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Abstract

Finance theory can be used to form informative prior beliefs in financial decision-making.
This paper approaches portfolio selection in a Bayesian framework that incorporates a prior
degree of belief in an asset pricing model. Sample evidence on home bias and value and size
effects is evaluated from an asset-allocation perspective. U.S. investors’ belief in the domestic
CAPM must be very strong to justify the home bias observed in their equity holdings. The
same strong prior belief results in large and stable optimal positions in the Fama-French book-

to-market portfolio in combination with the market since the 1940s.
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Finance theory has produced a variety of models that attempt to provide some insight into the
environment in which financial decisions are made. How should these models be used by financial
decision-makers? Empirical finance typically approaches a theoretical model by testing whether
its implications are supported by the data. Based on the result of a hypothesis test, the model is
either rejected or not rejected. It is not clear what such an outcome implies about the usefulness
of the model for decision-making. If the model is not rejected, should it be used as the truth? And
if it is rejected, should it be discarded as worthless? Such a simplistic approach, based solely on
the result of a hypothesis test, fails to capture many aspects of both the model and the data that
could potentially be useful to a decision-maker. Instead, it might be reasonable to assume that
financial models are neither perfect nor useless. By definition, every model is a simplification of
reality. Hence, even if the data fails to reject the model, the decision-maker may not necessarily
want to use the model as a dogma. At the same time, the notion that models implied by finance
theory could be entirely worthless seems rather extreme. Hence, even if the data rejects the model,

the decision-maker may want to use the model at least to some degree.

A natural approach to using financial models in decision-making can be developed in a Bayesian
framework. A model can be used as a point of reference around which the decision-maker can center
his prior beliefs. These prior beliefs are combined with the data, which may violate the implications
of the model, and the revised beliefs are used to make decisions. The relative importance of the
sample evidence versus the model depends on the strength of the violations of the model in the
data relative to the strength of the prior belief in the model.! Following such an approach, this

paper explores how asset pricing models can be used in portfolio selection.

The goal of portfolio selection is to find an optimal allocation of wealth across a number of
assets. At least two different approaches to portfolio selection are commonly used in finance. A
“data-based” approach assumes a functional form for the distribution of asset returns and estimates
its parameters from the time series of returns. For example, sample estimates of the mean and
covariance matrix of asset returns can be used to compute the optimal weights in a mean-variance
framework. This approach ignores the potential usefulness of asset pricing models.? Asset pricing
models imply an alternative approach to portfolio selection. In this “model-based” approach, the
optimal portfolio of every investor is a combination of benchmark portfolios that expose the investor
only to priced sources of risk.? For example, under the Capital Asset Pricing Model (CAPM), the
market portfolio is the single benchmark, and is therefore the optimal portfolio of every investor.

This approach makes no use of the time series of returns on the non-benchmark assets.

The two typical approaches to portfolio selection essentially reflect two extreme views about

the validity of asset pricing models. The first approach regards asset pricing models as useless,



and the second approach considers one of these models to be a perfect description of reality. Such
polar views could be adopted as a result of a hypothesis test, as described at the outset.* However,
the portfolio literature is silent about what happens in between. For example, what if an investor
thinks highly of a certain pricing model, but is concerned that the model may not hold exactly due

to mild violations of its assumptions in the real world?°

This paper approaches the portfolio selection problem in a Bayesian framework that incorporates
the investor’s prior degree of confidence in an asset pricing model. The degree of confidence can
range from a dogmatic belief in the model to a belief that the model is useless. As the degree of
skepticism about the model grows, the resulting optimal allocation moves away from a combination
of benchmark portfolios toward the allocation obtained in the data-based approach. We explore
how fast the optimal allocation moves from one extreme to the other in response to sample evidence
and what determines the strength of the influence of sample evidence on the optimal allocation.
The approach developed in the paper uses both an asset pricing model and the time series of asset

returns to find the optimal portfolio.

The investor specifies an informative prior distribution on the assets’ mispricing a within an
asset pricing model. As is typical in Bayesian analysis, the sample mispricing & is “shrunk” toward
the prior mean of « to obtain the posterior mean of «, which is used in portfolio analysis. The most
natural choice for the prior mean of « is zero, the value implied by the model. Prior confidence
in the model’s implication that a = 0 is expressed through o,, the prior standard deviation of a.
Due to the shrinkage in «, the sample mean is shrunk toward the expected return implied by the
pricing model. Shrinking the sample mean reduces the sensitivity of the optimal weights to the
sampling error in &. The weights have less extreme values and are more stable over time than in

the data-based approach.

The idea of specifying an informative prior on « is proposed in Péstor and Stambaugh (1999).
The authors (hereafter referred to as PS) propose a Bayesian approach to estimating costs of equity
and analyze the sources of uncertainty in the cost of equity estimates for individual firms. The
part of our methodology that leads to the posterior distribution can be viewed as a multivariate
extension of a part of the methodology in PS. However, the focus of this paper is quite different.
Instead of examining an estimation problem as PS do, this paper concentrates on the decision

problem of forming the optimal portfolio of multiple risky assets.

In this paper, the investor’s prior beliefs are centered around an asset pricing model. In a
related study, Black and Litterman (1992) suggest using the CAPM as a benchmark toward which
the investor can shrink his subjective views about expected returns. The extent of the deviations

from the CAPM depends on the investor’s degree of confidence in his subjective views. That study



makes no direct use of sample information about expected returns. In contrast, our approach
shrinks the sample means toward their values implied by the model. The extent of the deviations
from the model depends on the strength of the violations of the model in the data as well as on

the investor’s degree of confidence in the model.

The focus of the empirical analysis is to investigate the extent to which optimal holdings depart
from the market portfolio, which plays a central role in finance theory. In our mean-variance
examples, wealth is allocated between the market portfolio and an asset (or assets) with non-zero
sample mispricing & within the CAPM. It is well known that one should invest (disinvest) in any
asset whose « is positive (negative), since combining the asset with the market portfolio increases
the portfolio’s Sharpe ratio.® However, the true value of « is unknown. How much attention should
the investor pay to a non-zero value of the sample estimate of «? The impact of & on the optimal

allocation is investigated for different assets and different prior beliefs about a.

The empirical analysis investigates the home bias in the equity holdings of U.S. investors and
the issues of investing based on value and size. The home bias puzzle is associated with the
observation that investors’ equity holdings typically include a substantially larger proportion of
domestic equities than is suggested by standard portfolio theory. U.S. investors hold only about
eight percent of their equity holdings in foreign equities, although their optimal allocation in foreign
equities based on the sample moments of asset returns is over 40 percent.” However, several recent
studies cannot reject the hypothesis that the global mean-variance efficient portfolio puts zero
weights on non-U.S. stocks. These two different ways of looking at the data, one based on point
estimates and the other on the result of a hypothesis test, lead to different conclusions about the

home bias and about the benefits of international diversification for U.S. investors.

This paper assesses the evidence in the data from an asset allocation perspective. A U.S.
investor confronted with the data decides how much to invest in foreign stocks. In our framework,
the bias toward domestic equities can simply reflect a certain degree of prior confidence in the
domestic CAPM. However, we find that U.S. investors’ belief in the global mean-variance efficiency
of the U.S. market portfolio must be very strong to justify the home bias observed in their equity
holdings. Their actual holdings are consistent with the prior belief that the annual mispricing of a
foreign stock portfolio within the domestic CAPM is in the tight interval between -2 percent and

2 percent.

Surprisingly, even the same strong prior belief in the CAPM is significantly revised by the
sample evidence about the Fama and French (1993) book-to-market portfolio (HML). Consider an
investor who allocates his wealth between HML and the market portfolio, who believes that the

annual mispricing of HML within the CAPM is between -2 percent and 2 percent. As of January



1997, this investor should optimally invest 40 percent of his wealth in HML, despite his strong belief
in the mean-variance efficiency of the market portfolio. Moreover, this investor’s optimal position
in HML is large and rather stable, mostly between 20 percent and 40 percent, in every month since
the early 1940s. The optimal positions in HML for investors with weaker beliefs in the CAPM are
even larger and still fairly stable. For example, an investor who is completely skeptical about the
CAPM should hold around 50 percent to 80 percent of his wealth in HML in the last five decades.
The robust optimal weights in HML are primarily due to the robust value premium over the last

sixty years.

The rest of the paper is organized as follows. Section I first describes the data-based approach to
portfolio selection and then develops our “model-and-data-based” Bayesian methodology. Section
IT describes the data used in the empirical analysis. In Sections III through V, optimal combinations
of the market portfolio with a number of different assets are explored. Section III examines the
home bias puzzle. Section IV looks into investing based on value and size. Section V explores the

effect of imposing prior beliefs that depart from the model. Section VI concludes.

I. Methodology

The methodology section is divided into four subsections. The first subsection lays out the port-
folio selection problem and discusses the data-based approach to this problem. The remaining
subsections develop a methodology that can be used to compute optimal weights in the presence
of a nontrivial prior degree of belief in an asset pricing model. The second subsection specifies the
assumptions on the stochastic behavior of returns and the resulting likelihood function. The third
subsection describes the prior distribution on the model parameters. The final subsection describes

how the predictive distribution of returns is obtained.

A. DPortfolio Selection

Consider a risk-averse investor with a one-period investment horizon who must allocate funds
between a riskless asset and a portfolio of (N + K) risky assets, K of which are benchmark portfolios.
The returns on the benchmark portfolios replicate the realizations of K priced sources of risk in a
certain asset pricing model. The (N + K) risky assets are referred to as “investable assets”, and
the N risky assets are referred to as “non-benchmark assets” or simply “assets”. The investor is
assumed to consider the past to be informative about the future. The allocation decision is made
based on the information set ® containing a finite history of returns on the investable assets and

prior information. The investor believes that his portfolio decision has no effect on the probability



distribution of asset returns. The markets are assumed to be frictionless, with no transaction costs

or taxes.

Let W denote the investor’s current wealth, and § the proportion of the wealth invested in the
riskless asset. The optimal value of 6 depends on the degree of the investor’s risk aversion and is
not investigated in this paper. Let w denote the (N 4+ K) x 1 vector of the weights in the portfolio
of the investable assets, where W'ty = 1 and ty1 i is an (N + K)-vector of ones. The investor’s
wealth one period later is

Wi =W(0+rp+ (1= 8)w'rs). (1)

In the above equation, 7y stands for the rate of return on the riskless asset and r; is the (N4+K) x1
vector of the next-period returns on the investable assets in excess of r¢. The investor chooses w

to maximize the expected utility of the next-period wealth:

max [ u(Wo1)p(ra|®)dran. (2)

where w is the investor’s utility function and p(r41|®) is the probability density of 41 conditional
on ®, often referred to as the predictive density.® Although the predictive density is in general
unknown, the density p(r41|6, ®) is usually assumed to be known, where 6 denotes the parameters
of the statistical model that describes the stochastic behavior of returns. However, 6 is unknown.
The simplest way to deal with this challenge is to treat the sample estimates 0 as their true values.
However, such an approach ignores the estimation risk in the estimates and hence understates the
true level of uncertainty faced by the investor. As shown by Zellner and Chetty (1965), Brown
(1976), Klein and Bawa (1976), and others, estimation risk can be accounted for in a Bayesian

framework. Instead of using p(r+1|é, ®), the predictive density can be obtained as

p(ral®) = [ plraalo. @)p(6|0)do. 8

The posterior distribution of 6, p(8|®), is proportional to the product of the prior distribution and
the likelihood function,
p(0]®) o< p(6)L(6; ®). (4)

One approach to specifying the likelihood function is to assume that, in each period, the joint
distribution of the excess returns on the investable assets is multivariate normal with parameters
E and V. If the prior distribution of § = (E, V) is noninformative and all investable assets have
return histories of the same length, the resulting predictive density is a multivariate Student ¢ and
the tangency portfolio weights are the same as the weights obtained when E and V' are simply
replaced by their maximume-likelihood estimates. Such an approach corresponds to our approach

when N = 0 and the investor seeks an optimal mix of the benchmark portfolios.



Stambaugh (1997) assumes a standard noninformative prior on 6 and derives closed-form ex-
pressions for the first two moments of the predictive density when the assets have return histories
that differ in length. In our framework, the K benchmarks may have longer histories than the N
assets. When our investor is completely skeptical about the pricing model implied by the K bench-
marks, the results essentially coincide with the results obtained in Stambaugh’s unequal-history
framework. The expressions for the first two moments of the predictive density p(ry1|®), E and V,
are given in Appendix A. As in the equal-history framework, estimation risk is included in V, which
exceeds the maximum-likelihood estimate of the covariance matrix by a positive definite matrix.
Unlike in the equal-history framework, the weights in the tangency portfolio are affected by esti-
mation risk and in general differ from the weights produced by the maximum-likelihood estimates
of £ and V. Although more complicated approaches based solely on the data can be constructed,
our designation “data-based approach” refers to the approach that obtains the weights using the

moments given in Appendix A.

The remainder of Section I proposes an alternative methodology for obtaining E and V. Unlike
the data-based approach described above, the new methodology allows the investor to use an
asset pricing model and incorporate his prior degree of confidence in the model’s pricing abilities.
Regardless of the approach used to obtain E and V, the (N + K) x 1 vector of the weights in the

portfolio with the maximum Sharpe ratio is

. VB
//N+KV E

The above expression is a standard mean-variance result, which requires the return on the riskless
asset to be smaller than the return on the global minimum variance portfolio of risky assets. A
risk-averse mean-variance investor optimally chooses a portfolio with the maximum Sharpe ratio.
For simplicity, the examples presented in this paper focus on the familiar mean-variance case and
calculate the optimal portfolio weights using equation (5). However, our procedure can be used to
construct the entire predictive distribution of returns on the investable assets, not only its first two
moments. As a result, the portfolio choice problem in equation (2) can also be solved for utility

functions that involve higher-order moments such as skewness and kurtosis.

Note that our investor should not be viewed as a representative investor. The equilibrium
in asset markets cannot be supported if all investors have the same perception of the likelihood
function and identical non-dogmatic prior beliefs. For example, with identical imperfect beliefs
in the CAPM, all investors would deviate from the market portfolio in the direction pointed by
the data. If all investors perceive the same likelihood, the existence of an equilibrium requires
heterogeneity of investors’ prior beliefs, with some prior beliefs about mispricing centered at non-

zero values.



B. Likelihood

Suppose that L returns on K benchmark portfolios are available and denote the L x K matrix of
those returns in excess of 7y by FL. Let F; denote the t-th row of FL t=1,..., L. Also, suppose
that T" < L returns on N risky assets are available in the most recent periodst =L —-T+1,..., L.
Let R denote the T' x N matrix of those returns in excess of 7. Let Ry denote the (t — L +T')-th
row of R,t =L —T+1,...,L, and let F” denote the T x K submatrix of F corresponding to
the same period as R. The multivariate regression of the asset returns on the benchmark returns

can be written as

R=XB+U,  vec(U)~N(0,E@® Ir), (6)

where X = [t FT], “vec” denotes an operator that stacks the columns of a matrix into a vector,

“®” denotes the Kronecker product, and

!/

-5 )

is a (K 4+ 1) x N matrix containing the N x 1 vector of the intercepts a and the K x N matrix of
the slopes (benchmark loadings) By from the regression. The rows of the disturbance matrix U are
assumed to be serially uncorrelated and homoskedastic with an N X N covariance matrix . Also

denote the N(K + 1) x 1 vector
b=vec(B') = @ , (8)
B
where 8 = vec (Bj) is an NK x 1 vector.
The benchmark returns are assumed to be distributed as #id normal,
Fy ~ N(EFp, V), (9)

where Ep is 1 x K and Vg is K x K. The benchmark returns are also assumed to be independent

over time and independent of U.

The assumptions about the stochastic behavior of returns imply that the likelihood function for

the parameters (B, X, Ep, Vi) can be factored into a product of two normal likelihood functions,
p(R,F"|B,%, Ep,Vr) = p(R|F", B,X)p(F"|Er, V). (10)
The likelihood function for the regression parameters is
p(RIFT,B,Y) « |37% exp {—%tr (R— XB)'(R - XB)E—l}

~

1 1 ;
o |E|7% CXp{—atISEl - §t1 (B_B)/X/X(B_B)Zl}7 (11)
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where S = (R— XB) (R - XB), B= B = (X'X)7LX'R, “tr” stands for the trace operator,
2
|2] denotes the determinant of ¥, and “o” means “proportional to”. The likelihood function for

the benchmark moments is
1
p(FLER, Vi) o |Vp| % exp {—gtr (FE — 1 Ep) (FE - LLEF)VFl}

1 L . .
o \VFr% exp {—atrQVF_I - gtr (Er — Ep) (Ep — EF)VF_l} , (12)

where Q = (F¥ — 1 Ep) (F* — 1 Ep) and Ep = L 28 | F).

C. Prior

The prior distribution of the parameters (B, X, Ep, Vi) is specified to be noninformative about all
of the parameters except for «, the first row of the matrix B. The decision-maker is assumed to have
no prior information about the moments of the benchmark returns, the benchmark loadings, and
the residual covariance matrix. The only prior information is about the assets’ mispricing «, which
corresponds to a certain degree of belief in the validity of the asset pricing model. For example, if
the CAPM is considered, although there is no prior information about the location of the market
portfolio in a mean-variance space, there may be some prior belief about the market portfolio’s
degree of inefficiency. The regression parameters and the benchmark moments are assumed to be
independent in the prior:

p(B, %, Ep,VF) = p(B,X)p(EF, V). (13)

The prior on the regression parameters B and ¥ is a normal-inverted-Wishart prior:

b ~ N(b¥(%)) (14)
>~ W(HT ), (15)

where

g) (16)
o2 (L

E(X) = s§%y. (18)

The notation W (H™!,v) stands for a Wishart distribution with parameter matrix H~! and v
degrees of freedom. The prior is made essentially noninformative about X by setting v equal to 15,

so that the prior contains only about as much information as a sample of 15 observations. E(X)



denotes the prior expectation of ¥. From the properties of the inverted Wishart distribution (see,
for example, Anderson (1984)), E(X) = H/(v—N—1), where H = s?(v— N —1)Iy is consistent with
equation (18). For simplicity, equation (18) assumes that, in the prior, the regression residuals are
uncorrelated and the residual variances are equal across assets. In the posterior, sample evidence
overwhelms the noninformative prior on ¥, so the residuals are in general correlated and the

variances unequal across assets.

In equation (17), ¥(X) is an N(K +1) x N(K +1) matrix, whose (1, 1) block is the N x N prior
covariance matrix of « conditional on ¥. The (1,2) and (2,1) blocks of ¥(X) are zero matrices
corresponding to the prior covariances between the intercepts and the slopes from the regression
in equation (6). These prior covariances are assumed to be zero for tractability reasons, unlike in
PS. The (2,2) block of ¥(X) is the NK x N K prior covariance matrix € of the regression slopes 3.
The prior is made noninformative about § by setting 2 equal to a diagonal matrix with extremely
large diagonal elements. Since b is independent of 3, the unconditional prior covariance matrix of

b equals

o2 (% o’
Vo =cov (b b)) =E{¥(X)} = l a(sf(z)) 8 1 = l aojN 8 ] ; (19)

where Iy denotes an identity matrix of rank N. As a result, the marginal prior distribution for the

N x 1 vector a of asset mispricings has a mean of @ and a covariance matrix of o2 Iy.?

If the benchmark returns are constructed as excess returns or returns on zero-investment posi-
tions, as is the case throughout the paper, then the pricing model implies that « is an N-vector of
zeros (see Huberman, Kandel, and Stambaugh (1987)). If the elements of « are a priori centered
at the model-predicted value of zero (i.e., if & is a zero vector), the value of o, represents a prior
degree of belief that the pricing model holds. An investor’s choice of o, may be influenced by many
factors, including the results of the studies that test the implications of the model. For example,
if most previous studies are unable to reject the model, the investor might choose to specify a low
value for o,. Hypothesis tests could therefore play a role in decision-making through the specifica-
tion of the prior degree of belief in the model. Note that if the prior degree of belief in the model
is formed based on the result of a hypothesis test, the data used to update the prior should not
overlap with the data used to conduct the hypothesis test.

The elements of a can also be centered at non-zero values, such as the forecasts of o provided
by a security analyst (see Treynor and Black (1973)). In that case, o, no longer represents a degree
of belief in the model, but rather a degree of belief in the accuracy of the forecast. This case is

illustrated in Section V.

Note that, in equation (17), the conditional prior covariance matrix of « is proportional to the



residual covariance matrix X. The motivation for the prior link between the intercepts and the
residual covariance matrix is the same as in PS and comes from MacKinlay (1995). It is well known
that o/ ¥ 1o is the difference between two maximum squared Sharpe ratios — one obtainable by
combining the N assets with the K benchmark portfolios, and the other by combining only the
benchmark portfolios (see Gibbons, Ross, and Shanken (1989)). If « is not linked to 3, then, as
argued by MacKinlay, very large Sharpe ratios could potentially be obtained by combining the
assets with the benchmarks. If & is a zero vector, our link between a and ¥ reduces the probability
of very large Sharpe ratios by adjusting the prior variances of the elements of o downward if the
diagonal elements of ¥ are small. If the conditional covariance matrix of 3 were also proportional
to X, our prior on the regression parameters would be the natural conjugate prior. Nevertheless,
this covariance matrix is made independent of ¥ in the prior, since there is no theoretical reason

why it should be dependent.!?

The prior on the benchmark moments Er and Vp is a standard diffuse prior for the parameters

of a multivariate normal distribution:
_K+1
p(EF, VF) X |VF| 2, (2())

This prior reflects noninformative beliefs about Ep and Vg and is discussed in detail in Box and

Tiao (1973).
D. Predictive Return Density

Recall that Bayesian portfolio selection is based on the predictive density of the (excess) returns
on the investable assets. Let Fr 41 denote the 1 x K vector of the next-period benchmark returns.

The predictive density of the benchmark returns equals
p(FLa|F") = / P(FL1|Ep, Vi, FY)p(Ep, Vi | F*)dEpdVi. (21)

This predictive density corresponds to a multivariate Student ¢ distribution with L — K degrees of

freedom, as shown in Appendix B.

Let Rp41 denote the 1 X N vector of the next-period returns on the non-benchmark assets. The

predictive density of the asset returns is
p(Rp+1]®) = /P(RL+1|FL+17 ®)p(Fr41|®)dFL+1
= /P(RL+1|BaZyFLH,‘I))P(B>E|‘I’)P(FL+1|FL)dFL+1dBdE- (22)
The density p(Rr+1|B, X, Fr+1, ®) is normal, since

Riy1=Xr11B+Up+i, Upsr ~N(0,Y), (23)
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where Xp11 = [1 Fry1]. The predictive benchmark return density p(Fri1|F¥) is discussed in
Appendix B and the posterior density p(B, X|®) is discussed in Appendix C. It is possible to make
draws of Rp4; from the predictive density (22) as follows. First, draw the benchmark returns
Fr 11 as described in Appendix B. Second, draw the regression parameters B and ¥ using Gibbs
sampling as described in Appendix C. Finally, draw the asset returns Rpy1 conditional on B, X,
and Fp4q from the normal density implied by equation (23). A large number of such draws of
Rp11 yields a simulated predictive distribution of the asset returns. The first two moments of the
joint predictive density of the returns on the (N + K) investable assets, FE and V, are estimated
(to an arbitrary degree of precision) across the predictive draws of [Rpy1 Fry1], except that the
predictive benchmark moments are taken directly from equations (A.7) and (A.8) in Appendix B.

The optimal weights in the investable assets are computed as shown in equation (5).

In order to present some intuition about the mean of the predictive return density, it is conve-
nient to consider the simplest case with one benchmark and one non-benchmark asset (K =1, N =

1). In this case, the regression in equation (6) can be written as
Ri=a+ fF +u;, s ~ N(0,0%), t=L-T+1,...,L. (24)

The posterior means of a and 3 can be shown to be equal to

a = (1 — w&)c_u + wg (25)
B = B+c& (26)
In the above,

var (F;

Wa = E(02) 12 ( t)A (27)
7oz Ly + var (F})
0'2 R
E¥02)Ft N _

£ = = (& —a), (28)

B R2 + var (Fy)

where Fy = 2520 1 By, F?2 = Sy FE var (Fy) = F2 —(F)?, and E(0?) stands for the
prior expected value of the residual variance 0. The weight wg indicates how much attention the
investor pays to the sample violation of the model, &. In line with intuition, wg increases as the
belief in the model becomes weaker (as o increases), as the amount of sample evidence increases

(as T increases), and as the expected precision of & increases (as E(o?) decreases).

As the value of € in equation (28) is typically very small relative to ﬁ, the posterior mean of 3
in equation (26) is close to B Intuitively, since there is no prior information about (3, the revised
beliefs about @ center on the sample estimate. Also note that the absolute value of £ increases as

oo decreases. For o, = 0, the market model regression is essentially run without the intercept.

11



Since (3 is (in reasonable samples) very close to 5 even for o, = 0, whether the regression is run

with or without the intercept has little effect on the resulting estimate of 5.

The mean E(Rp4+1|®) of the predictive density of asset returns equals & + BEp, where Ey is
a long-series average of benchmark returns taken from equation (12). The posterior mean of « in
equation (25) is simply a weighted average of the prior mean of o and its sample estimate. It follows
for @ = 0 that the mean of the predictive density is close (up to a small value of fE 1) to a weighted
average of & + ﬂAEF and ﬁEF The value of & + ﬁEF is close to & + ﬂAF_’t, the sample mean of the
non-benchmark asset returns over the most recent 1" periods, unless there is a substantial difference
between the sample means of the benchmark returns over the most recent L and T periods. That
is, the sample mean of the asset returns is essentially shrunk toward a simple model estimate of
the expected return, ﬁEF Hence the expected return estimate used in portfolio selection is close
to a shrinkage estimator of expected return introduced to portfolio analysis by Jobson, Korkie, and
Ratti (1979) and later applied by Jorion (1985, 1986, 1991) and Frost and Savarino (1986). In those
studies, however, the prior distribution ignores the potential usefulness of asset pricing models. As
a result, the sample mean is shrunk toward a value that is not related to an asset pricing model,
such as a grand mean of asset returns. In contrast, the sample means of the non-benchmark asset
returns in this study are shrunk toward values implied by finance theory. The sample means of the
benchmark returns are not shrunk. If it is believed that those sample means contain substantial

estimation error, the noninformative prior in equation (20) can be replaced by an informative prior.

The studies cited in the previous paragraph find that portfolio performance can be improved by
specifying an informative prior that reduces the estimation error in the expected return estimate.
This reduction is helpful since the weights in equation (5) are known to be quite sensitive to changes
in the expected return estimate. A substantial part of the estimation error in a sample mean is
due to the error in & When the prior belief in the model is strong (i.e., when o, is small), wg
in equation (27) is close to zero and the resulting expected return estimate contains only a small
fraction of the estimation error in &. Therefore, instead of resorting to approaches that may not be
casy to justify economically (such as imposing artificial constraints on asset holdings or shrinking
sample means to an ad-hoc value), it is possible to reduce the sampling variability of the optimal
portfolio weights by specifying at least a mild degree of belief in the model in the form of a relatively

small og.
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II. Data

The focus of the empirical analysis is to investigate the extent to which optimal holdings depart
from the market portfolio. Although the methodology presented in the previous section is applicable
when K benchmarks are mixed with N non-benchmark assets, the empirical examples presented in

the following sections are restricted to K = 1, where the single benchmark is the market portfolio.

In the empirical examples, different assets are optimally combined with the U.S. market port-
folio. In Section III, which investigates the home bias puzzle, the non-market asset is a portfolio
of foreign stocks. Section IV looks into investing based on value and size by combining the Fama-
French book-to-market and size portfolios with the market. In Section V, which explores the effect
of including prior beliefs that depart from the model, a portfolio of small stocks is combined with

the market. A brief description of the data follows.

The proxy for the market portfolio used throughout the study is the value-weighted portfolio
of all stocks listed on the New York Stock Exchange (VW NYSE). The monthly returns on VW
NYSE are obtained from the Center for Research in Security Prices (CRSP). The average return on
VW NYSE in excess of the return on a one-month Treasury bill in January 1926 through December
1996 is 0.66 percent per month, and the standard deviation is 5.49 percent per month.

The portfolio of foreign stocks is the “World-Except-U.S.” portfolio (WXUS) provided by Mor-
gan Stanley Capital International. This portfolio is a value-weighted portfolio of 22 most developed
equity markets outside the U.S. On average, 60 percent of the market capitalization in each country
is included in the index. The U.S. dollar returns on WXUS including reinvested dividends are ob-
tained from Datastream. Between January 1970 and December 1996, the mean monthly return in
excess of the return on a one-month U.S. Treasury bill is 0.57 percent, and the standard deviation

4.95 percent.

The Fama-French book-to-market portfolio (HML) buys stocks with a high ratio of book value
to market value and shorts the same dollar amount of stocks with a low ratio. The size portfolio
(SMB) buys small-cap stocks and shorts the same dollar amount of large-cap stocks. For more
details on the construction of HML and SMB, see Fama and French (1993). This study uses a
series of returns on HML and SMB that begins in July 1927.1%7 Over the 70-year period up to
December 1996, the average return on HML, sometimes referred to as the value premium, is 0.45
percent per month and the average return on SMB, sometimes referred to as the size premium, is
0.17 percent per month. The standard deviations of the HML and SMB returns are 3.12 percent

and 3.26 percent, respectively.
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The small stock portfolio analyzed in this study is the “9-10 Fund” administered by Dimensional
Fund Advisors (DFA). The DFA 9-10 Fund, launched in 1982, is a passive fund designed to closely
follow the returns on small-capitalization stocks. This set of small-cap stocks roughly corresponds
to the stocks in the bottom two size-based deciles provided by the CRSP.'? The CRSP’s ninth and
tenth deciles contain those NYSE, AMEX, and NASDAQ-traded stocks whose market capitalization
falls into the bottom two deciles based on NYSE breakpoints. The CRSP 9-10 index therefore
includes approximately the smallest 20 percent of all stocks, and DFA loosely tracks the return on
these small stocks. DFA’s mean excess return during January 1982 through December 1996 is 0.72

percent per month, and the standard deviation 4.88 percent.

ITII. Home Bias

Investors tend to hold a substantially larger proportion of their equity in domestic equities than
is suggested either by the weight of their country in the value-weighted world equity portfolio or
by the sample return moments used in the standard mean-variance framework. This phenomenon
is documented in a number of studies and is often referred to as the “home bias puzzle”.!3 For
example, U.S. investors’ foreign equity holdings account for only about eight percent of their total
equity holdings.™ In contrast, a simple mean-variance illustration based on the sample moments
of returns, such as in Lewis (1999) and Britten-Jones (1999), implies that U.S. investors’ optimal
weight in foreign equities is about 40 percent. Hence, the point estimates of the mean and the
covariance matrix of returns suggest that U.S. investors would benefit by increasing the extent of

their international diversification.

On the other hand, evidence presented in the recent studies by Bekaert and Urias (1996),
Gorman and Jorgensen (1997), and Britten-Jones (1999) indicates that the U.S. investors’ gains
from international diversification may not be statistically significant. Britten-Jones and Gorman
and Jorgensen cannot reject the hypothesis that the global mean-variance efficient portfolio has no
exposure to non-U.S. stocks. In other words, global mean-variance efficiency of the U.S. market
portfolio is not rejected. Hence, the conclusion about the benefits of international diversification
based on the hypothesis test is different from the conclusion based on the point estimates. The

disagreement in the conclusions from these two different perspectives begs for further investigation.

This paper assesses the sample evidence on home bias and the benefits of international diversi-
fication from an asset allocation perspective. “Explaining” the home bias puzzle is not the purpose
of this analysis. Sensible explanations of home bias would certainly include some aspects omitted

from our analysis, such as information asymmetries, transaction costs, the possibility of investing
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in foreign index futures, etc. Instead, our analysis is intended to provide a different way of looking
at the data, based on a simple decision problem of a U.S. investor. A U.S. investor is allowed to
invest in two assets, a foreign stock portfolio, and the U.S. market portfolio, the latter of which
plays the role of a benchmark asset. The choice of the U.S. market as a benchmark is motivated
by the previous studies, which assess the benefits of international diversification by testing whether
the U.S. market is globally mean-variance efficient. The investor has a certain degree of belief in
the global efficiency of the U.S. market portfolio, sometimes referred to as a belief in the domestic
CAPM. This section investigates how strongly a typical U.S. investor must believe in the domestic

CAPM in order to justify the level of his domestic equity holdings.

The investor would benefit from investing in foreign equities if and only if the intercept «
from a regression of foreign equity excess returns on U.S. equity excess returns is positive. Recall
that the foreign stock portfolio used in this study is Morgan Stanley’s World-Except-U.S. portfolio
(WXUS), as described earlier. Based on the period from January 1973 through December 1996,
the results from the regression of the excess returns of WXUS on the excess returns of VW NYSE
are & = 0.24% per month (2.89 percent annualized), 3 = 0.56, 62 = 0.0018, and R? = 25.27%. The
standard error of WXUS’s & is 3.05 percent per year, resulting in a t-statistic for & of 0.95. In view
of the positive estimate of o and in the absence of a prior belief that « is negative, portfolio theory
indeed suggests that a U.S. investor with some skepticism about the domestic CAPM should invest

in foreign stocks.

It is shown below that the statistical insignificance of & does not prevent a Bayesian investor
from investing in foreign stocks. In contrast, if the investment decision is based solely on testing
the hypothesis that a = 0, an investor facing an insignificant & approaches portfolio selection as if
a = 0. In other words, since the hypothesis is not rejected, the investor maintains his implicit prior
belief that o = 0. If the test revealed & to be significantly different from zero, such an investor
would approach portfolio selection as if @ = &, since no other information about « is available.
That is, the investor’s implicit prior would be revised all the way to o = &. Such “binary” updating

of the prior seems less appealing than the “smooth” updating provided in our Bayesian approach.

Before looking at the optimal allocations, let us make a short detour to explain how the prior
parameters are specified. The values of v and ) are specified such that the priors of ¥ and g are
noninformative. The value of s? is estimated from a 36-month period prior to the sample period.
The return history on WXUS is available back to January 1970. The regression of the excess returns
of WXUS on the excess returns of VW NYSE from January 1970 through December 1972 produces
a sample estimate of the residual variance equal to 0.0013, so WXUS’s s?(= E(0?)) is set equal to

0.0013. The values of & and o, are varied in order to express different beliefs about the expected
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mispricing and about the validity of the domestic CAPM. The CAPM predicts that « is equal to
zero. For & = 0, as 0, grows, so does the degree of skepticism that the CAPM holds.

Part A of Table I reports the optimal percentage weight in WXUS when it is combined with VW
NYSE to form the portfolio with the maximum Sharpe ratio. The resulting portfolio is optimal from
the viewpoint of an investor whose prior beliefs about expected mispricing and about the validity of
the CAPM are varied across a number of values. WXUS’s & takes on the model-predicted value of
zero and the values of 5 percent per year. Part B of the table reports the corresponding perceived
maximum Sharpe ratios, which indicate how valuable (ex ante) the optimal portfolios are to the

investor. Parts C and D report the posterior means and standard deviations of WXUS’s a.

With perfect confidence in the domestic CAPM, represented by & = o, = 0, non-zero values of
& are believed to be due solely to sampling error. Therefore, the optimal weight in WXUS is zero
and all the wealth is invested in the U.S. market portfolio. As o, grows while @ = 0, the belief in the
model becomes weaker and the investor pays some attention to WXUS’s positive sample estimate
of a. As a result, the optimal weight in WXUS increases with o, up to the level of 47.00 percent
for oo = 0o. This value is close to 46.48 percent, the value predicted by the data-based approach
introduced in Section I.A.* The table also shows what happens between the two extremes. If there
is some doubt about the CAPM, represented by o, > 0, it is optimal for the investor to account
for the positive & and invest in WXUS. For example, an investor whose prior belief in the CAPM
is represented by oo = 1% per year should optimally invest about eight percent of the wealth
in foreign stocks, and an investor with o, = 3% per year should invest 30 percent. The actual
allocation in foreign stocks observed in the equity holdings of U.S. investors is consistent with oy
of about one percent, which represents a strong belief in the mean-variance efficiency of the U.S.

market portfolio.

The prior with o, = 1% seems to be very strong. This prior essentially rules out mispricing of
the foreign stock portfolio larger than two percent in absolute value. Moreover, this prior places
a large weight on the prior view relative to sample evidence. Part C of Table I shows that, for
0o = 1%, the posterior mean of « is only 0.39 percent, which is much closer to the prior mean & = 0
than to the sample value & = 2.89%. The prior on « is strong relative to the sample evidence,
since it shrinks & close to @. Finally, imagine that the prior with o, = 1% were to be formed as
a posterior after an investor with no prior information observes a hypothetical sample with the
same sample statistics as the observed sample. With no prior information, the posterior standard
deviation of alpha from the hypothetical sample is essentially equal to the standard error of & in
the hypothetical sample. Note that the standard error of WXUS’s observed & is over three percent

per year and that the standard error is inversely proportional to the square root of the sample size.
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In order to make the standard error of & from the hypothetical sample as low as one percent per
year, the hypothetical sample must be over nine times as long as the observed sample, i.e., over

216 years long.16

The results in Table I provide a “snapshot” view of the home bias issue. Optimal allocations
are computed in January 1997 based on the sample period from January 1973 through December
1996. More information on home bias is provided by analyzing the optimal allocations computed
in previous years. For every portfolio formation month between January 1978 and January 1997,
optimal weights in the foreign stock portfolio are computed based on a sample of returns that ends
one month prior to the portfolio formation month.!” Two different approaches to specifying the
starting dates of the sample periods are pursued. In the “cumulative sample period” approach,
all sample periods begin in January 1973. In the “10-year rolling sample period” approach, the
starting dates roll over time together with the ending dates such that all sample periods are 10
years long. Using rolling sample periods could be useful when there is suspicion that the regression

coefficients change over time in a manner that is difficult to model explicitly.

Figure 1 plots the optimal allocations in foreign stocks for every portfolio formation month
between January 1978 and January 1997. For each month, four different allocations are reported,
corresponding to oo = 1%, 2%, 3%, and co. Throughout, @ = 0. The first plot in Figure 1 is based
on cumulative sample periods. Note that the allocations in January 1997 correspond to those
reported in the first row of Table I. In this plot, the optimal weight in foreign stocks is consistently
positive, with a minor exception in the last three months of 1982. For o, = oo, the optimal weights
in WXUS tend to be large and unstable, although they never exceed 100 percent. Since o, = 00
yields essentially the same results as standard mean-variance optimization with sample means and
covariances (except for the difference in the lengths of the return histories for VW NYSE and
WXUS), it is often the large weights corresponding to o, = oo that are shown as evidence of home
bias in U.S. investors’ holdings. In the presence of some prior belief in the mean-variance efficiency
of the U.S. market portfolio (o4 < 00), the optimal weights in foreign stocks are lower and more
stable over time. However, it is interesting that these weights are sometimes substantial even for
fairly low values of o,. For example, the weights can be as high as 57 percent for o, = 3% and as

high as 14 percent for o, = 1%.

The second part of Figure 1 plots the optimal weights in WXUS based on 10-year rolling sample
periods. The weights in the first five years are identical to those from cumulative regressions, since
less than 10 years of data is available by then. Although the results from rolling regressions are
fairly similar to those from cumulative regressions, three differences emerge. First, the weights for

0q = 00 tend to have more extreme values than in cumulative regressions. With shorter sample
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periods, &’s tend to have more extreme values, which results in more extreme weights. Second,
the weights obtained for finite values of o, are now somewhat smaller relative to those obtained
for o4 = 00. Since the sample periods are now shorter, less attention is paid to sample evidence
than in the case of cumulative regressions, for a given value of o,. Finally, the optimal weights in
foreign stocks based on 10-year rolling regressions are decreasing since 1995, and even turn negative
in the second half of 1996. In other words, if the first two moments of returns are estimated based
on the returns in the last decade, home bias disappears. Of course, this result could simply reflect
the recent long-lasting bull market in the U.S. and the fact that 10-year periods are too short
to estimate means. Britten-Jones (1999) also obtains an optimal weight in the U.S. equity that
exceeds 100 percent based on the last 10 years of data, and shows that the standard error in the

weight estimate is huge (about 70 percent).

An alternative approach to investigating the home bias in the equity holdings of U.S. investors
is to take the world market portfolio (WRLD) as the benchmark. The optimal weight in the U.S.
market in a two-asset portfolio with WRLD depends on the sample mispricing of the U.S. market
relative to WRLD as well as on the prior degree of belief in the international CAPM. The returns on
WRLD used in the following experiment are the U.S. dollar returns on the world market portfolio
provided by Morgan Stanley Capital International, obtained from Datastream. A regression of
excess VW NYSE returns on excess WRLD returns in January 1973 through December 1996 yields
& = 0.10% per month (1.22 percent annualized), B =0.87, 62 = 0.0007, and R? = 69.72%. The
t-statistic of VW NYSE’s & is 0.67. With no belief in the efficiency of the world market portfolio
(0 = 0), the positive & implies the allocations of 53 percent in VW NYSE and 47 percent in
WRLD, which amounts to about 30 percent in non-U.S. stocks.'® As the belief in the international
CAPM becomes stronger (i.c., as o, decreases), the optimal allocation moves toward 100 percent
in WRLD. As a result, no value of o, can produce a weight in foreign stocks smaller than the 30
percent obtained for o, = co. Hence this alternative setup, in which the benchmark model is the
international CAPM, cannot reconcile the observed allocations with the optimal allocations. Our
conclusions related to the home bias puzzle reflect the approach based on the domestic CAPM. As
argued earlier, choosing the U.S. market as the benchmark is consistent with the existing literature.
The goal is to analyze to what extent a U.S. investor who is fully invested in the U.S. market should

diversify internationally after observing the return data.

In summary, we find that a typical U.S. investor’s confidence in the domestic CAPM must be
very strong to justify his low holdings of foreign stocks. In particular, he must believe that the
mispricing of the foreign stock portfolio within the domestic CAPM is no larger than two percent

per year. Unless the prior belief of a typical U.S. investor is so strong, home bias remains a puzzle.
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IV. Investing Based on Value and Size

A number of studies document that value stocks (stocks with high book-to-market ratios) tend
to outperform growth stocks (stocks with low book-to-market ratios). Fama and French (1993)
provide such evidence for the U.S. in the period following July 1963.!19 Davis (1994) shows that
value stocks outperform growth stocks also in the period from July 1940 through June 1963. Fama
and French (1998) find the evidence of a positive value premium in 12 out of 13 major stock markets
around the world. In a recent study, Davis, Fama, and French (1998) document the robustness
of the value premium in the U.S. from July 1929 through June 1997. The authors find that the
average return on a value-minus-growth portfolio during the 34 years prior to July 1963 is positive

and similar in magnitude to the average return after July 1963.

It might also be informative to examine the estimates of the value premium on a month-by-
month basis. The top row in Figure 2 plots the rolling estimates of the value premium in each
month between July 1937 and December 1996. The estimates are computed as 10-year moving
averages of the returns on HML, the Fama-French book-to-market portfolio. Surprisingly, the
value premium estimates are positive in every month. For comparison, the middle row of Figure
2 plots the rolling estimates of the market premium, computed as 10-year moving averages of
the excess market returns. The market premium estimates are negative in 49 out of 715 months.
Curiously, the ex-post value premium is more stable than the market premium over the last 60
years. In contrast, the ex-post size premium (computed as 10-year moving averages of the returns
on SMB, the Fama-French size portfolio) plotted at the bottom of Figure 2 is much less stable
over time. For example, the premium is negative between 1953 and 1965 as well as throughout the
1990s. Our evidence is consistent with the evidence in Davis, Fama, and French (1998) who find
that the size premium in the last seven decades is low and not very reliable. It is also interesting
that both the value premium and the size premium exhibit a downward trend since 1982. Their
current rolling estimates are (.14 percent and -0.13 percent per month, respectively, compared to
0.45 percent and 0.17 percent per month based on the entire sample. The ex-post value premium
is statistically significant based on the whole sample (¢t = 4.18), whereas the size premium is not

(t = 1.54).

One way of assessing the economic significance of the empirical evidence on value and size is to
consider the Fama-French portfolios HML and SMB as investable assets. Investing one dollar in
HML or SMB is interpreted as investing one dollar in cash and taking a zero-investment position
of one dollar long and one dollar short in HML or SMB. Consider an investor with a certain prior
degree of belief in the CAPM who is fully invested in the (U.S.) market portfolio. We investigate

what proportion of wealth the investor reallocates in the Fama-French portfolios after he observes
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their past returns and updates his prior beliefs.

The returns on HML and SMB are available from July 1927 through December 1996. The
first five years from this period are used to estimate the prior parameters. In equation (18), s?
is set equal to 0.0011, the average of the diagonal elements of the sample estimate of the residual
covariance maftrix from the prior period. This value also happens to be close to the estimates of the
residual variances from the sample period, which are equal to 0.0009 for both HML and SMB. The
multivariate regression of the returns on HML and SMB on the excess market returns is run across
the remaining 774 months. The regression sample estimates for HML and SMB, respectively, are
& = [0.37% 0.04%)’ per month ([4.46% 0.52%)’ annualized), and 3 = [0.14 0.24). The annualized
standard errors on the &’s are 1.29 percent and 1.32 percent, resulting in the t-statistics on the &’s

of 3.45 for HML and (.39 for SMB.

Part A of Table II shows the optimal percentage weights in the book-to-market and size portfo-
lios when these are combined with the market in January 1997. Throughout the table, @ = [0 0]'.
As o, grows, the optimal allocation approaches the allocation computed by the data-based ap-
proach, 71.19 percent in HML and 2.23 percent in SMB. The weight in HML moves surprisingly
fast toward the large value obtained in the data-based approach. For example, for o, = 1%, the
optimal weight in book-to-market is already 40 percent, and for o, = 2%, the book-to-market po-
sition is already 60 percent. In order for the optimal position in HML to be close to zero, the prior
belief in the CAPM must be extremely strong, much stronger than o, = 1%. The passive strategy
of investing only in the market portfolio is clearly dominated (ex ante) by an active strategy that
takes a substantial position in the Fama-French book-to-market portfolio. Sample evidence about

book-to-market is powerful enough to overwhelm even strong prior beliefs in the CAPM.20

The weight in SMB is close to zero for any o, primarily because its & is small, but also due to
some interaction with HML. When HML is excluded and the wealth is allocated only between the
market and SMB, the SMB weight for o, = 0o is 19 percent. Apparently, including HML drives
SMB out of the optimal portfolio. When SMB is excluded and the wealth is allocated only between
the market and HML, the HML weights are very close to those reported in Table IL2! Including
SMB seems to have no effect on the optimal portfolio of the market and HML.

The HML weights in optimal portfolios with the market are large for three reasons. First,
HML’s & = 4.46% per year is large. Second, HML’s prior residual variance is small and T is large,
implying a large weight on & in equation (25). The two observations imply that the posterior mean
of a is large. Finally, HML’s posterior mean of the residual variance is small because the prior of
o? is noninformative and the sample estimate of the residual variance is small. The small posterior

mean of the residual variance in combination with the large posterior mean of « results in large
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weights on HML, as shown in Appendix E.

Figure 3 plots the optimal allocations in HML for every month between July 1937 and January
1997. This figure reveals three striking findings. First, the optimal weights in HML are consistently
positive since the early 1940s, based on both cumulative and rolling regressions. In other words,
for over half a century, investors holding the market should also include book-to-market in their
optimal portfolios. Second, the optimal weights in HML are large, even for small values of o, and
relatively short sample periods used in rolling regressions. For example, the weights for o, = 1%
average 23 percent for cumulative regressions and 20 percent for 10-year rolling regressions since
1943. That is, even investors with strong beliefs in the CAPM should take substantial positions
in HML. This finding indicates that the HML results in Table II are not driven solely by the 70-
year length of the sample period. Finally, the optimal weights are quite stable over time, even for
large values of o,. For example, based on rolling regressions, the optimal weights range from 62
percent to 85 percent for o, = 0o since 1963. The weights range from 43 percent to 69 percent for
0o = 3% and from 12 percent to 28 percent for o, = 1% during that period. Based on cumulative
regressions, the optimal weights range from 31 percent to 41 percent for o, = 1% and from 55
percent to 84 percent for 2 < 0, < 00 in the last two decades. Overall, the results in Figure 3
underline the robustness of the finding that optimal portfolios in the last 50 years involve sizable
and fairly stable positive positions in the book-to-market portfolio. Since HML’s market beta is
fairly small, the robust value premium observed in Figure 2 is reflected in robust optimal weights

in book-to-market, even if the confidence in the CAPM is very strong.

Figure 4 plots the optimal allocations in SMB for every month between July 1937 and January
1997. There is no consistent pattern in the optimal weights in SMB. For both cumulative and
rolling regressions, the weights are rather unstable and change sign several times. As of January
1997, the cumulative regression recommends taking a position of up to a fifth of the wealth in SMB,
whereas the regression based on the last 10 years of data recommends taking a large short position.
Between 1966 and 1990, the weights based on rolling regressions are always positive, consistent
with the evidence from some earlier studies. However, the weights are mostly negative outside that

period, suggesting that the size effect could be specific to certain time periods.??

V. Departures of Prior Beliefs from the Model

The examples presented so far consider scenarios in which informative prior beliefs center on the
CAPM. This section discusses an example in which prior beliefs depart from the model. If funda-

mental research by a financial analyst concludes that a certain asset is mispriced by the CAPM,
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prior beliefs about « can center on a non-zero forecast & produced by the analyst. In such a sce-
nario, o, no longer represents a degree of confidence in the CAPM, but rather a degree of confidence
in the analyst’s forecast. The sample mean is no longer shrunk toward the expected return implied

by the CAPM, but rather toward the analyst’s forecast of the expected return.

This section computes optimal allocations between the small-stock DFA 9-10 Fund (DFA) and
the market portfolio. Using all available monthly return data (January 1982 to December 1996) on
DFA, the sample estimates from the market model regression are & = —0.07% per month (-0.83
percent annualized), B = 0.98, 62 = 0.0008, and R? = 67.77%. The standard error on DFA’s &
is 2.52 percent per year, resulting in the t-statistic of & of -0.33. Over the past 15 years, small
stocks fail to outperform the market, both before and after the risk adjustment via the CAPM.
In light of this evidence, an investor whose nondogmatic prior beliefs center on the CAPM should
optimally short the small stock portfolio.? The focus in this section is instead on prior beliefs that
depart from the CAPM. For example, the investor may form his prior belief about the mispricing
of small stocks based on the pre-1982 data. Based on such earlier data, the studies by Banz
(1981), Reinganum (1981), and Keim (1983) document the so-called size effect, according to which

small-capitalization stocks outperform large-capitalization stocks.

One way of obtaining a forecast & around which to center the prior beliefs about « is to use the
pre-1982 series of returns on the CRSP 9-10 index. The description of DFA in Section II suggests
that the CRSP 9-10 index can serve as a proxy for DFA in the period before DFA was created. The
January 1926 to December 1981 market model regression of monthly excess returns on the CRSP
9-10 index on excess market returns produces an estimated intercept of 2.82 percent per year, with
an annualized standard error of 2.10 percent. Therefore, prior beliefs with & = 2.82% are given
special attention in our analysis. The sample residual variance from the 1926 to 1982 regression is

0.0020, so DFA’s E(0?) is set equal to this value.

Part A of Table III reports the optimal percentage weights in DFA in combination with VW
NYSE, as of January 1997. DFA’s & takes on the model-predicted value of zero as well as the values
of +5 percent and 2.82 percent. When & = 0, the investor shorts DFA in response to its negative &.
If the investor a priori believes that DFA is systematically mispriced by the CAPM (& # 0), such
a prior belief is substantially reflected in the posterior. Consider the prior belief that & = 2.82%,
formed based on the pre-1982 data. The optimal weight in DFA moves from 131.16 percent for
0o = 0 to -40.56 percent for o, = oco. If the investor’s prior belief in @ = 2.82% is formed on
the basis of the standard error of & from the prior period (2.10 percent per year), all the wealth
should be invested in DFA and nothing in the market. That is, the prior belief that a = 2.82%
is strong enough to overcome the effect of DFA’s negative & = —0.83% per year. It appears that
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security analysis capable of producing non-zero & and o, < oo could play an important role in

asset allocation.

VI. Conclusion

Finance theory can be used to form informative prior beliefs in financial decision-making. This
paper develops a portfolio selection methodology that allows a Bayesian investor to include a
certain degree of belief in an asset pricing model. In the extreme cases of complete confidence and
complete skepticism about the model, the resulting optimal allocations correspond to allocations
previously studied in the literature. This paper investigates what happens in between. Compared
to their counterparts in the data-based approach, the optimal portfolio weights are less sensitive to
sampling error and tend to have less extreme values. The optimal portfolio reflects the implications

of the model as well as the time series of asset returns.

In the empirical illustrations, sample evidence on home bias and value and size effects is eval-
uated from an asset-allocation perspective. The empirical evidence from earlier studies provides
different conclusions about the benefits of international diversification and the related home bias
puzzle. Whereas the sample estimates of return moments indicate that U.S. investors should invest
a substantial part of their wealth abroad, the hypothesis that the U.S. market portfolio is globally
mean-variance efficient is not rejected. Our framework provides a different perspective on the bene-
fits of international diversification. U.S. investors’ home equity bias can in principle be rationalized
by a certain prior degree of belief in the global tangency of the U.S. market. However, we find that
such prior beliefs must be very strong. U.S. investors’ actual holdings of domestic versus foreign
securities are consistent with a prior belief that the mispricing of a portfolio of foreign stocks within

the domestic CAPM is between -2 percent and 2 percent per year.

Surprisingly, the same strong prior belief is significantly revised by the sample evidence about
the Fama-French book-to-market portfolio. The current optimal allocation of an investor with such
a strong belief in the efficiency of the market portfolio involves a 40 percent weight in book-to-
market. Moreover, for over half a century, the optimal allocations in book-to-market are large and
fairly stable. Evidently, sample evidence can substantially revise even strong prior beliefs about
the optimal allocation. The robust optimal positions in book-to-market are primarily due to the

fact that the value premium in the U.S. data is very robust, in contrast to the size premium.

This study uses theoretically-motivated prior information about expected returns in portfolio
selection. In contrast, essentially no prior information about the covariance matrix is used. From

an estimation perspective, the focus on expected returns could be helpful, since it is well known that
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means are in general estimated with much less precision than covariances and that the tangency
portfolio weights are very sensitive to small changes in expected returns. Nevertheless, using prior
information to impose some structure on the covariance matrix could potentially also be beneficial,
especially for a large number of assets. For example, Ledoit (1994) argues that shrinking the sample
covariance matrix toward an identity matrix can be useful when constructing optimal portfolios.
MacKinlay and Pastor (1998) provide some theoretical justification for using a plain identity matrix
as a covariance matrix in portfolio selection. Our methodology allows the investor to include prior
information about the residual covariance matrix of asset returns. By simply increasing the degrees
of freedom in the prior distribution of the residual covariance matrix, the sample matrix can be

shrunk arbitrarily close to a matrix specified a priori.

Potential extensions of the methodology developed here include relaxing the assumption that
the investment opportunity set does not change over time. For example, conditional expected
benchmark returns could be modeled as linear functions of state variables, as in Ferson and Harvey
(1991). It could also be interesting to allow the investor to have a multi-period investment hori-
zon and hedge against changes in the investment opportunity set.?4 Another direction for future
research is to allow the investor to specify prior beliefs about the validity of several asset pricing
models. Empirical illustrations with different asset pricing models and different non-benchmark as-
sets might be informative, too. Finally, the out-of-sample performance of investment strategies with
different degrees of belief in a model could be investigated. Preliminary results reveal substantial

payoffs to incorporating some prior belief in the CAPM in portfolio selection.
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Appendix A

Moments of the Predictive Density for Data-Based Portfolio Selection with
Unequal History Lengths

Appendix A provides the expressions for E and V, the first two moments of the predictive density
of returns on the investable assets, in the case of data-based portfolio selection with unequal history
lengths. Recall that L vectors Fy (of dimension 1 x K), t = 1,... L, of returns on K benchmark
portfolios are available, together with T < L vectors Ry (of dimension 1 x N), t =L—-T+1,...,L,
of returns on N non-benchmark assets. Let By and S denote the statistics from the regression of

the asset returns on the benchmark returns, as defined in equation (11). Define

. 1 L

Epr = 7 > F
t=L-T+1

. 1 L )
t=L—T+1

. 1 L

Ep = =S F
L3

Es = Ear+ By(Ep—Ery)

. 1 L . .
Ve = =Y (Fi—Ep)(F, - Ef)
LiH
. 1 & R R
Ver = T Y (R —Ep)(F - EF)
t=L—T+1
Var = BaVr

The following expressions for E and V are presented in Propositions 1 and 2 of Stambaugh

(1997) and proved in the appendix of that paper.

3 Ep
E = N Al
[EA (A1)
- Vi Vra
vo— |} FA | A2
[VAF Va (4.2)
where
- L+1 X
Vi (L—N—K—Q)VF
8 L+1 X
Vra = (L—N—K—Q)VFA
Vap = Vg

L+1 )B’A .

= &S/T
Va kS/ +<L—N—K—2
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| L+1 1 S B VU=Y (B _ F
7 {1 + (L S 2> tr (Vi Ve) + (Er — Erg)' Vi (Ep — EF,T)D :

Appendix B

Predictive Distribution of Benchmark Returns

The predictive density of the benchmark returns equals
PFLlFY) = [ p(Fa| Ep, Ve, PYp(Er, Vel FY)AEpdVe. (A.3)

The first term after the integral sign, p(Fr1|Ep, Vi, FF), is simply a normal density with mean
Er and covariance matrix Vp. The second term, p(Ep, Vp|F¥), is the posterior density of the

benchmark moments and follows standard results. Define the statistics

R 1 &

Ep = I ;F{ (A4)

. 1 L . .

VP = < N (F, — Ep)(Fy — Er). (A.5)
t=1

Then the posterior of Vit is a Wishart distribution with parameter matrix (LVe) ! and (L —1)
degrees of freedom. The posterior of Er given Vr is normal with mean FEp and covariance matrix
Vi /L. Therefore, draws of F 1 from its predictive density can be obtained in three steps. First,
draw Vg from its inverted Wishart posterior, then draw Ep from its normal posterior given Vg,

and, finally, draw Fry1 from its normal density given Fr and V.

The moments of the predictive density in equation (A.3) are obtainable analytically. Following

Zellner (1971),

P(FLalFE) oc (L = K)o+ (Fos = Bp) (5 —=cVe) ™ (P - B3]

L
2 .

(A.6)

Hence, the predictive density of the benchmark returns is a multivariate Student ¢ with L — K

degrees of freedom, and its first two moments are

E(Fp|FF) = Ep (A7)
cov (Flyp, Fpa|FY) = ———Vp. (A.8)

26



Appendix C

Posterior Distribution of Regression Parameters

Appendix C derives the joint posterior density p(B,X|®) and describes an algorithm that can be
used to obtain a large number of draws of B and ¥ from their joint posterior. The joint prior

density of the regression parameters can be written as?

p(B,X)

P(BIS)p(S)
O Fexp {5 0- U)o

v 1
x |2 R exp {—gtr Zlﬂ}

o B3 exp {—%(b _Bw(E) (b - b)}

VN 1
x |2 > lexp{—§tr2_1H}
. 1 - 1
x |Z7E 2 exp {—E(b— b)Y W(T) L(b—b) — §tr21H}. (A.9)

Combining this prior density with the likelihood function in equation (11) gives the joint pos-

terior density for the regression parameters

p(B. SR, F') o« p(B,X)p(R|F",B,%)

_ T4u+N+2 1 _

TtviN+2 1
x |3 2 exp {—5(6 —0)U(Z)"Hb—b) - St HY !
1 1 . R
—5tr Syt - tr(B - B)YX'X(B - B)E_l} . (A.10)
Since

b=0)¥(E)(b-b) = (a—a)s’SHa—a)/og+(B-5)2(B-P) (A.11)
= tr((a—a)s’s Ha—a)/o?)

= tr (X Ya—a)(a—a)s?/o?)

the joint posterior of B and X takes the form

T4vN+2 { 1 - -
exp

p(B.5|3) o |5~E ~5B-Br6 -5}
X exp {—%terC'} ) (A.12)

where

~

C=S+H+(a-a)(a—a)s*/c2+ (B—-B)X'X(B- B). (A.13)
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It follows from equation (A.12) that the conditional posterior of ¥ given B is inverted Wishart

with parameter matrix C' and T + v + 1 degrees of freedom:
v 1
p(S|B,®) B exp{—§tr2_10}. (A.14)

The tractability of this conditional distribution is due to zero correlations between « and 3 in the
prior. With a non-zero prior correlation between o and 3, the simplification in equation (A.11)

does not obtain.

In the case of N = 1, developed in PS, it is possible to complete the square on B in the
conditional posterior of B given ¥. This conditional posterior is multivariate normal and thus is
casy to sample from. However, for N > 1, the conditional posterior does not resemble any known

distribution. The marginal posterior distribution of B is
p(B|®) = / (B, S|®)ds. (A.15)

The properties of the inverted Wishart distribution can be used to integrate out of ¥ in equation

(A.12), and the following marginal posterior of B is obtained:

p(BI®) o | exp {55~ a5 - 5) (A.16)

The assumption that no prior information about the assets’ betas is available is reflected in the
prior covariance matrix of 8, 2. Since this matrix is diagonal and contains very large values, the
value of (3 — B)'Q~1(3 — B3) is close to zero and the marginal posterior density of B in equation

(A.16) simplifies into

_T'+v+1
2 .

p(B|®) < |S+ H + (a — a)(a — a)'s*/o2 + (B — B)X'X(B - B)| (A.17)

The components of B = [ Bj]’ can be drawn from the above density using Gibbs sampling,
a method proposed by Geman and Geman (1984) and more recently described in Casella and
George (1992). As shown below, a|Bs, ® and Bs|a, ® turn out to be distributed as multivariate
and generalized (“matric-variate”) Student ¢, respectively. For every posterior draw of B from the
distribution in equation (A.17), ¥ can be drawn from its posterior in equation (A.14). Some matrix

manipulation on equation (A.17) leads to

_ THv+1
2

p(a| By, ®) o< |1 + ¢*(a — a*)' D7 Ha — a*) , (A.18)

where

N

s;qw| »n
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o~ Tats’ajof — (By— By)(F") iy (A.19)
T+ s?/o2
D = S+ H+Tad +ad's/o? — apFT(By — By) — (By — By)' (F'Y 1pd!

+(Bgy — By)'(FTY/(FT)(By — By) — c*a* (o).

The above density is a multivariate Student ¢ distribution with mean o, covariance matrix D/(c¢*(T+
v—N—1)), and (T'+v— N+1) degrees of freedom. As a result, draws of (a|B2, ®) can be obtained

in a straightforward manner. Similarly,

_I'tv+1

p(Bs|a, ®) o< |A + (By — By)'M*(By — B3))| 7, (A.20)
where

M = (FY)(FT)
By = Bo+ ((FT)(FT) (FTYir(a—a) (A.21)
A = S+H+(a-a)(a—-a)s?/o2 +T(a—a)(a—a) — By FTY ip(a —a)
—(a — &) FT By + BY(FTY (FT))By — (B3) M*Bj.

The above density is in the form of a generalized or matric-variate Student ¢ distribution, which is
described for example in Box and Tiao (1973). The N columus of By can be drawn from multivariate
Student ¢ distributions. The Gibbs chain is initialized at By = Bg and repeated draws are made
from the distributions in equations (A.18) and (A.20). After an initial burn-in stage, the draws
of a and By are made from their joint posterior in equation (A.17). For every such draw of B,
is drawn from an inverted Wishart distribution in equation (A.14). The results in our multi-asset
examples are based on Gibbs chains of 300,000 draws, after the first 1,000 draws are discarded.
The Gibbs chain appears to converge to the target distribution immediately, and produces virtually

identical results when re-run with a different seed in the random number generator.

Special Case: One Non-Benchmark Asset (N = 1).

When N = 1, the posteriors of the regression parameters are obtainable using the univariate
methodology proposed in PS. The posterior draws of the (K + 1) x 1 vector b = B and the scalar
0% = ¥ can be obtained by Gibbs sampling. The conditional posterior for b given ¢ is normal with

mean b, and covariance matrix M !,

blo?, & ~ N(by, M), (A.22)
where
1
M=%()"'+5X'X (A.23)
g
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and
1

o2

X'Xb| . (A.24)

S

Note that, since by is a (matrix) weighted average of the prior mean b and the sample estimate

) =M1 {xp(a)lh

@

b, the sample estimate bis essentially “shrunk” toward its prior mean b. The degree of shrinkage

is determined in accordance with intuition by the precisions of b and b conditional on o.

The conditional posterior of o2 given b from equation (A.14) simplifies into

o?|b, ® ~ QL (A.25)

XT4v+1

an inverted gamma distribution with (7' + v + 1) degrees of freedom.?S Recall that C is defined in
equation (A.13). The Gibbs chain is initiated at the value of o equal to its sample estimate and
repeated draws are made from the conditional densities in equations (A.22) and (A.25). After a
number of draws, the effect of the parameter values used to initiate the chain disappears and the

draws are then made from the joint posterior p(b, o|®).

Special Case: One Non-Benchmark Asset and One Benchmark (N =1, K =1).

For K = 1, the matrices M, ¥(o), and X'X in equation (A.24) are all 2 x 2 matrices, so equation
(A.24) can be made more explicit using straightforward algebra. Further simplification of by is
possible due to the assumption that the investor has no prior knowledge about the asset’s (3, since
all the terms involving the reciprocal of the prior standard deviation of 8 (o) are very close to zero
and can be neglected. This simplification shows that b, does not depend on o, so b, also equals to

the unconditional posterior mean of b. The elements of b, can be written as

a = (1 — w&)c_u + wa (A26)
B = B+e (A.27)
In the above,
var (F;
wa = B ,2( t)A (A.28)
ToZ F? + var (Fy)
0'2 "
¢ i (6-a) (A.29)
¢ = = a— ), .
2 2 + var (Fy)

where Fy = 7 St a1 i, F? = + Str_ry1 FE var (Fy) = F2 — (F})2, and E(0?) stands for the

prior expected value of the residual variance 2.
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Note that the weighting on & and & in the multivariate case in equation (A.19) is very close to
that from the univariate case. The main determinants of the weighting, o4, s2, and T, enter in the

same way in both cases.

In the presence of prior information about 3 (i.e., when o3 < 00), by depends on o as well as
3, so the simplification of b, into the expressions in equations (A.26) and (A.27) does not obtain.
However, with an assumption that F; = 0, by can be simplified even for a finite og. In particular,
& can now be approximated by the expression in equation (A.26), with wg taking an even simpler

form of
1

E(c?)

) (A.30)
25l +1

Wa =

The conditional posterior mean of 8 given o is a weighted average of the prior mean of 3 and its
sample estimate, but the unconditional posterior mean of 3, B, is not tractable. Of course, B can

still be obtained using Gibbs sampling.

Appendix D
Moments of the Predictive Density for N =1, K =1

Appendix D provides the expressions for the approximate unconditional posterior moments of b
and o2 as well as for the resulting E and V, the first two moments of the predictive density of
returns on the investable assets. The unconditional posterior mean of b is given by equation (A.24)
and later by equations (A.26) and (A.27). The unconditional posterior covariance matrix of b,

obtainable by the variance decomposition rule, can be shown to equal

E(0?|® F? -F
cov (b,V/|®) = —— % | )A ( _% B@Y) | ) (A.31)
T =22 F? + var (Fy)] t oz T

To

where E(0?|®) is the posterior mean of o2, shown below.

The unconditional posterior moments of o2 can be well approximated based on equation (A.25)
by the posterior moments of o2 conditional on b,, the posterior mean of b shown in equation (A.24).
Note from equations (A.13) and (A.25) that the posterior of 02 depends on b through the last two
terms in equation (A.13). Those terms are in general quite small relative to (S+ H), and the results
are almost unaffected when these terms are ignored. Instead of ignoring them, b in those terms is
replaced by its posterior mean, and the results are virtually indistinguishable from those obtained
by Gibbs sampling. Based on Appendix A of Zellner (1971), the first two approximate posterior
moments of o2 are
C

E(0?®) = ———
(o%|®) T

(A.32)
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2
: d) = A.
var (07| ®) (T+v—1D2T+v-3) (A.33)
where C = S+ H + (& — @)2s2 /02 + (by — b)' X' X (by — b).
The predictive moments for the investable assets are defined as
E = [E(Rp11|®) BE(Fr|®)) (A.34)
‘7 _ var (RL+1|<I)) cov (RL+1,FL+1|<I)) ' (A35)

Cov (RL+1,FL+1|(I)) var (FL+1|(I))

The expressions for F(Fr41|®) and var (Fr11|®) are given in equations (A.7) and (A.8). It

follows by the law of iterative expectations that
E(Rp1|®) = BE(X141]®)bs = & + BEp. (A.36)

Recall that the posterior means of a and 8, & and 3, are defined in equation (A.24), and Ep is
defined in equation (A.4). The result in equation (A.36) does not rely on any approximation. Using

the variance decomposition rule, it can be shown that

var (Rp1|®) = B(0%®) + tr {cov (X741, X141 ®)[cov (b,0|®) + bob]}
+ E(X11|®)cov (b, 0 |®)E(X 41| ) (A.37)
cov (Rpi1, Fr1|®) = PBvar (FLy|®). (A.38)

These two clements of the predictive covariance matrix can be evaluated using equations (A.31)

and (A.32).

Appendix E
Optimal Weight in the Non-Benchmark Asset for N =1, K =1

The optimal weight in the non-benchmark asset can be obtained from equation (5) using equations
(A.34) and (A.35). An alternative representation of the weight is obtained below. This equiva-
lent representation serves to provide some insight into the components of the weight that are not

immediately recognizable from equations (A.34) and (A.35).

In order to simplify notation, denote the predictive moments in equations (A.34) and (A.35) by
5 _ | Ea - Va  Var

E=1 = and V= - 2 . A.39
The vector of the optimal weights in the non-benchmark asset and in the benchmark, respectively,

is proportional to

VE Vi [ Ea — (Var/Vi)Er ] . (A.40)

= =————=—" X ~ g -~ ~. g g
VaVie =Vip | Er(Va/Vi) — Ea(Var/VF)
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Since equation (A.38) implies that (f/AF / f/F) is equal to the posterior mean of 3, 3, the optimal

weight in the non-benchmark asset is proportional to

"
VaVp — Vi
Vi )
= =————=— X &
VaVp — VjF
o
Va—V3./Vr

«

wy X (EA - BEF)

Va — 32Vr
, (A1)

e

where & is the posterior mean of a and V,, denotes the predictive residual variance, the variance of
the next-period disturbance w1 from the market model regression. Using the variance decompo-
sition rule,

V, = var (up4+1|®) = E(var (uL+1|a2, D)) = E(02|(I>) = 62, (A.42)

where o2 denotes the residual variance and &2 its posterior mean. The optimal weight in the

non-benchmark asset is therefore proportional to the ratio of the posterior means of a and o?:

(A.43)

Qt\{)l o

wyg X

This simple result is a special case of the result derived by Stevens (1998), except that the unknown

values of a and o2 are replaced by their posterior means.
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Table I

Optimal Weight in Foreign Stocks
in a Two-Asset Portfolio with the U.S. Market

The foreign stock portfolio is the ”M.S.C.I. World-Except-U.S.” portfolio provided by Morgan Stanley Capital Inter-
national (WXUS). The U.S. market portfolio is proxied by the value-weighted portfolio of NYSE stocks (VW NYSE).
The optimal weight in the foreign stock portfolio is given by the first element of V™'E//5V "' E and the maximum

Sharpe ratio by \V E'V—1E, where E and V are the first two moments of the predictive density of the returns on
the investable assets, obtained using our “model-and-data-based” methodology proposed in Section I. The maximum
Sharpe ratio is the ex ante Sharpe ratio perceived by an investor who forms an optimal portfolio of the two assets.
The intercept from the regression of the excess returns on WXUS on the excess returns on VW NYSE is denoted by
a. The prior distribution of o has a mean of & and a standard deviation of o,. Over the sample period of January
1973 through December 1996, the OLS estimates of the market model regression coeflicients are & = 2.89% per year
(with a standard error of 3.05 percent per year) and /3’ = 0.56. The values of @, 04, and the posterior mean and
standard deviation of a are annualized percentage values.

Expected Prior Standard Deviation of a (o4,)
Prior Mispricing (&) 0 1% 2% 3% 5% 10% 00
A. Optimal Percentage Weight in Foreign Stocks
0 0.00 7.65 20.57  29.92 3899 4470  47.00
+5% 70.54  67.77 6234  57.69 5242  48.64  47.00
-5% -174.10 -119.69 -48.55  -8.67 23.22  40.55  47.00
B. Maximum Sharpe Ratio
0 0.1208 0.1210 0.1227 0.1251 0.1287 0.1317 0.1331
+5% 0.1548 0.1515 0.1456 0.1412 0.1369 0.1342 0.1331
-5% 0.1542  0.1426  0.1267 0.1210 0.1232 0.1295 0.1331
C. Posterior mean of a (&)
0 0.00 0.39 1.10 1.68 2.30 2.72 2.89
+5% 5.00 4.72 4.20 3.77 3.33 3.02 2.89
-5% -5.00 -3.95 -1.99 -0.41 1.27 2.41 2.89
D. Posterior standard deviation of «
0 0.00 1.12 1.89 2.33 2.72 2.95 3.05
+5% 0.00 1.12 1.88 2.33 2.72 2.95 3.05
-5% 0.00 1.13 1.90 2.34 2.72 2.96 3.05
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Table I1

Optimal Weights in the Fama-French Book-to-Market and Size portfolios
in a Three-Asset Portfolio with the U.S. Market

HML is the Fama-French book-to-market portfolio, which finances a long position in high-book-to-market stocks by
a short position in low-book-to-market stocks. SMB is the Fama-French size portfolio, which finances a long position
in small-capitalization stocks by a short position in big-capitalization stocks. Investing one dollar in HML or SMB is
interpreted as investing one dollar in cash and taking a zero-investment position of one dollar long and one dollar short
in HML or SMB. The U.S. market portfolio is proxied by the value-weighted portfolio of NYSE stocks (VW NYSE).
The optimal weights in HML and SMB are given by the first two elements of V™E / t5V71E and the maximum

Sharpe ratio by V E'V-1E, where E and V are the first two moments of the predictive density of the returns on
the investable assets, obtained using our “model-and-data-based” methodology proposed in Section I. The maximum
Sharpe ratio is the ex ante Sharpe ratio perceived by an investor who forms an optimal portfolio of the three assets.
The vector of the intercepts from the regression of the HML and SMB returns on the excess returns on VW NYSE
is denoted by a. The prior distribution of both elements of o has a mean of zero and a standard deviation of o,.
Over the sample period of July 1932 through December 1996, the OLS estimates of the market model regression
coefficients are & = [4.46% 0.52%]’ per year (with standard errors of [1.29% 1.32%]’ per year) and 3 = [0.14 0.24]'.
The values of 0, and the posterior mean and standard deviation of a are annualized percentage values.

Prior Standard Deviation of a (04,)

Asset 0 1% 2% 3% 5% 10% o0
A. Optimal Percentage Weights in Book-to-Market and Size
HML 0.00 39.94 59.74 6571  69.23 70.83  T71.37
SMB 0.00 1.20 1.90 2.11 2.23 2.28 2.30

B. Maximum Sharpe Ratio
0.1208 0.1273 0.1460 0.1578 0.1673 0.1724 0.1742
C. Posterior mean of a (&)

HML 0.00 1.44 2.92 3.62 4.11 4.37 4.46
SMB 0.00 0.17 0.34 0.42 0.48 0.51 0.52

D. Posterior standard deviation of «

HML 0.00 0.74 1.05 1.17 1.24 1.28 1.29
SMB 0.00 0.75 1.07 1.19 1.27 1.31 1.32
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Table I1I

Optimal Weight in Small Stocks
in a Two-Asset Portfolio with the U.S. Market

The small stock portfolio is the ”DFA 9-10 Fund”, a small stock fund run by Dimensional Fund Advisors. The U.S.
market portfolio is proxied by the value-weighted portfolio of NYSE stocks (VW NYSE). The optimal weight in the

small stock portfolio is given by the first element of V1 E / 14V 'E and the maximum Sharpe ratio by \/ E'V—1E,
where E and V are the first two moments of the predictive density of the returns on the investable assets, obtained
using our “model-and-data-based” methodology proposed in Section I. The maximum Sharpe ratio is the ex ante
Sharpe ratio perceived by an investor who forms an optimal portfolio of the two assets. The intercept from the
regression of the excess returns on the small stock portfolio on the excess returns on VW NYSE is denoted by a.
The prior distribution of a has a mean of & and a standard deviation of o,. Over the sample period of January
1982 through December 1996, the OLS estimates of the market model regression coefficients are & = —0.83% per
year (with a standard error of 2.52 percent per year) and B = 0.98. The values of &, 04, and the posterior mean and
standard deviation of « are annualized percentage values.

Expected Prior Standard Deviation of a (o4,)
Prior Mispricing (&) 0 1% 2% 3% 5% 10% 00
A. Optimal Percentage Weight in Small Stocks
0 0.00 -2.26 -7.74 -14.06  -24.17 -34.68 -40.56
+5% 218.04 205.79 174.79 136.98 72.41 0.86  -40.56
-5% -241.48 -230.85 -204.64 -173.80 -123.48 -70.36 -40.56
+2.82% 131.16 122.21 100.11  74.03 31.18 -14.58 -40.56
B. Maximum Sharpe Ratio
0 0.1208 0.1208 0.1209 0.1211 0.1217 0.1226 0.1233
+5% 0.1908 0.1835 0.1668 0.1496 0.1290 0.1208 0.1233
-5% 0.1916 0.1863 0.1739 0.1606 0.1421 0.1281 0.1233
+2.82% 0.1471  0.1437 0.1363 0.1294 0.1223 0.1211 0.1233
C. Posterior mean of a (&)
0 0.00 -0.05 -0.16 -0.29 -0.49 -0.71 -0.83
+5% 5.00 4.68 3.89 2.98 1.53 0.02 -0.83
5% -5.00 -4.77 -4.20 -3.55 -2.51 -1.43 -0.83
+2.82% 2.82 2.61 2.12 1.55 0.65 -0.30 -0.83
D. Posterior standard deviation of «
0 0.00 0.60 1.10 1.49 1.95 2.33 2.52
+5% 0.00 0.60 1.12 1.50 1.96 2.34 2.52
5% 0.00 0.60 1.11 1.49 1.95 2.34 2.52
+2.82% 0.00 0.60 1.11 1.49 1.95 2.34 2.52
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Figure 1. Optimal percentage weights in foreign stocks in a two-asset portfolio
with the U.S. market. The foreign stock portfolio is the Morgan Stanley “World-Except-U.S.”
portfolio (WXUS). The prior distribution of «, the intercept from the regression of the excess
returns on WXUS on the excess returns on the value-weighted NYSE index, has a mean of zero
and an annualized standard deviation of o,. Each portfolio formation month follows the sample
period over which the optimal weights are estimated. In the first plot, the sample periods begin in
January 1973 and end in each month between December 1977 and December 1996. In the second
plot, the sample periods are moving 10-year windows, except for the first five years, in which the

periods begin in January 1973.
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Figure 2. The value premium, the market premium, and the size premium. The

premiums are estimated as 10-year moving averages of the returns on the Fama-French HML
portfolio, the excess returns on the value-weighted NYSE index, and the returns on the Fama-
French SMB portfolio, respectively. The estimates are percentage monthly values.
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Optimal weight in the B/M fund (HML)

Optimal weight in the B/M fund (HML)

100

50

-100

100

50

-100

Cumulative sample periods

|
-50 l

“u | I_l'ff o, = 1% ... solid line
e ,1,'35 g, =2% ... dashed line
S, o_=3% ... dash-dot line
AP a _ .
e 0 _=o .. dotted line
LA R a
R
l'il L ! ! ! ! !
1940 1950 1960 1970 1980 1990
Portfolio formation month
10-year rolling sample periods
T - T - T T T T
_ . f/./\ N . . -
v \\f ./'\‘\ V»\
[ VA TR N .
I//M\,\/ . o O N_v_/d"‘ P«,,«.J\./\.v_ ) O N
B NIV IV WA oo ]

E;['\-{J oL ‘1'\~./\'J\.“' NANA L Ve N e ST e AT

i It = 1% ... solid line
Al l]_’;} 0 =2% ... dashed line
i W, ! 0 =3% ... dash—dot line
LV o :
g \'1; 0 =oo ... dotted line
[ a
’lll_ ’
T | | | | |
1940 1950 1960 1970 1980 1990

Portfolio formation month

Figure 3. Optimal percentage weights in the Fama-French book-to-market portfo-

lio in a two-asset portfolio with the U.S. market. The prior distribution of «, the intercept
from the regression of the returns on the Fama-French book-to-market portfolio (HML) on the
excess returns on the value-weighted NYSE index, has a mean of zero and an annualized standard
deviation of o,. Each portfolio formation month follows the sample period over which the optimal
weights are estimated. In the first plot, the sample periods begin in July 1932 and end in each
month between June 1937 and December 1996. In the second plot, the sample periods are moving
10-year windows, except for the first five years, in which the periods begin in July 1932.
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Optimal weight in the size fund (SMB)

Optimal weight in the size fund (SMB)
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Figure 4. Optimal percentage weights in the Fama-French size portfolio in a two-
asset portfolio with the U.S. market. The prior distribution of «, the intercept from the
regression of the returns on the Fama-French size portfolio (SMB) on the excess returns on the
value-weighted NYSE index, has a mean of zero and an annualized standard deviation of o,. Each
portfolio formation month follows the sample period over which the optimal weights are estimated.
In the first plot, the sample periods begin in July 1932 and end in each month between June 1937
and December 1996. In the second plot, the sample periods are moving 10-year windows, except
for the first five years, in which the periods begin in July 1932.
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Notes

!The idea of using financial models to form prior beliefs in decision-making is also mentioned in Stambaugh (1998).

2Examples of asset pricing models include the Capital Asset Pricing Model of Sharpe (1964) and Lintner (1965),
the intertemporal CAPM of Merton (1973), and models based on the arbitrage pricing theory of Ross (1976). The

precise meaning of the term “data-based” approach is clarified in Section I.A.

3Examples of benchmark portfolios are factor-mimicking portfolios, whose returns mimic the realizations of the

factors in a factor-based asset pricing model.

4Frequentist tests of asset pricing models are too numerous to list. Bayesian tests include Shanken (1987), Harvey
and Zhou (1990), McCulloch and Rossi (1990, 1991), Kandel, McCulloch, and Stambaugh (1995), and Geweke and
Zhou (1996).

SFor instance, Jagannathan and Wang (1996) argue that “We have to keep in mind that the CAPM, like any other
model, is only an approximation of reality. Hence, it would be rather surprising if it turns out to be “100 percent

”

accurate” .

6An asset with a non-zero a that is combined with a passive portfolio is sometimes referred to as an “active
portfolio”, following Treynor and Black (1973). The portfolio’s Sharpe ratio is the ratio of its expected excess return
and the standard deviation of its return. Adding an asset with mispricing o to the market portfolio increases the
portfolio’s squared Sharpe ratio by (a/c)?, where ¢ is the residual variance from the market model regression. See

Gibbons, Ross, and Shanken (1989).

"See Lewis (1999). The foreign portfolio in her example is Morgan Stanley’s EAFE index, and her sample period is
January 1970 through December 1996. The home bias puzzle is also present from the perspective of the international

CAPM. The weight of non-U.S. equity in the value-weighted world market portfolio is over 60 percent.
8Throughout the paper, p is a generic notation for any probability density function.

9The elements of a are uncorrelated in the prior, but they are in general correlated in the posterior. The marginal
prior for « is easily shown to be a Student ¢ distribution with v — N +1 degrees of freedom. In the empirical examples

with N = 1, the prior for a therefore has v = 15 degrees of freedom and its 95 percent critical values are +2.10,.

"MacKinlay and Péstor (1998) impose a stronger form of the o — ¥ link in the likelihood function for a larger
number of assets. They find that imposing the link can lead to more precise expected return estimates and improved

portfolio selection.

" The data were generously provided by Ken French.
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12For a detailed description of the DFA 9-10 Fund and its differences from the CRSP 9-10 index, see Keim (1999).

30ne of the first studies that documents the home bias puzzle is Levy and Sarnat (1970). Recent studies of
home bias and the benefits of international diversification include Kang and Stulz (1997), Errunza, Hogan, and Hung

(1999), and Lewis (1999).

14 This recent estimate is based on Bohn and Tesar (1996). Bohn and Tesar also report that the home bias has
eroded with time; 15 years earlier, the fraction of foreign shares in U.S. investors’ equity portfolios was only 2.5

percent. French and Poterba (1991) report a six percent estimate as of December 1989.

15The small difference between the two values is due to the fact that the functional forms of the noninformative

priors in the two cases are different, which results in small differences in “degree-of-freedom-type” adjustments.

16 Thanks to Bill Schwert for suggesting this interpretation. In the same spirit, Kandel and Stambaugh (1996) used

a hypothetical prior sample to construct prior beliefs in their study of stock return predictability.

1"When one asset is combined with one benchmark at many different dates, the moments of the predictive density
are not computed using the computationally intensive Gibbs sampling procedure described in Appendix C, but are
instead approximated based on equations (A.34) and (A.35) in Appendix D. The approximation is very precise, as

explained in Appendix D.

18The 30 percent foreign stock allocation for o, = oo differs from the 47 percent allocation obtained previously
with the U.S. market as a benchmark. This difference reflects the difference in the lengths of the return histories
in the two cases. Recall that the methodology requires the benchmark return history to be no shorter than the
non-benchmark history. With VW NYSE as a benchmark, its return history begins in January 1926. With WRLD

as a benchmark, VW NYSE’s history begins in January 1973, the beginning of WRLD'’s history in our sample.

19Kothari, Shanken, and Sloan (1995) conjecture that the outperformance of growth stocks by value stocks may be
due to a selection bias present in the COMPUSTAT database. Chan, Jegadeesh, and Lakonishok (1995) and Fama

and French (1996) argue against this conjecture.

20The finding that sample evidence can overcome even strong priors in portfolio selection is similar in spirit to one
of the conclusions of Kandel and Stambaugh (1996). In that study, a Bayesian investor allocating funds between the
market portfolio and cash is given sample evidence about the predictability of stock returns. The authors find that
this sample evidence can exert a substantial influence on the investor’s portfolio decision, even when the investor’s

prior beliefs are weighted against predictability.
21The detailed results are not reported in separate tables to save space, but they are available upon request.

22The size effect is identified in Reinganum (1981) based on the 1963 to 1977 data and in Keim (1983) based on
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the 1963 to 1979 data. Banz (1981) uses the data since 1936, and notes that the size effect is not very stable through

time. Brown, Kleidon, and Marsh (1983) also note the instability of the size effect.

23Short optimal position in small stocks is broadly consistent with the evidence presented in the second panel of
Figure 4. Throughout the 1990s, the optimal weight in the “small-minus-big” size portfolio (SMB) computed from

the last ten years of data is negative.

24 Even if the true investment opportunities do not change over time, the possibility of future learning about the
parameter values could induce the investor to hedge against changes in the perceived investment opportunity set, as
shown by Brennan (1997) in a continuous-time framework. The continuous-time literature that addresses the role of
parameter uncertainty in portfolio selection also includes Gennotte (1986), Feldman (1992), and Xia (1998), among
others. The discrete-time multi-period problem with return predictability and parameter uncertainty is addressed in
Barberis (1999). These papers focus on multi-period decision-making and do not consider the role of asset pricing

models in portfolio selection.

#5Note that |U(X)| o |B|. The densities of the multivariate normal and inverted Wishart distributions can be

found in Appendix B of Zellner (1971).

26Gince PS do not assume a zero prior correlation between « and 3, the conditional posterior of o2 in their study is
not inverted gamma. PS draw o2 using a Metropolis-Hastings algorithm with an inverted gamma proposal density.

For a description of the Metropolis-Hastings algorithm, see Chib and Greenberg (1995).
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