2
g+(τ−t)2bσ2

t )+γ(1+γ) σ2

2
(T−t)

Gno
t = e−γ(µ+bgt)(T−t)+γ2

2
(T−t)2bσ2

t +γ(1+γ) σ2

2
(T−t)

and

pyes
t = N

(
g(0); ĝt − γσ̂2

t (τ − t) +
σ2

c/2

(T − τ ) (1 − γ)
, σ̂2

t − σ̂2
τ +

σ2
c

(T − τ )2 (1 − γ)2

)

pno
t = N

(
g(0); ĝt − γ

[
σ̂2

t (T − t) − (T − τ ) σ̂2
τ

]
+

σ2
c/2

(T − τ ) (1 − γ)
, σ̂2

t − σ2
τ +

σ2
c

(T − τ )
2
(1 − γ)

2

)

Proof of Proposition A1: We have

πt = Et [πτ+] =

∫
Et [πτ+|c] φc (c) dc ,

where φc(c) is the density of a normal distribution with mean −1
2
σ2

c and variance σ2
c . Consider

Et [πτ+|c] = pt (c)Et

[
πτ+|c, ĝτ < g (c)

]
+ (1 − pt (c))Et

[
πτ+|c, ĝτ > g (c)

]
,

where the cutoff g (c) is given in (B13), and

pt (c) = Pr
(
ĝτ < g (c)

)
= N

(
g (c) , ĝt, σ̂

2
t − σ̂2

τ

)
.

We proceed in two steps. In the first step, we compute the inner expectation conditional
on a particular political cost c. In the second step, we integrate the cost out.
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STEP 1: We compute the two conditional expectations separately, first computing Et

[
πτ+|c, ĝτ < g (c)

]

and then Et

[
πτ+|c, ĝτ > g (c)

]
.

CASE 1. POLICY CHANGE: The state price density at time τ right after a policy change
(i.e., at time τ+) is given in (B24) as

πτ+ = λ−1B−γ
τ+e

−γ
“
µ−σ2

2

”
(T−τ )+γ2

2 ((T−τ )2σ2
g+σ2(T−τ )) .

In what follows, we omit the constant λ−1 which drops out later, and we denote Bτ+ simply
as Bτ (this is innocuous because Bτ = Bτ+ by continuity; there are no jumps in capital at
time τ ). Consider the conditional expectation

Et

[
πτ+|ĝτ < g(c), c

]
= Et

[
B−γ

τ e
−γ

“
µ−σ2

2

”
(T−τ )+γ2

2 ((T−τ )2σ2
g+σ2(T−τ ))|ĝτ < g(c), c

]

= e
−γ

“
µ−σ2

2

”
(T−τ )+γ2

2 ((T−τ )2σ2
g+σ2(T−τ ))Et

[
B−γ

τ |ĝτ < g(c), c
]

.

To compute the latter expectation, we first find the joint distribution of bτ = log (Bτ ) and
ĝτ . Aggregate capital at τ is given by

Bτ

Bt

= eµ(τ−t)+
R τ

t
bgtdt−σ2

2
(τ−t)+σ( bZτ− bZt) .

Ito’s Lemma implies the joint process for bt and ĝt as

dbt =

(
µ + ĝt −

1

2
σ2

)
dt + σdẐt

dĝt = σ̂2
t σ

−1dẐt .

Integrating from t to τ :

bτ = bt + µ (τ − t) +

∫ τ

t

(
ĝu − 1

2
σ2

)
du + σ

∫ τ

t

dẐu

ĝτ = gt + σ−1

∫ τ

t

σ̂2
udẐu .

Lemma A5: The joint distribution of (bτ , ĝτ ) conditional on the information available at
time t < τ is given by

(
bτ

ĝτ

)
∼ N

((
Et [bτ ]
Et [ĝτ ]

)
,

(
V (bτ ) C (bτ , ĝτ )
C (bτ , ĝτ ) V (gτ )

))

where

Et [bτ ] = bt +

(
µ + ĝt −

1

2
σ2

)
(τ − t)

Et [ĝτ ] = ĝt

V (bτ) = (τ − t)2 σ̂2
t + σ2 (τ − t)

V (ĝτ ) = σ̂2
t − σ̂2

τ

C (bτ , ĝτ ) = σ̂2
t (τ − t) .
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Proof of Lemma A5: We already know that ĝτ ∼ N(ĝt, σ̂
2
t − σ̂2

τ). Clearly, (bτ , ĝτ )
′ are

also jointly normally distributed. We only need to find the first two moments of bτ and its
covariance with ĝτ . The mean is :

Et [bτ ] = bt + µ (τ − t) +

∫ τ

t

(
Et [ĝu] −

1

2
σ2

)
du

= bt +

(
µ + ĝt −

1

2
σ2

)
(τ − t) .

The conditional variance of bτ as of time t is given by

V (bτ) = V ar

[∫ τ

t

(
µ + ĝu − 1

2
σ2

)
du + σ

∫ τ

t

dẐu

]
.

Using Girsanov Theorem, we reexpress everything in terms of the original processes,
∫ τ

t

(
µ + ĝu − 1

2
σ2

)
du + σ

∫ τ

t

dẐu =

∫ τ

t

(
µ + gold − 1

2
σ2

)
du + σ

∫ τ

t

dZu ,

where gold ∼ N(ĝt, σ̂
2
t ), given the information at time t. We then immediately obtain

V (bτ) = (τ − t)2 σ̂2
t + σ2 (τ − t) .

Finally, we compute the conditional covariance of bτ with ĝτ as of time t:

C (bτ , ĝτ ) = Et [bτ ĝτ ] − Et [bτ ] Et [ĝτ ] .

Consider the variable
ht = btĝt .

Ito’s Lemma implies

dht = dbtĝt + btdĝt + dbtdĝt

=

[(
µ + ĝt −

1

2
σ2

)
ĝt + σ̂2

t

]
dt +

(
ĝtσ + btσ̂

2
t σ

−1
)
dẐt .

Taking the integral on both sides:

hτ = ht +

∫ τ

t

[
ĝ2

u +

(
µ − 1

2
σ2

)
ĝu + σ̂2

u

]
du +

∫ τ

t

(
ĝuσ + buσ̂

2
uσ

−1
)
dẐu .

It follows that

Et [hτ ] = ht +

∫ τ

t

[
Et

[
ĝ2

u

]
+

(
µ − 1

2
σ2

)
Et [ĝu] + σ̂2

u

]
du

= ht +

∫ τ

t

[(
ĝ2

t + σ̂2
t − σ̂2

u

)
+

(
µ − 1

2
σ2

)
ĝt + σ̂2

u

]
du

= ht +

∫ τ

t

[
ĝ2

t + σ̂2
t +

(
µ − 1

2
σ2

)
ĝt

]
du

= ht + ĝ2
t (τ − t) + σ̂2

t (τ − t) +

(
µ − 1

2
σ2

)
ĝt (τ − t) ,
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where we used the earlier finding Et [ĝ
2
u] = ĝ2

t + (σ̂2
t − σ̂2

u). The conditional covariance as of
time t is given by

C (bτ , ĝτ ) = Et [bτ ĝτ ] − Et [bτ ] Et [ĝτ ]

= ht + ĝ2
t (τ − t) + σ̂2

t (τ − t) +

(
µ − 1

2
σ2

)
ĝt (τ − t)

−
(

bt +

(
µ + ĝt −

1

2
σ2

)
(τ − t)

)
ĝt

= σ̂2
t (τ − t) .

Q.E.D. (Lemma A5)

Using Lemma A5, we now finally compute Et

[
e−γbτ |ĝτ < g(c)

]
. Using the properties of

conditional Gaussian distributions, we know that

bτ |bgτ=x ∼ N

(
Et [bτ ] +

C (bτ , ĝτ )

V (ĝτ )
(x − ĝt) , V (bτ) −

C (bτ , ĝτ )
2

V (ĝτ )

)
.

Thus

Et

[
e−γbτ |ĝτ < g(c), c

]
=

∫ g(c)

−∞

Et

[
e−γbτ |ĝτ = x

]
φx

(
x|ĝτ < g(c), c

)
dx

=

∫ g(c)

−∞

e
−γ(Et[bτ ]+C(bτ ,bgτ )

V (bgτ )
(x−bgt))+γ2

2

„
V (bτ )−C(bτ ,bgτ )2

V (bgτ )

«

φ
(
x|ĝτ < g(c), c

)
dx ,

where

φ
(
x|ĝτ < g(c), c

)
=

1√
2πV (bgτ )

e
−

(x−bgt)
2

2V (bgτ )

N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

) .

Note that we can also write

Et

[
e−γbτ |ĝτ < g(c), c

]
=

e
−γEt[bτ ]+γ2

2

„
V (bτ )−

C(bτ ,bgτ )2

V (bgτ )

«

N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

)
∫ g(c)

−∞

e
−γ

C(bτ ,bgτ )
V (bgτ )

(x−bgt) 1√
2πV (ĝτ )

e
−

(x−bgt)
2

2V (bgτ ) dx

=
e
−γEt[bτ ]+γ2

2

„
V (bτ )−

C(bτ ,bgτ )2

V (bgτ )

«

N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

)
∫ g(c)

−∞

1√
2πV (ĝτ )

e
−(x−bgt)

2
−2γC(bτ ,bgτ )(x−bgt)

2V (bgτ ) dx

=
e
−γEt[bτ ]+γ2

2

„
V (bτ )−

C(bτ ,bgτ )2

V (bgτ )

«

N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

) e
γ2C(bτ ,bgτ )2

2V (bgτ )

∫ g(c)

−∞

1√
2πV (ĝτ )

e
−(x−(bgt−γC(bτ ,bgτ )))2

2V (bgτ ) dx

=
N
(
g(c); ĝt − γC(bτ , ĝτ ), σ̂

2
t − σ̂2

τ

)

N
(
g(c); ĝt, σ̂

2
t − σ̂2

τ

) × e−γEt[bτ ]+γ2

2
V (bτ ) .
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In conclusion, substituting for Et[bτ ], V [ĝτ ] and C(bτ , ĝτ ), we obtain

Et

[
e−γbτ |ĝτ < g(c), c

]
= B−γ

t e−γ(µ+bgt−
1
2
σ2)(τ−t)+γ2

2 ((τ−t)2bσ2
t +σ2(τ−t))N

(
g(c), ĝt − γσ̂2

t (τ − t) , σ̂2
t − σ̂2

τ

)

N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

) .

Finally, putting all terms together,

Et

[
πτ+|ĝτ < g(c), c

]
= B−γ

t e−γµ(T−t)−γbgt(τ−t)+γ σ2

2
(T−t)+γ2

2 ((T−τ )2bσ2
g+(τ−t)2bσ2

t )+
γ2

2
σ2(T−t) ×

×
N
(
g(c), ĝt − γσ̂2

t (τ − t) , σ̂2
t − σ̂2

τ

)

N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

) ,

concluding Case 1.

CASE 2: NO POLICY CHANGE: The state price density right after time τ if there is no
policy change is given in (B24) as follows (again dropping λ−1 and using Bτ = Bτ+):

πτ+ = B−γ
τ e

−γ
“
µ+bgτ−

σ2

2

”
(T−τ )+γ2

2 ((T−τ )2bσ2
τ +σ2(T−τ )) .

The main difference from Case 1 is that ĝτ now also enters the exponent, as a result of which
we cannot factor it out. Consider the conditional expectation

Et

[
πτ+|ĝτ > g(c), c

]
= Et

[
B−γ

τ e
−γ

“
µ+bgτ−

σ2

2

”
(T−τ )+γ2

2 ((T−τ )2bσ2
τ+σ2(T−τ ))|ĝτ > g(c), c

]

= e−γµ(T−τ )+γ σ2

2
(T−τ )+γ2

2 ((T−τ )2bσ2
τ +σ2(T−τ ))Et

[
e−γ(bgτ (T−τ )+bτ )|ĝτ > g(c), c

]

Define
yτ ≡ ĝτ (T − τ ) + bτ .

We can now use Lemma A5, designed for the joint density of (bτ , ĝτ ), to compute the joint
density of (yτ , ĝτ ). We obtain

(
yτ

ĝτ

)
∼ N

((
ĝτ (T − τ ) + Et [bτ ]

Et [ĝτ ]

)(
V (yτ ) C (yτ , ĝτ )
C (yτ , ĝτ ) V (ĝτ )

))
.

The only two new terms to compute are V (yτ ) and C(yτ , ĝτ). We have

V (yτ) = (T − τ )2 V (ĝτ ) + V (bτ) + 2 (T − τ )C (bτ , ĝτ )

= (T − τ )2
(
σ̂2

t − σ̂2
τ

)
+ (τ − t)2 σ̂2

t + σ2 (τ − t) + 2 (T − τ ) σ̂2
t (τ − t)

= (T − τ )2 σ̂2
t − (T − τ )2 σ̂2

τ + (τ − t)2 σ̂2
t + σ2 (τ − t) + 2 (T − τ ) σ̂2

t (τ − t)

= σ̂2
t

[
(T − τ )2 + (τ − t)2 + 2 (T − τ ) (τ − t)

]
− (T − τ )2 σ̂2

τ + σ2 (τ − t)

= σ̂2
t (T − t)2 − (T − τ )2 σ̂2

τ + σ2 (τ − t)

and

C (yτ , ĝτ ) = (T − τ )V (ĝτ ) + C (bτ , ĝτ ) = (T − τ )
(
σ̂2

t − σ̂2
τ

)
+ σ̂2

t (τ − t)

=
[
σ̂2

t (T − t) − (T − τ ) σ̂2
τ

]
.
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It follows from the properties of conditional Gaussian distributions that

yτ |bgτ=x ∼ N

(
Et [yτ ] +

C (yτ , ĝτ)

V (ĝτ )
(x− ĝt) , V (yτ) −

C (yτ , ĝτ )
2

V (ĝτ )

)
.

Thus

Et

[
e−γyτ |ĝτ > g(c), c

]
=

∫ ∞

g(c)

E
[
e−γyτ |ĝτ = x

]
φ
(
x|ĝτ > g(c), c

)
dx

=

∫ ∞

g(c)

e
−γ(Et[yτ ]+

C(yτ ,bgτ )
V (bgτ )

(x−bgt))+γ2

2

„
V (yτ )−

C(yτ ,bgτ )2

V (bgτ )

«

φ
(
x|ĝτ > g(c), c

)
dx ,

where

φ
(
x|ĝτ > g(c), c

)
=

1√
2πV (bgτ )

e−
(x−bgt)

2

2V (bgτ )

1 −N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

) .

We therefore obtain

Et

[
e−γyτ |ĝτ > g(c), c

]
=

e
−γEt[yτ ]+γ2

2

„
V (yτ )−C(yτ ,bgτ )2

V (bgτ )

«

1 −N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

)
∫ ∞

g(c)

e
−γ

C(yτ ,bgτ )
V (bgτ )

(x−bgt) 1√
2πV (ĝτ)

e
−

(x−bgt)
2

2V (bgτ ) dx .

The same steps as in Case 1 yield

Et

[
e−γyτ |ĝτ > g(c), c

]
= e−γ(bgt(T−τ )+Et[bτ ])+γ2

2
V (yτ )

(
1 −N

(
g(c), ĝt − γC (yτ , ĝτ) , σ̂2

t − σ2
τ

))

1 −N
(
g(c), ĝt, σ̂2

t − σ2
τ

) .

Finally, putting all terms together,

Et

[
πτ+|ĝτ > g(c), c

]
= e−γµ(T−τ )+γ σ2

2
(T−τ )+γ2

2 ((T−τ )2bσ2
τ +σ2(T−τ ))Et

[
e−γyτ |ĝτ > g(c), c

]

= B−γ
t e−γµ(T−t)+γ2

2 ((T−t)2bσ2
t +σ2(T−τ ))e−γ(bgt(T−t)− 1

2
σ2(T−t)) ×

×
(
1 −N

(
g(c), ĝt − γC (yτ , ĝτ ) , σ̂2

t − σ2
τ

))

1 −N
(
g(c), ĝt, σ̂2

t − σ2
τ

) .

STEP 2: We now integrate out the cost c. The conditional expectation is

Et [πτ+|c] = pt (c)Et

[
πτ+|ĝτ < g (c) , c

]
+ (1 − pt (c)) Et

[
πτ+|ĝτ > g (c) , c

]

= B−γ
t N

(
g (c) , ĝt − γσ̂2

t (τ − t) , σ̂2
t − σ̂2

τ

)
×

×e−γµ(T−t)−γbgt(τ−t)+γ σ2

2
(T−t)+γ2

2 ((T−τ )2σ2
g+(τ−t)2bσ2

t )+γ2

2
σ2(T−t)

+B−γ
t

(
1 −N

(
g (c) , ĝt − γC (yτ , ĝτ ) , σ̂2

t − σ2
τ

))
×

×e−γµ(T−t)+γ2

2 ((T−t)2bσ2
τ+σ2(T−τ ))e−γ(bgt(T−t)− 1

2
σ2(T−t))
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Note that the cost c only enters into the two terms N
(
g (c) , ĝt − γσ̂2

t (τ − t) , σ̂2
t − σ̂2

τ

)
and

N
(
g (c) , ĝt − γC (yτ , ĝτ ) , σ̂2

t − σ2
τ

)
. Since the distribution of c is independent of everything

else, we obtain

Et [πτ+] = B−γ
t Et

[
N
(
g (c) , ĝt − γσ̂2

t (τ − t) , σ̂2
t − σ̂2

τ

)]
×

×e−γµ(T−t)−γbgt(τ−t)+γ σ2

2
(T−t)+γ2

2 ((T−τ )2σ2
g+(τ−t)2bσ2

t )+γ2

2
σ2(T−t)

+B−γ
t

(
1 −Et

[
N
(
g (c) , ĝt − γC (yτ , ĝτ ) , σ̂2

t − σ2
τ

)])
×

×e−γµ(T−t)+γ2

2 ((T−t)2bσ2
τ+σ2(T−τ ))e−γ(bgt(T−t)− 1

2
σ2(T−t)) .

Finally, using the law of iterated expectations, we can compute

pyes
t ≡ Et

[
N
(
g (c) , ĝt − γσ̂2

t (τ − t) , σ̂2
t − σ̂2

τ

)]
= Et

[
Pr
(
x < g (c) |c

)]

= Et

[
Et[1x<g(c)|c]

]
= Et

[
1x<g(c)

]
= Pr

(
x < g (c)

)

= Pr

(
x < g (0) − c

(γ − 1)(T − τ )

)

= N
(

g (0) ; ĝt − γσ̂2
t (τ − t) −

1
2
σ2

c

(γ − 1)(T − τ )
; σ̂2

t − σ̂2
τ +

σ2
c

(γ − 1)2(T − τ )2

)
.

Similarly,

pno
t ≡ 1 − Et

[
N
(
g (c) , ĝt − γC(yτ , bτ ), σ̂

2
t − σ̂2

τ

)]

= 1 −N
(

g (0) ; ĝt − γC(yτ , bτ) −
1
2
σ2

c

(γ − 1)(T − τ )
; σ̂2

t − σ̂2
τ +

σ2
c

(γ − 1)2(T − τ )2

)
.

Substituting in Et[πτ+], the claim of Proposition A1 follows.

QED (Proposition A1)

Proposition 6. The stochastic discount factor (SDF) follows the process

dπt

πt

= −σπ,tdẐt + Jπ1{t=τ} , (B36)

where dẐt is the Brownian motion from Proposition 1, 1{t=τ} is an indicator function equal
to one for t = τ and zero otherwise, and the jump component Jπ is given by

Jπ =

{
Jyes

π = (1−pτ )(1−F (bgτ ))
pτ+(1−pτ )F (bgτ )

if policy changes

Jno
π = pτ (F (bgτ )−1)

pτ+(1−pτ )F (bgτ )
if policy does not change .

(B37)

For t > τ , σπ,t is given by
σπ,t = γ

[
σ + (T − t) σ̂2

t σ
−1
]
, (B38)

and for t ≤ τ , it is given by (Corollary A1 in the paper):

σπ,t = γσ − 1

Ω (ĝt, t)

∂Ω(ĝt, t)

∂ĝt

σ̂2
t σ

−1 . (B39)
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Proof of Proposition 6: For t < τ , the SDF dynamics stem from an application of Ito’s
Lemma to (B35), which also yields the volatility (B39). Because the state price density is a
martingale, πt = Et [πT ], the drift of the process is zero. For t > τ , the state price density is
given in closed form as in equation (B24), with t in place of τ in the formula. An application
of Ito’s Lemma immediately leads to the diffusion term (B38).

At the time of the anouncement, τ , the state price density jumps from (B25) to either of
the two expressions in (B24). We obtain the size of the jump by computing the difference:

Jyes
π,τ =

(
πyes

τ+

πτ

− 1

)
=

πyes
τ+

pτπ
yes
τ+ + (1 − pτ )πno

τ+

− 1 =
1

pτ + (1 − pτ )
πno

τ+

π
yes
τ+

− 1

=
1

pτ + (1 − pτ ) e−γbg(T−τ )− 1
2
γ2(T−τ )2(σ2

g−bσ2
τ)

− 1 =
(1 − pτ )

(
1 − e−γbgτ (T−τ )− 1

2
γ2(T−τ )2(σ2

g−bσ2
τ)
)

pτ + (1 − pτ ) e−γbg(T−τ )− 1
2
γ2(T−τ )2(σ2

g−bσ2
τ)

.

The expression for the jump if there is no policy change follows from the martingale condition

Eτ [Jπ] = pτ J
yes
π,τ + (1 − pτ )Jno

π,τ = 0 ,

which implies

Jno
π,τ = − pτ

(1 − pτ )
Jyes

π,τ =
pτ

(
e−γbgτ (T−τ )− 1

2
γ2(T−τ )2(σ2

g−bσ2
τ) − 1

)

pτ + (1 − pτ ) e−γbg(T−τ )− 1
2
γ2(T−τ )2(σ2

g−bσ2
τ)

.

QED (Proposition 6)

Proposition A2. In the benchmark model for t ≤ τ , the stock price for firm i is given by

M i
t = Bi

t

Φ(ĝt, t)

Ω (ĝt, t)
, (B40)

where

Φ (ĝt, t) = pyes
t Kyes

t + (1 − pno
t ) Kno

t

Kyes
t = e(1−γ)µ(T−t)+(1−γ)bgt(τ−t)+

(1−γ)2

2 ((T−τ )2σ2
g+(τ−t)2bσ2

t )−(1−γ)γ σ2

2
(T−t)

Kno
t = e(1−γ)µ(T−t)+(1−γ)bgt(T−t)+

(1−γ)2

2
bσ2

t (T−t)2−(1−γ)γ σ2

2
(T−t)

and

pyes
t = N

(
g(0); ĝt + (1 − γ) σ̂2

t (τ − t) +
σ2

c/2

(T − τ ) (1 − γ)
, σ̂2

t − σ̂2
τ +

σ2
c

(T − τ )2 (1 − γ)2

)

pno
t = N

(
g(0); ĝt + (1 − γ)

[
σ̂2

t (T − t)− (T − τ ) σ̂2
τ

]
+

σ2
c/2

(T − τ ) (1 − γ)
, σ̂2

t − σ2
τ +

σ2
c

(T − τ )2 (1 − γ)2

)

Proof of Proposition A2: The proof is similar to that of Proposition A1. For t < τ , market

value satisfies M i
t =

Et[πτ+M i
τ+]

πt
. We need to compute the numerator. As in Proposition A1,
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we proceed in two steps. In the first step, we compute the conditional expectations, and in
the second step, we integrate out c:

Et

[
πτ+M i

τ+|c
]

= pt (c)Et

[
πτ+M i

τ+|ĝτ < g(c), c
]
+ (1 − pt (c))Et

[
πτ+M i

τ+|ĝτ > g(c), c
]

.

CASE 1. POLICY CHANGE. Using the expressions in (B24) and (B20):

Et

[
πτ+M i

τ+|ĝτ < g(c), c
]

= Et

[
B−γ

τ e
−γ

“
µ−σ2

2

”
(T−τ )+γ2

2 ((T−τ )2σ2
g+σ2(T−τ ))

×Bi
τe

“
µ−σ2

2

”
(T−τ )+

(1−2γ)
2 ((T−τ )2σ2

g+σ2(T−t))|ĝτ < g(c), c

]

= e
(1−γ)

“
µ−σ2

2

”
(T−τ )+

(1−γ)2

2 ((T−τ )2σ2
g+σ2(T−τ ))Et

[
B−γ

τ Bi
τ |ĝτ < g(c), c

]
.

Under the original probability measure, Bτ = Bte
µ(τ−t)+gold(τ−t)− 1

2
σ2(τ−t)+σ(Zτ−Zt), while

Bi
τ = Bi

te
µ(τ−t)+gold(τ−t)− 1

2
σ2(τ−t)+σ(Zτ−Zt)−

1
2
σ2
1(τ−t)+σ1(Zi

τ−Zi
t)

= Bi
t

(
Bτ

Bt

)
e−

1
2
σ2
1(τ−t)+σ1(Zi

τ−Zi
t) . (B41)

Thus

Et

[
B−γ

τ Bi
τ |ĝτ < g(c), c

]
=

Bi
t

Bt

Et

[
B1−γ

τ e−
1
2
σ2
1(τ−t)+σ1(Zi

τ−Zi
t)|ĝτ < g(c), c

]

=
Bi

t

Bt

Et

[
B1−γ

τ |ĝτ < g(c), c
]

since the Brownian motions Z i are independent of Bτ . The closed-form expression for the
expectation is then identical to that obtained in Proposition A1 when we substitute (1− γ)
for −γ. That is:

Et

[
B1−γ

τ |ĝτ < g(c), c
]

= B1−γ
t e(1−γ)(µ+bgt−

1
2
σ2)(τ−t)+

(1−γ)2

2 ((τ−t)2bσ2
t +σ2(τ−t)) ×

×
N
(
g(c), ĝt + (1 − γ) σ̂2

t (τ − t) , σ̂2
t − σ̂2

τ

)

N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

) .

Substitute to obtain

Et

[
πτ+M i

τ+|ĝτ < g(c), c
]

= Bi
tB

−γ
t e(1−γ)µ(T−t)+(1−γ)bgt(τ−t)−(1−γ)γ σ2

2
(T−t)+ (1−γ)2

2 ((T−τ )2σ2
g+(τ−t)2bσ2

t ) ×

×
N
(
g(c), ĝt + (1 − γ) σ̂2

t (τ − t) , σ̂2
t − σ̂2

τ

)

N
(
g(c); ĝt, σ̂2

t − σ̂2
τ

) .

CASE 2. NO POLICY CHANGE

Et

[
πτ+M i

τ+|ĝτ > g(c), c
]

= Et

[
B−γ

τ e
−γ

“
µ+bgτ−

σ2

2

”
(T−τ )+γ2

2 ((T−τ )2bσ2
τ +σ2(T−τ ))

×Bi
τe

“
µ+bgτ−

σ2

2

”
(T−τ )+

(1−2γ)
2 ((T−τ )2bσ2

τ +σ2(T−τ ))|ĝτ > g(c), c

]

= e(1−γ)µ(T−τ )−(1−γ) σ2

2
(T−τ )+

(1−γ)2

2
σ2(T−τ )+

(1−γ)2

2
(T−τ )2bσ2

τ

×Et

[
B−γ

τ Bi
τe

(1−γ)bgτ (T−τ )|ĝτ > g(c), c
]

.
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Using (B41) again, we have

Et

[
B−γ

τ Bi
τe

(1−γ)bgτ (T−τ )|ĝτ > g(c), c
]

=
Bi

t

Bt

Et

[
B1−γ

τ e(1−γ)bgτ (T−τ )|ĝτ > g(c), c
]

=
Bi

t

Bt

Et

[
e(1−γ)(bτ+bgτ (T−τ ))|ĝτ > g(c), c

]

where the idiosyncratic Brownian motion term (Z i
τ − Z i

t) is independent of both Bτ and ĝτ .
Recalling the notation yτ = bτ + ĝτ (T − τ ), we can use the results in Proposition A1 with
−γ replaced by (1 − γ) to obtain

Et

[
e(1−γ)(bτ +bgτ (T−τ ))|ĝτ > g(c), c

]
= e(1−γ)(bgt(T−τ )+Et[bτ ])+

(1−γ)2

2
V (yτ ) ×

×
(
1 −N

(
g(c), ĝt + (1 − γ)C (yτ , ĝτ ) , σ̂2

t − σ2
τ

))

1 −N
(
g(c), ĝt, σ̂

2
t − σ2

τ

) .

Putting the terms together,

Et

[
πτ+M i

τ+|ĝτ > g(c), c
]

= Bi
tB

−γ
t e(1−γ)µ(T−t)−γ

(1−γ)
2

σ2(T−t)+(1−γ)bgt(T−t)+
(1−γ)2

2
bσ2

t (T−t)2 ×

×
(
1 −N

(
g(c), ĝt + (1 − γ) C (yτ , ĝτ) , σ̂2

t − σ2
τ

))

1 −N
(
g(c), ĝt, σ̂2

t − σ2
τ

) .

The last step is to integrate out the random cost c. Using the same steps as in the proof
of Proposition A1, we obtain pyes and pno as in the claim of the proposition.

QED (Proposition A2)

Proposition 7. The return process for stock i is given by

dM i
t

M i
t

= µM,tdt + σM,tdẐt + σ1dZ
i
t + JM1{t=τ} , (B42)

where the jump component JM is given by

JM =

{
Jyes

M = R (ĝτ ) if policy changes

Jno
M = R (ĝτ ) G (ĝτ ) + G (ĝτ ) − 1 if policy does not change .

(B43)

For t > τ , we have

µM,t = γ
[
σ + (T − t) σ̂2

t σ
−1
]2

(B44)

σM,t = σ + (T − t) σ̂2
t σ

−1 , (B45)

and for t ≤ τ , µM,t and σM,t are given by (Corollary A2 in the paper)

σM,t = σ +

(
∂Φ(ĝt, t) /∂ĝt

Φ(ĝt, t)
− ∂F (ĝt, t) /∂ĝt

F (ĝt, t)

)
σ̂2

t σ
−1 (B46)

µM = σπ,tσM,t , (B47)
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where σπ,t and σM,t are given in equations (B39) and (B46), respectively.

Proof of Proposition 7: For t < τ , the dynamics of the return dM i
t/M

i
t stem from an

application of Ito’s Lemma to (B40), which also yields the volatility (B46). The expected
return is given by µM = −Cov(dπt/πt, dM i

t /M
i
t ) = σπ,tσM,t, which yields (B47).

For t > τ , the price is given in closed form as in equation (B20), with t in place of τ in
the formula. An application of Ito’s Lemma immediately yields the diffusion term (B45).
We obtain (B44) by using the closed-form solution for the SDF diffusion in (B38).

At time τ , stock prices jump. The jump size in case of a policy change, Jyes
M = R(ĝτ ), is

already derived in Proposition 3. For Jno
M , we have

Jno
M =

M i,no
τ+ − M i

τ

M i
τ

=
−ω(M i,yes

τ+ − M i,no
τ+ )

ωM i,yes
τ+ + (1 − ω)M i,no

τ+

=
−ω(1 −M i,no

τ+ /M i,yes
τ+ )

ω + (1 − ω)(M i,no
τ+ /M i,yes

τ+ )
(B48)

=
pτ (G(ĝτ ) − 1)

pτ + (1 − pτ )F (ĝτ )G(ĝτ )
, (B49)

where we use ω in (B22) and G(ĝτ ) = M i,no
τ+ /M i,yes

τ+ . This is the same expression as in (B43),
as can be easily verified by substituting for R(ĝτ ) from (B26).

QED (Proposition 7)

Corollary 3. The market value of each firm increases at the announcement of no policy
change (i.e., Jno

M > 0) if and only if ĝτ > g∗, where g∗ is given in equation (B28).

Proof of Corollary 3: The proof follows immediately from expression (B49), which is
positive if and only if G(ĝτ ) > 1, where G(ĝτ ) is given in (B18).

QED (Corollary 3)

Proposition 8. The conditional expected jump in stock prices at time τ , as perceived by
investors just before time τ , is given by

Eτ (JM ) = − pτ (1 − pτ ) (1 − F (ĝτ )) (1 − G (ĝτ ))

pτ + (1 − pτ )F (ĝτ) G (ĝτ )
. (B50)

Proof of Proposition 8: The proof follows immediately from Eτ (JM) = pτJ
yes
M +(1−pτ )J

no
M

and substituting Jyes
M = R(ĝτ ) in (B16) and Jno

M in (B49).

QED (Proposition 8)

Corollary 4. We have Eτ (JM) < 0 if and only if

g∗ < ĝτ < g∗∗ , (B51)

where g∗ is given in equation (B28) and

g∗∗ = −γ

2
(T − τ )

(
σ2

g − σ̂2
τ

)
. (B52)
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Proof of Corollary 4: The expected jump is negative if and only (1−G(ĝτ ))(1−F (ĝτ)) > 0,
that is, if and only if

(
1 − ebg(T−τ )− 1

2
(1−2γ)(T−τ )2(σ2

g−bσ2
τ)
)(

1 − e−γbgτ (T−τ )− 1
2
γ2(T−τ )2(σ2

g−bσ2
τ)
)

> 0 .

This condition is satisfied if and only if

(
ĝτ −

1

2
(1 − 2γ) (T − τ )

(
σ2

g − σ̂2
τ

))(
ĝτ +

1

2
γ (T − τ )

(
σ2

g − σ̂2
τ

))
< 0 ,

which yields the claim.

QED (Corollary 4)

Corollary 5. As risk aversion γ → ∞, Eτ (JM) → 0 from above for any value of ĝτ .

Proof of Corollary 5: The conditional expected jump is

Eτ [JM ] = E (ĝτ ) =
pτ (1 − pτ ) (1 − F (ĝτ)) (G(ĝτ ) − 1)

pτ + (1 − pτ )F (ĝτ)G(ĝτ )
.

Recall that the probability of a policy change is given by

pτ = Pr
(
ĝτ < g (c) |ĝτ

)
= Pr

(
c < ĝτ (1 − γ) (T − τ ) − (1 − γ)2

2
(T − τ )2 (σ2

g − σ̂2
τ

)
)

.

For γ → ∞, we have pτ → 0 (the term that involves γ2 dominates), G(ĝτ ) → ∞,
F (ĝτ) → 0, and F (ĝτ)G(ĝτ ) → 0. In addition, an application of l’Hospital’s rule gives us

pτ

F (ĝτ)
→ 0 and

pτ

F (ĝτ)G(ĝτ )
→ 0 .

Therefore, we have

Eτ [JM ] = E (ĝτ ) =
pτ (1 − pτ ) (1 − F ) (G − 1)

pτ + (1 − pτ ) FG
=

pτ (1 − pτ ) (G − 1 − FG + F )

pτ + (1 − pτ )FG

=
pτ

F
(1 − pτ ) (1 −G−1 − F + FG−1)

pτ

FG
+ (1 − pτ )

→
pτ

F

1
= 0 ,

where we used the fact that F (ĝτ)G(ĝτ )
−1 = e−(1+γ)bgτ (T−τ )+ 1

2(1−2γ−γ2)(T−τ )2(σ2
g−σ2

τ) → 0.
Note that because both pτ > 0 and F (ĝτ) > 0, the limit of E(ĝτ ) is from above, which
implies that for every ĝτ , E (ĝτ ) > 0 for γ sufficiently large. Indeed, note that the range
in which E (ĝτ ) < 0 is (g∗, g∗∗) → (−∞,−∞), so that for any given ĝτ , E (ĝτ ) must turn
positive as γ increases.
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QED (Corollary 5)

Corollary 6. As risk aversion γ → 1, Eτ (JM) converges to a nonnegative value for any ĝτ .
It converges to zero if and only if ĝτ = −1

2
(T − τ )

(
σ2

g − σ̂2
τ

)
.

Proof of Corollary 6: The conditional expected jump is

Eτ [JM ] = E (ĝτ ) =
pτ (1 − pτ ) (1 − F (ĝτ)) (G(ĝτ ) − 1)

pτ + (1 − pτ )F (ĝτ)G(ĝτ )
.

From the definition of pτ ,

pτ = Pr
(
ĝ < g (c) |ĝ

)
= Pr

(
c < ĝτ (1 − γ) (T − τ ) − (1 − γ)

2

2
(T − τ )2 (σ2

g − σ̂2
τ

)
)

,

we have that γ → 1 implies pτ → p = N
(
0,−1

2
σ2

c , σ
2
c

)
, independent of ĝτ . In addition, as

γ → 1, we also have F (ĝτ) → 1/G(ĝτ ). This implies that for every ĝτ , the expected jump
converges to

E (ĝτ ) → p (1 − p) (1 − 1/G(ĝτ )) (G(ĝτ ) − 1)

= p (1 − p)
(
1 − e−bgτ (T−τ )− 1

2
(T−τ )2(σ2

g−bσ2
τ)
)(

ebgτ (T−τ )+ 1
2
(T−τ )2(σ2

g−bσ2
τ) − 1

)

= p (1 − p)
(
1 − e−x

)
(ex − 1) ,

where x = ĝτ (T − τ ) + 1
2
(T − τ )2 (σ2

g − σ̂2
τ

)
. This expression is always strictly positive,

except for x = 0 (i.e., ĝτ = −1
2
(T − τ )

(
σ2

g − σ̂2
τ

)
), in which case it is equal to zero.

QED (Corollary 6)

Corollary 7. As risk aversion γ → ∞, E(JM ) → 0 from above.

Proof of Corollary 7: The proof follows from that of Corollary 5 and the result that for
every ĝτ , we have E (ĝτ ) → 0 as γ → ∞ from above. This implies that also unconditionally

E [JM,τ ] =

∫
E (ĝτ )φ

(
ĝτ , 0, σ

2
g − σ̂2

τ

)
dĝτ → 0 ,

where φ
(
ĝτ , 0, σ

2
g − σ̂2

τ

)
is the normal density with mean zero and variance σ2

g − σ̂2
τ . In

addition, because for ĝτ , E (ĝτ ) > 0 for γ sufficiently large, and because φ
(
ĝτ , 0, σ

2
g − σ̂2

τ

)

does not depend on γ, we have that E [JM,τ ] converges to zero from above (i.e., it is positive
for a sufficiently large γ). This implies that there exists γ such that for γ > γ, we have
E [JM,τ ] > 0.

QED (Corollary 7)

Corollary 8. As risk aversion γ → 1, E (JM) converges to a positive value.
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Proof of Corollary 8: From the proof of Corollary 6, note that as γ → 1, the unconditional
expectation

E [JM,τ ] = E [Eτ [JM,τ ]] = E [E (ĝτ )]

→ E
[
p (1 − p)

(
1 − e−bgτ (T−τ )− 1

2
(T−τ )2(σ2

g−bσ2
τ)
)(

ebgτ (T−τ )+ 1
2
(T−τ )2(σ2

g−bσ2
τ) − 1

)]

= p (1 − p)E
[
ebgτ(T−τ )+ 1

2
(T−τ )2(σ2

g−bσ2
τ) − 1 − 1 + e−bgτ (T−τ )− 1

2
(T−τ )2(σ2

g−bσ2
τ)
]

= p (1 − p)
(
e(T−τ )2(σ2

g−bσ2
τ) − 1

)
> 0 .

QED (Corollary 8)

Corollary 9. The correlation between the returns of any pair of stocks for t > τ is given by

ρt =
[σ + (T − t) σ̂2

t σ
−1]

2

[σ + (T − t) σ̂2
t σ

−1]
2
+ σ2

1

. (B53)

For t < τ , the correlation is given by (Corollary A3 in the paper)

ρt =
σ2

M,t

σ2
1 + σ2

M,t

. (B54)

For t = τ , the instantaneous correlation is one.

Proof of Corollary 9: The statement follows from the definition of correlation, which in
continuous time is given by

ρt =
Et

[(
dM i

t

M i
t

)(
dM

j
t

M
j
t

)]

√

Et

[(
dM i

t

M i
t

)2
]

Et

[(
dM i

t

M i
t

)2
] =

σ2
M,t

σ2
1 + σ2

M,t

.

Substituting the appropriate value for σM,t from Proposition 7, the claim of the corollary
follows.

QED (Corollary 9)

Extension: Endogenous Timing of Policy Change.

Let V (ĝt, Bt, t) denote the value function given no policy change at or before time t:

V (ĝt, Bt, t) = Et

{
max
τ>t

{
Eτ

[
B1−γ

T

1 − γ
|No change at τ

]
, Eτ

[
C

B1−γ
T

1 − γ
|Change at τ

]}}
.

(B55)
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Proposition A3. Let the timing of the policy change be endogenous. For every t ∈ [τi, τi+1),
the indirect utility function V (ĝt, Bt, t) from equation (B55) is given by

V (ĝt, Bt, t) = B1−γ
t Φ(ĝt, t) , (B56)

where Φ(ĝt, t) satisfies the partial differential equation

0 =
∂Φ(ĝt, t)

∂t
+

{
(1 − γ) (µ + ĝt) −

1

2
γ (1 − γ)σ2

}
Φ(ĝt, t)

+
1

2

∂2Φ(ĝt, t)

∂ĝ2
t

(
σ̂2

t

)2
σ−2 + (1 − γ)

∂Φ(ĝt, t)

∂ĝt

σ̂2
t . (B57)

The boundary conditions at time τi are given by

Φ(ĝτi−, τi−) = Eτi−

[
max

{
Φ(ĝτi

, τi) ,
1

1 − γ
ec+(1−γ)µ(T−τi)+

1
2
(1−γ)2σ2

g(T−τi)
2−γ(1−γ) σ2

2
(T−τi)

}]
,

where the expectation is taken with respect to c just before the policy decision at time τi. The
final condition at time T is Φ(ĝT , T ) = 1

1−γ
.

Proof of Proposition A3: We have the final condition

V (ĝT , BT , T ) =
B1−γ

T

1 − γ
.

Let τ denote a generic τi. Because the policy change is irreversible, we can use the aggregate
capital process

BT = Bτe

“
µ+gτ−

σ2

2

”
(T−τ )+σ(ZT−Zτ )

to obtain the value of expected utility at any time τ conditional on a change at τ in closed
form:

V (Bτ , c, τ ) = ecEτ

[
B1−γ

T

1 − γ
|Y es, ĝτ , Bτ , c

]
= ec B1−γ

τ

1 − γ
e(1−γ)µ(T−τ )+σ2

g (T−τ )2−γ(1−γ) σ2

2
(T−τ ) .(B58)

A policy change occurs at time τ if

V (Bτ , c, τ ) > V (ĝτ , Bτ , τ ) .

Since no policy decisions are made between τi and τi+1, we have for t ∈ [τi, τi+1) that
V (ĝt, Bt, t) = Et

[
max

{
V
(
ĝτi+1 , Bτi+1, τi+1

)
, V
(
Bτi+1, c, τi+1

)}]
. It follows that V satisfies

the martingale condition Et [dV ] = 0, that is

0 =
∂V

∂t
+

∂V

∂Bt

Et [dBt] +
∂V

∂ĝt

Et [dĝt] +
1

2

∂2V

∂B2
t

Et

[
dB2

t

]
+

1

2

∂2V

∂ĝ2
t

Et

[
dĝ2

t

]
+

∂2V

∂Bt∂ĝt

Et [dĝtdBt]

with the following final condition at τ = τi+1 (we drop the subscript for notational conve-
nience):

V (ĝτ−, Bτ−, τ−) = Eτ−

[
max

{
V (ĝτ , Bτ , τ ) , V (Bτ , c, τ )

}]
(B59)
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where the expectation is taken over possible values of c. Note that because of the convexity
of the max operator, we cannot take the expectation inside the parenthesis.

We conjecture that the value function is:

V (ĝt, Bt, t) = B1−γ
t Φ(ĝt, t) .

Taking first derivatives,

∂V

∂Bt

= (1 − γ)B−γ
t Φ(ĝt, t) ;

∂2V

∂B2
t

= −γ (1 − γ) B−γ−1
t Φ(ĝt, t)

∂V

∂ĝt

= B1−γ
t

∂Φ(ĝt, t)

∂ĝt

;
∂2V

∂ĝ2
t

= B1−γ
t

∂2Φ(ĝt, t)

∂ĝ2
t

∂V

∂t
= B1−γ

t

∂Φ(ĝt, t)

∂t
;

∂2V

∂ĝt∂Bt

= (1 − γ)B−γ
t

∂Φ(ĝt, t)

∂ĝt

.

In addition, we have for t < τ ,

Et [dBt] = (µ + ĝt)Bt; E
[
dB2

t

]
= σ2B2

t ; Et [dĝt] = 0; E
[
dĝ2

t

]
=
(
σ̂2

t

)2
σ−2; E [dBtdĝt] = σ̂2

t Bt .

Substituting the derivatives of the value function and the expectations in the PDE, we obtain
(B57). The final condition at τi+1 follows from equation (B59).

QED (Proposition A3)

Statement from the text: Conditional on a policy change at a given time τ , the value
function at that time is available in closed form:

V (Bτ , τ, c) =
B1−γ

τ

1 − γ
ec+µ(1−γ)(T−τ )+σ2

g(T−τ )2−γ(1−γ) σ2

2
(T−τ ) . (B60)

Proof: See proof of Proposition A3.

QED (Statement from the text)

Proposition A4: For every t ∈ [τi, τi+1), the market-to-book ratio M/B of firm j before a
policy change is given by

M j
t

Bj
t

=
Ω(ĝt, t)

F (ĝt, t)
,

where F (ĝt, t) and Ω (ĝt, t) satisfy the ODEs

0 =
∂F (ĝt, t)

∂t
+

{
−γ (µ + ĝt) +

1

2
γ (γ + 1)σ2

}
F (ĝt, t) +

1

2

∂2F (ĝt, t)

∂ĝ2
t

(
σ̂2

t

)2
σ−2 − γ

∂F (ĝt, t)

∂ĝ
σ̂2

t

0 =
∂Ω(ĝt, t)

∂t
+

{
(1 − γ) (µ + ĝt) +

(
1

2
γ (γ − 1)

)
σ2

}
Ω(ĝt, t)

+
1

2

∂2Ω(ĝt, t)

∂ĝ2
t

(
σ̂2

t

)2
σ−2 + (1 − γ)

∂Ω(ĝt, t)

∂ĝt

σ̂2
t
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with the following boundary conditions for τ = τi+1:

F (ĝτ−, τ−) = pτ−e−γµ(T−τ )+ 1
2
γ2(T−τ )2bσ2

g+γ(γ+1) σ2

2
(T−τ ) + (1 − pτ−)F (ĝτ , τ )

Ω (ĝτ−, τ−) = pτ−e(1−γ)µ(T−τ )+ 1
2
(1−γ)2(T−τ )2σ2

g−(1−γ)γ σ2

2
(T−τ ) + (1 − pτ−)Ω (ĝτ , τ )

and final conditions at T , F (ĝT , T ) = 1 and Ω (ĝT , T ) = 1. Above, pτ− is the probability of
a policy change at τ , given explicitly by

pτ− = N
(

x (ĝτ , τ ) ,−1

2
σ2

c , σ
2
c

)
, (B61)

where

x (ĝτ , τ ) = log (Φ (ĝτ , τ ) (1 − γ)) − (1 − γ)µ (T − τ )

−1

2
(1 − γ)2σ2

g (T − τ )
2
+ γ (1 − γ)

σ2

2
(T − τ ) .

Proof of Proposition A4: We start by computing the probability at τ that a policy change
will occur, assuming it has not occurred yet. From the proof of Proposition A3, we have:

pτ− = Pr (Change at τ |ĝτ , τ ) = Pr

(
Φ(ĝτ , τ ) <

1

1 − γ
ec+(1−γ)µ(T−τ )+ 1

2
(1−γ)2σ2

g(T−τ )2−γ(1−γ) σ2

2
(T−τ )

)

= Pr
(
Φ(ĝτ , τ ) (1 − γ) e−(1−γ)µ(T−τ )− 1

2
(1−γ)2σ2

g(T−τ )2+γ(1−γ) σ2

2
(T−τ ) > ec

)

= Pr

(
c < log (Φ (ĝτ , τ ) (1 − γ)) − (1 − γ)µ (T − τ ) − (1 − γ)2

2
σ2

g (T − τ )
2
+ γ (1 − γ)

σ2

2
(T − τ )

)

which leads to (B61).

To compute asset prices, we first consider the dynamics of the stochastic discount factor.
The analysis is similar to above, except that market participants do not decide whether to
change policy or not. Let

W (Bt, ĝt, t) = Et

[
B−γ

T |τ > t
]

.

For t ∈ [τi, τi+1), market participants know there are no policy decisions, and therefore

0 =
∂W

∂t
+

∂W

∂Bt

Et [dBt]+
∂W

∂ĝt

Et [dĝt]+
1

2

∂2W

∂B2
t

Et

[
dB2

t

]
+

1

2

∂2W

∂ĝ2
t

Et

[
dĝ2

t

]
+

∂2W

∂ĝt∂Bt

Et [dBtdĝt] .

When a policy change occurs at τ = τi+1, then

W (Bτ , τ ) = Eτ

[
B−γ

T |Change at τ
]

= Eτ

[
B−γ

τ e−γ(µ+gnew)(T−τ )+γ σ2

2
(T−τ )−γσ(ZT−Zτ )

]

= B−γ
τ e−γµ(T−τ )+ 1

2
γ2(T−τ )2σ2

g+γ σ2

2
(T−τ )+γ2

2
σ2(T−τ ) = B−γ

τ e−γµ(T−τ )+ 1
2
γ2(T−τ )2σ2

g+γ(γ+1) σ2

2
(T−τ )

Thus, W (Bt, ĝt, t) for t ∈ [τi, τi+1) has the following final condition at τ = τi+1:

W (Bτ−, ĝτ−, τ−) = pτ−W (Bτ , τ ) + (1 − pτ−)W (Bτ , ĝτ , τ ) .
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The final condition at T is W (BT , ĝT , T ) = B−γ
T .

We conjecture
W (Bt, ĝt, t) = B−γ

t F (ĝt, t) ,

so that

∂W

∂t
= B−γ

t

∂F (ĝt, t)

∂t
;
∂W

∂ĝt

= B−γ
t

∂F (ĝt, t)

∂ĝt

;
∂W

∂Bt

= −γB−γ−1
t F (ĝt, t) ;

∂2W

∂B2
t

= γ (γ + 1) B−γ−2
t F (ĝt, t) ;

∂2W

∂ĝ2
t

= B−γ
t

∂2F (ĝt, t)

∂ĝ2
t

;
∂2W

∂Bt∂ĝt

= −γB−γ−1
t

∂F (ĝt, t)

∂ĝt

.

Substituting these expressions and the expectations in the PDE as in the proof of Proposition
A3, we obtain the first PDE in the claim of the proposition. The boundary condition also
follows from the conjectured solution.

Similarly, for the numerator of the pricing formula M j
t = Et[πTBj

T ]/πt, we must compute

Q
(
Bj

t , Bt, ĝt, t
)

= Et

[
Bj

T B−γ
T |τ > t

]
.

For t ∈ [τi, τi+1), market participants know there are no policy decisions, and therefore

0 =
∂Q

∂t
+

∂Q

∂Bt

E [dBt] +
∂Q

∂Bj
t

E
[
dBj

t

]
+

∂Q

∂ĝt

E [dĝt] +
1

2

∂2Q

∂B2
t

E
[
dB2

t

]
+

1

2

∂2Q

∂ (Bi
t)

2 E
[
d
(
Bi

t

)2]

+
1

2

∂2Q

∂ĝ2
t

E
[
dĝ2

t

]
+

∂2Q

∂ĝt∂Bt

E [dBtdĝt] +
∂2Q

∂ĝt∂Bj
t

E
[
dBj

t dĝt

]
+

∂2Q

∂Bj
t ∂Bt

E
[
dBtdBj

t

]
.

When a policy change occurs at τ , then

Q
(
Bj

τ , Bτ , τ
)

= Eτ

[
Bj

T B−γ
T |Change at τ

]

= Eτ

[
Bj

τe
(µ+gnew)(T−τ )− 1

2
σ2(T−t)− 1

2
σ2
1(T−t)+σ(ZT −Z)+σ1(Z

j
T−Z

j
t )×

×B−γ
τ e−γ(µ+gnew)(T−τ )+γ σ2

2
(T−τ )−γσ(ZT−Zτ )

]

= Eτ

[
Bj

τe
− 1

2
σ2
1(T−t)+σ1(Z

j
T
−Z

j
t ) ×B−γ

τ e(1−γ)(µ+gnew)(T−τ )+(γ−1) σ2

2
(T−τ )+(1−γ)σ(ZT−Zτ )

]

= Bj
τB

−γ
τ e(1−γ)µ(T−τ )+ 1

2
(1−γ)2(T−τ )2σ2

g+(γ−1) σ2

2
(T−τ )+ 1

2
(1−γ)2σ2(T−τ )

= Bj
τB

−γ
τ e(1−γ)µ(T−τ )+ 1

2
(1−γ)2(T−τ )2σ2

g−(1−γ)γ σ2

2
(T−τ ) .

Thus, Q (Bt, ĝt, t) for t ∈ [τi, τi+1) has the following final condition at τ = τi+1:

Q
(
Bj

τ−, Bτ−, ĝτ−, τ−
)

= pτ−Q
(
Bj

τ , Bτ , τ
)

+ (1 − pτ−) Q
(
Bj

τ , Bτ , ĝτ , τ
)

.

We conjecture
Q
(
Bj

t , Bt, ĝt, t
)

= Bj
t B

−γ
t Ω(ĝt, t) ,
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so that

∂Q

∂t
= Bj

t B
−γ
t

∂Ω(ĝt, t)

∂t
;
∂Q

∂ĝt

= Bj
t B

−γ
t

∂Ω(ĝt, t)

∂ĝt

;
∂Q

∂Bt

= −γBj
t B

−γ−1
t Ω(ĝt, t) ;

∂Q

∂Bj
t

= B−γ
t Ω(ĝt, t)

∂2Q

∂B2
t

= γ (γ + 1)Bj
t B

−γ−2
t Ω(ĝt, t) ;

∂2Q

∂ĝ2
t

= Bj
t B

−γ
t

∂2Ω(ĝt, t)

∂ĝ2
t

;
∂2Q

∂Bt∂ĝt

= −γBj
t B

−γ−1
t

∂Ω(ĝt, t)

∂ĝt

∂2Q

∂ (Bj)2
t

= 0;
∂2Q

∂Bj
t ∂Bt

= −γB−γ−1
t Ω(ĝt, t) ;

∂2Q

∂Bj
t ∂ĝt

= B−γ
t

∂Ω(ĝt, t)

∂ĝt

.

Substituting in the PDE, we obtain

0 = Bj
t B

−γ
t

∂Ω(ĝt, t)

∂t
− γBj

t B
−γ−1
t Ω(ĝt, t) (µ + ĝt)Bt + B−γ

t Ω(ĝt, t) (µ + ĝt) Bj
t

+
1

2
γ (γ + 1) Bj

t B
−γ−2
t Ω(ĝt, t)σ2B2

t +
1

2
Bj

t B
−γ
t

∂2Ω(ĝt, t)

∂ĝ2
t

(
σ̂2

t

)2
σ−2

−γBj
t B

−γ−1
t

∂Ω(ĝt, t)

∂ĝt

σ̂2
t Bt + B−γ

t

∂Ω(ĝt, t)

∂ĝt

σ̂2
t B

j
t − γB−γ−1

t Ω(ĝt, t)σ2Bj
t Bt ,

where we also used

Et

[
dBj

t

]
= (µ + ĝt)Bj

t ; Et

[
dBj

t dĝt

]
= σ̂2

t B
j
t ; Et

[
dBj

t dBt

]
= σ2Bj

t Bt

The second PDE in Proposition A4 then follows after some algebraic manipulations. The
boundary condition also follows from the conjecture solution.

Extension: Investment Adjustment.

Proposition 9. In equilibrium at time τ , a randomly-selected fraction ατ ∈ [0, 1] of firms
continue investing in their risky technologies, while the remaining firms disinvest and park
their capital in the risk-free technology. The government changes its policy if and only if

ĝτ < g (c, ατ) , (B62)

where for given (c, ατ ) the threshold g (c, ατ) satisfies the equation

ecEτ

[[
ατe

εyes(τ,T ) + (1 − ατ )
]1−γ

]
= Eτ

[[
ατe

εg(τ,T ) + (1 − ατ )
]1−γ

]
(B63)

where

εyes ∼ N

((
µ − σ2

2

)
(T − τ ) , σ2

g (T − τ )2 + σ2 (T − τ )

)
(B64)

εg ∼ N

((
µ + g(c, ατ) −

σ2

2

)
(T − τ ) , σ̂2

τ (T − τ )2 + σ2 (T − τ )

)
(B65)

and the equilibrium value of ατ is described below.
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We prove Proposition 9 together with the following statement from the text of the paper:

Statement from the text: If firm i decides at time τ to remain invested in its risky
technology, its market value right after time τ is given by

M i
τ+ =






M i,yes
τ+ = Bi

τ+

Eτ+

h
eεyes(τ,T )[ατ eεyes(τ,T )+(1−ατ )]

−γ
i

Eτ+

h
[ατeεyes(τ,T )+(1−ατ )]

−γ
i if policy changes

M i,no
τ+ = Bi

τ+

Eτ+

h
eεno(τ,T )[ατeεno(τ,T )+(1−ατ )]

−γ
i

Eτ+

h
[ατeεno(τ,T )+(1−ατ )]

−γ
i if policy does not change

(B66)
Right before time τ , the market value of firm i is given by a weighted average of M i,yes

τ+ and
M i,no

τ+ as in equation (B21), except that the weights ωτ are given by

ωτ =
pτ

pτ + (1 − pτ )Hτ

, (B67)

where

Hτ =
Eτ

{[
ατe

εno(τ,T ) + (1 − ατ )
]−γ
}

Eτ

{
[ατeεyes(τ,T ) + (1 − ατ)]

−γ
}

and pτ is the probability of a policy change as perceived just before time τ (i.e., the probability
that the condition (B62) holds).

The condition for equilibrium with 0 < ατ < 1:1

1 = ωτ

(
M i

τ+

Bi
τ+

)yes

+ (1 − ωτ )

(
M i

τ+

Bi
τ+

)no

(B68)

Proof of Proposition 9: We proceed in a few steps.

Lemma A6. Let ατ be the fraction of firms, chosen at random, that at τ choose the
investment in the risky technology. In this case, aggregate capital at T is

BT

Bτ

= ατe

“
µ+g−σ2

2

”
(T−τ )+σ(ZT−Zτ )

+ (1 − ατ) , (B69)

where g = gnew if a policy change occurs at τ , and g = gold otherwise.

Proof of Lemma A6: Without loss of generality, let the firms randomly choosing the risky
technology fall in the interval [0, ατ ]. The capital evolution of each individual firm is given
by (B9). If a firm chooses the riskless technology instead, then Bi

T = Bi
τ . It follows that

aggregate capital at time T is

BT =

∫ 1

0

Bi
Tdi =

∫ ατ

0

Bi
τe

(µ+g)(T−τ )−σ2

2
(T−τ )+σ(ZT−Zτ )−

σ2
1
2

(T−τ )+σ1(Zi
T−Zi

τ)di +

∫ 1

ατ

Bi
τdi

= e(µ+g)(T−τ )−σ2

2
(T−τ )+σ(ZT−Zτ )−

σ2
1
2

(T−τ )

∫ ατ

0

Bi
τe

σ1(Zi
T −Zi

τ)di +

∫ 1

ατ

Bi
τdi

1The same condition is obtained as a first-order condition in an alternative formulation of the problem

in which a social planner chooses ατ to maximize the investors’ expected utility. See Lemma A8 below.
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where g = gold if there is no policy change at time τ , but g = gnew if there is one. Applying
the law of large numbers, we obtain

∫ ατ

0

Bi
τe

σ1(Zi
T−Zi

τ)di = ατ

[
1

ατ

∫ ατ

0

Bi
τe

σ1(Zi
T−Zi

τ)di

]
= ατE

[
Bi

τe
σ1(Zi

T−Zi
τ)
]

= ατE
[
Bi

τ

]
E
[
eσ1(Zi

T
−Zi

τ)
]

= ατE
[
Bi

τ

]
e

1
2
σ2
1(T−τ ) .

Similarly, ∫ 1

ατ

Bi
τdi = (1 − ατ )

1

1 − ατ

∫ 1

ατ

Bi
τdi = (1 − ατ) E

[
Bi

τ

]
.

Substituting, we obtain

BT = E
[
Bi

τ

] [
ατe

(µ+g)(T−τ )−σ2

2
(T−τ )+σ(ZT−Zτ ) + (1 − ατ )

]
.

Using the same logic, the law of large numbers also implies that E[Bi
τ ] = Bτ , concluding the

proof of Lemma A6.

Q.E.D. (Lemma A6)

Lemma A7: The government changes its policy if and only if

ĝτ < g (c, ατ ) , (B70)

where the threshold g (c, ατ) is in the claim of Proposition 9.

Proof of Lemma A7. Given the equilibrium level of firms ατ , the government changes
policy if and only if

E

[
CB1−γ

T

1 − γ
|Policy Change

]
> E

[
B1−γ

T

1 − γ
|No Policy Change

]
. (B71)

Given the aggregate capital in Lemma A6, from the perspective of all agents in the economy,
the exponent in the first term on the right-hand side of (B69) has the following distribution:

(
µ + g − σ2

2

)
(T − τ ) + σ (ZT − Zτ ) =

=





εno(τ, T ) ∼ N

(
(µ + ĝτ − σ2

2
)(T − τ ), σ̂2

τ(T − τ )2 + σ2(T − τ )
)

if no policy change

εyes(τ, T ) ∼ N
(
(µ − σ2

2
)(T − τ ), σ2

g(T − τ )2 + σ2(T − τ )
)

if policy change

Using this distribution, condition (B71) is then the same as

ecEτ

[[
ατe

εyes(τ,T ) + (1 − ατ)
]1−γ

]
< Eτ

[[
ατe

εno(τ,T ) + (1 − ατ )
]1−γ

]
(B72)

where
εi (τ, T ) ∼ N

(
µε (gi, T − τ ) , σε

(
σ2

i , T − τ
)2)

(B73)
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with

µε (gi, T − τ ) =

(
µ + gi −

σ2

2

)
(T − τ ) ; (B74)

σε

(
σ2

i , T − τ
)2

= (T − τ )2 σ2
i + σ2 (T − τ ) (B75)

for i = yes, no and gno = ĝτ , σ2
no = σ̂2

τ , gyes = 0, σ2
yes = σ2

g .

For given (c, ατ) , with ατ > 0, condition (B72) determines a cutoff rule, as the left-hand-
side is a constant, while the right-hand-side decreases with ĝτ . Let g (c, ατ ) be the threshold
that solves the equation

ecEτ

[[
ατe

εyes(τ,T ) + (1 − ατ )
]1−γ

]
= Eτ

[[
ατe

εg(τ,T ) + (1 − ατ )
]1−γ

]

where εg (τ, T ) is as in (B73) but with gi = g (c, ατ ) and σ2
i = σ2

no. We then have that (B72)
is satisfied if and only if ĝτ < g (c, ατ).

Q.E.D (Lemma A7)

Turning to prices, we first obtain the state price density at τ+, an instant after the policy
decision has been made. Given the aggregate capital in Lemma A6, we have

πτ+ =





πyes

τ+ = B−γ
τ+Eτ+

[(
ατe

εyes(τ,T ) + 1 − ατ

)−γ
]

if policy change

πno
τ+ = B−γ

τ+Eτ+

[(
ατe

εno(τ,T ) + 1 − ατ

)−γ
]

if no policy change
(B76)

where εi(τ, T ) are given in (B73).

The value of firm i that chooses the risky technology is given by M i
τ+ = Eτ+ [Bi

TπT ] /πτ+.
The numerator is equal to

M i
τ+πτ+ = Eτ+

[
πTBi

T

]

= Eτ+



 B−γ
τ+

[
ατe

(µ+g)(T−τ )−σ2

2
(T−τ )+σ( bZT− bZτ) + (1 − ατ )

]−γ

×

×Bi
τ+e(µ+g)(T−τ )−σ2

2
(T−τ )+σ( bZT− bZτ)−

σ2
1
2

(T−τ )+σ1(Zi
T
−Zi

τ)



 .

Because (Z i
T − Z i

τ ) is independent of all the other random variables, upon taking expectation,
we obtain

Eτ+

[
πTBi

T

]
=





B−γ

τ+Bi
τ+ Eτ+

[
eεyes(τ,T )

[
ατe

εyes(τ,T ) + (1 − ατ )
]−γ
]

if policy changes

B−γ
τ+Bi

τ+ Eτ+

[
eεno(τ,T )

[
ατe

εno(τ,T ) + (1 − ατ )
]−γ
]

if policy does not change

(B77)
where εyes(τ, T ) and εno(τ, T ) are defined in (B73). Equation (B66) follows from (B77) and
(B76).

Finally, we compute market values at time τ right before the policy decision is taken.
Given the equilibrium function g(c, ατ ), let the probability of a policy change be

pτ = Pr
(
ĝτ < g(c, ατ)|ĝτ , ατ

)
=

∫

c:bgτ <g(c,ατ )

φc

(
c;−σ2

c

2
, σ2

c

)
dc .
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Using the law of iterated expectations, we obtain

πτ = pτπ
yes
τ+ + (1 − pτ )π

no
τ+ (B78)

Eτ

[
πTBi

T

]
= pτEτ+

[
πTBi

T |yes
]
+ (1 − pτ )Eτ+

[
πTBi

T |no
]

, (B79)

where Eτ+ [πTBi
T |yes] and Eτ+ [πTBi

T |no] are given in (B77). We then obtain the market
value right before the decision at time τ :

M i
τ =

Eτ [πTBi
T ]

πτ

=
pτEτ+ [πT Bi

T |yes] + (1 − pτ )Eτ+ [πTBi
T |no]

pτπ
yes
τ+ + (1 − pτ )πno

τ+

=
pτ

Eτ+[πT Bi
T |yes]

π
yes
τ+

+ (1 − pτ )
πno

τ+

π
yes
τ+

Eτ+[πT Bi
T |no]

πno
τ+

pτ + (1 − pτ )
πno

τ+

π
yes
τ+

= ωMyes
τ+ + (1 − ω)Mno

τ+ ,

where ω is in (B67) with H =
πno

τ+

π
yes
τ+

.

We finally obtain the equilibrium condition for a Nash Equilibrium. A firm that chooses

the riskless technology has Bi
T = Bi

τ and thus a market price M i
τ =

Eτ [πT Bi
T ]

πτ
= Bi

τ
Eτ [πT ]

πτ
=

Bi
τ . Thus, a value-maximizing manager strictly prefers the risky technology if and only if

M i
τ > Bi

τ . For there to be an equilibrium with a fraction ατ of firms chosing the risky

technology, we must have the indifference condition M i
τ

Bi
τ

= 1, otherwise all firms would opt

for either the risky or the riskless technology. From the pricing formula of stocks (B66), and
because Bτ+ = Bτ (capital does not jump at the announcement), this indifference condition
implies condition (B68).

To summarize, the Nash equilibrium is as follows: Given ĝτ , let there be ατ such that
condition (B68) is satisfied. Given that the fraction ατ of firms choose the risky technology,
let g(c, ατ ) be the solution to equation (B63). The government changes its policy if and only
if ĝτ < g(c, ατ). Given this policy function of the government, the equilibrium ατ must be

consistent with pτ = Pr
(
ĝτ < g(c, ατ)

)
, which affects M i

τ/B
i
τ and thus also the equilibrium

condition (B68).

QED (Proposition 9)

Lemma A8: The equilibrium condition (B68), obtained in a setting in which firms maximize
their market values, is equivalent to a first-order condition in an alternative setting in which
a social planner chooses ατ to maximize the investors’ expected utility.

Proof of Lemma A8. Consider a social planner/representative manager who can choose at
time τ how much investment in physical capital to make. Specifically, this manager chooses
the fraction ατ of firms that will invest in the risky technology. Physical investments are
irreversible and the decision is made without knowing whether the government will change
its policy (as in the paper). The representative manager decides according to

max
ατ

Eτ

(
B1−γ

T

1 − γ

)
= max

ατ

pτEτ

(
B1−γ

T

1 − γ
|yes

)
+ (1 − pτ )Eτ

(
B1−γ

T

1 − γ
|no

)
,
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where

BT |yes = Bτ

(
ατe

εyes(t,T ) + (1 − ατ)
)

BT |no = Bτ

(
ατe

εno(t,T ) + (1 − ατ )
)

and where εyes (t, T ) and εno (t, T ) are defined in the paper. Substitute

max
ατ

Eτ

(
B1−γ

T

1 − γ

)
=

B1−γ
τ

1 − γ





pτEτ

((
ατe

εyes(t,T ) + (1 − ατ)
)1−γ

)

+(1 − pτ )Eτ

((
ατe

εno(t,T ) + (1 − ατ)
)1−γ

)




 .

Assuming an interior solution 0 < ατ < 1, the FOC with respect to ατ is

0 = pτEτ

[(
ατe

εyes(t,T ) + (1 − ατ)
)−γ (

eεyes(t,T ) − 1
)]

+(1 − pτ ) Eτ

[(
ατe

εno(t,T ) + (1 − ατ)
)−γ (

eεno(t,T ) − 1
)]

or, equivalently,

pτEτ

[(
ατe

εyes(t,T ) + (1 − ατ)
)−γ
]

+ (1 − pτ )Eτ

[(
ατe

εno(t,T ) + (1 − ατ )
)−γ
]

= pτEτ

[(
ατe

εyes(t,T ) + (1 − ατ)
)−γ

eεyes(t,T )
]

+ (1 − pτ )Eτ

[(
ατe

εno(t,T ) + (1 − ατ)
)−γ

eεno(t,T )
]

or, equivalently,

1 =
pτEτ

[(
ατe

εyes(t,T ) + (1 − ατ)
)−γ

eεyes(t,T )
]

+ (1 − pτ ) Eτ

[(
ατe

εno(t,T ) + (1 − ατ)
)−γ

eεno(t,T )
]

pτEτ

[
(ατeεyes(t,T ) + (1 − ατ ))

−γ
]

+ (1 − pτ )Eτ

[
(ατeεno(t,T ) + (1 − ατ ))

−γ
] .

This is the same condition as in the paper, where ατ is chosen as a Nash equilibrium in

which all firms have M i
τ

Bi
τ

= 1.

QED (Lemma A8)
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