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This Technical Appendix describes how the predictive variance of multiperiod returns is com-
puted in two alternative frameworks that are different from the basic framework used in the paper.
Both alternative frameworks are analyzed for the purpose of assessing the robustness of the paper’s
results, and both feature noninformative prior beliefs. The first framework is the general VAR form
of the predictive system, whose results are reported in Section 4.3 in the paper. This framework
is discussed in Section B1 below. The second framework is the perfect-predictor model, whose

results are reported in Section 5 in the paper. That framework is discussed in Section B2 below.

B1. Predictive system: General VAR

We begin working with multiple assets, so that not only x; but also r; and w, are vectors. The
predictive system in its most general form is a VAR for r;, x;, and p,, with coefficients restricted
so that , is the conditional mean of r;;;. We assume that x; and u, are stationary with means
E, and E,. We work with the first-order VAR:! ?

Fep1 — E, 0 0 1 r—E, Upti
Xeq1—Ex | = | Aa Az Az Xe—Ex [+ vepr |- (B1)
Hiv1 — E A3z Asy Aszs we — E, Wrt1
We assume the errors in (B1) are i.i.d. acrosst =1,...,7T":
Uy 0 Euu Euv Euw
Uy ~ N 0 ) Evu Evv va . (BZ)
wt 0 Ewu va Eww

Let A denote the entire coefficient matrix in (B1), and let X denote the entire covariance matrix in
(B2). Define the vector

I
§r = Xt |» (B3)
233
and let V¢¢ denote its unconditional covariance matrix. Then
Vrr er Vru _ _
Vie="| Var Vax Vau | =AVid + %, (B4)
VIU’ VMX VMM
'The basic framework used in the paper is a special case of (B1) in which the coefficient matrix is restricted as
0 0 1 0 0 I
Ay Az Axz | =] 0 A4 O
As1 Az Ass 0 0 B

’The predictive system in (B1) can also be viewed alternatively as an unrestricted VAR for returns and predictors
when some predictors are unobserved. See the Technical Appendix to Pastor and Stambaugh (2009).



which can be solved as
vec (Vee) = [I — (A ® A)] 'vec (2). (B5)

using the well known identity vec (DFG) = (G’ ® D)vec (F).
Let z; denote the vector of the observed data at time ¢,

It
Zy = .
t x;

Denote the data we observe through time ¢ as D; = (zy, ..., z;), and note that our complete data

consist of Dr. Also define
E, | Ve Y
EZ - { Ex ]7 VZZ - { r V

Let ¢ denote the full set of parameters in the model, ¢ = (/I, Y, E;), and let i denote the
full time series of w;, t = 1,...,T. To obtain the joint posterior distribution of ¢ and ., denoted

(B6)

%Y~
PR
1
o~
=
Il
1
o~
T =
1

by p(¢, u|Dr), we use an MCMC procedure in which we alternate between drawing p from
the conditional posterior p(u|¢, Dr) and drawing ¢ from the conditional posterior p(¢|u, Dr).
The procedure for drawing p from p(u|¢, Dr) is described in Section B1.1. The procedure for
drawing ¢ from p(¢ |, D) < p(¢) p(Dr, 1t|¢) is described in Section B1.2.

B1.1. Drawing the time series of u,

To draw the time series of the unobservable values of p; conditional on the current parameter
draws, we apply the forward filtering, backward sampling (FFBS) approach developed by Carter
and Kohn (1994) and Friihwirth-Schnatter (1994). See also West and Harrison (1997, chapter 15).

B1.1.1. Filtering

The first stage follows the standard methodology of Kalman filtering. Define

ar = E(u/|Di-1) by = E(u¢|Dy) e; = E(z¢|ps, Di—1) (B7)
ft = E(Zt|Dt—1) P = Var(,u,|D,_1) 0= Var(,th|Dt) (BY)
Rt = Va.r(Zt“Lt,Dt_]) St :Va.r(Zt|Dt_1) Gt :COV(Zt,,LLHDt_]) (B9)

Conditioning on the (unknown) parameters of the model is assumed throughout but suppressed in

the notation for convenience. First observe that
wol|Do ~ N(bo, Qo), (B10)
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where Dy denotes the null information set, so that the unconditional moments of p are given by
by = E, and Q¢ = V). Also,

wi|Do ~ N(ay, Py),

where a; = E, and P, = V), and

z1|Do ~ N(f1,S1),

where f; = E, and §1 = V,,. Note that

and that

where

Combining this density with equation (B11) using Bayes rule gives

where

G =V

zi|p1, Do ~ N(er, Ry),

er = fi+ G PN (s —ay)

R, = S -G PG}

p1| Dy ~ N(bi, Q1),

b] = Cll+P](P]+G;R1_1G1)_1G;R1_1(Zl—f1)

01 = Pi(Pi+GR'G)7'P.

(B11)

(B12)

(B13)

(B14)

(BI15)
(B16)

(B17)

(B18)
(B19)

Continuing in this fashion, we find that all conditional densities are normally distributed, and we

obtain all the required moments forz = 2,...,7T:

ayg

fi

St

G,

(I — A3y — A33)E, — A3y Ex + Az1ri—1 + Asoxi—1 + Asszbi—y

b1

[ Qt—l Qt—lA/23 + Euu
| 423011 A23Q,-1 4}, Zvu

[ Qt—lA/33 + Euw
L A23Qt—1A/33 va

A33 Qt—lA/33 + Eww

Euv
Z11)1)

| (I — Apn)Ex — (A2 + A3)Er + Airi—1 + A2oX—1 + Azzbi—y

]

(B20)

] (B21)
(B22)

(B23)

(B24)



er = fi+ GtPt_l(Mt —ay) (B25)

Rt - St—GtPt_lG; (B26)

by = ar+ P(Pi+G,R'G)T'GIR (z — ) (B27)

= a,+ G Sz — f) (B28)

Q, = P(P,+G,R'G)'P,. (B29)

The values of {a,, b;, Q;, S;, Gy, P;} fort = 1,..., T are retained for the next stage. Equations

(B22) through (B24) are derived as

s, G, _
{ G; Pt ] - Va‘r(é‘t|Dt—1)

= Iiva.r(é‘t_1|Dt_1)14_l+ )

oo o 7
= A 00 0 |A+¥
00 Qi

Qi Qt—lA/23 Qt—lA/33
= A230i-1 A230:045 A»nQi 1A% |+
A33Q:-1 A330:14%; A0, 4%,

1 14
STS
1 19

g

™M
S
™M
g
™M
g
g

B1.1.2. Sampling

We wish to draw (o, i1, . - . , ) conditional on Dr. The backward-sampling approach relies

on the Markov property of the evolution of ¢; and the resulting identity,

(o, 81,....¢r| D7) = p(Cr|Dr) p({r—1|¢T, D1-1) * -+ p(182, D1) p(Sol81, Do).  (B30)

We first sample pr from p(ur|Dr), the normal density obtained in the last step of the filtering.
Then, fort =T —1,T —2,...,1,0, we sample u, from the conditional density p(&;|C;+1, Dy).
(Note that the first two subvectors of ¢, are already observed and thus need not be sampled.) To

obtain that conditional density, first note that

Sr+1 ] [ Si+1 Grya ])
D, ~N |2 , B31
é‘t+1| ! (|: ar+1 Gt+1 Pt+1 ( )
s 0 0 O
aiDi~N{| x [.]oo o |]. (B32)
b 00 O

and
Cov(&s, §;+1 |D;) = Var(§,|D,)/I’
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00 0 0 A, A,
=100 0 0 A, A,
0 0 QO 1 A’23 A’33
[ 0 0 0
= 0 0 0 . (B33)
Qt QtA23 QtA/33
Therefore,
§t|§t+1, Dt ~ N(ht, Ht)» (B34)
where

h: = E(&|Dy) + Cov(zt,c,ﬂwt][Var(¢t+1|Dt)]‘1 [¢+1 — E(Crq1|Dy)]

0 _

_ |: 0 |: St+1 Gra ] 1{ Zr+1 — Sr+1 ]

o , , G’ P —a
0: O A23 045, SR Hon = don

and

H, = Var(|D,)— [COV(Q» §;+1 |D,)] [Var(§,+1|D,)]_1 [COV(Q, §;+1|D,)]/

00 0 0 0 0 g G a0 o0 O
=100 0o |-| 0 o0 0 {Gi“ P’“] 0 0 A0,
00 O 0: 0:4,, 0.4 41 Sl 0 0 A330;

The mean and covariance matrix of , are taken as the relevant elements of /1, and H;.

In the rest of the Appendix, we discuss the special case (implemented in the paper) in which
r: and yu, are scalars. The dimensions of 4 and ¥ are then (K + 2) x (K + 2), where K is the

number of predictors in the vector x;.

B1.2. Drawing the parameters

This section describes how we obtain the posterior draws of all parameters conditional on the

current draw of the time series of u,. The parameters are (/I, Y, Ey;), where Ex, = (E E,).

B1.2.1. Prior distributions

We specify noninformative priors for all parameters. The prior on A is flat, except for the
stationarity restriction that all eigenvalues of A must lie inside the unit circle. The prior on E,,
is normal, Ex, ~ N(Exro, Vxro). The prior covariance matrix Vy,o has very large elements on
the main diagonal and zeros off the diagonal, so the choice of Ey,¢ is unimportant. The prior
on X is inverted Wishart with a small number of degrees of freedom: X ~ IW(X,,v). We
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choose v = K + 4, so that v = 7 in our basic specification with three predictors. The choice
of Xy, the prior mean of X', is unimportant because the prior standard deviation of X is very
large, corresponding to the posterior from a hypothetical sample of only seven observations. All

parameters are independent a priori.

B1.2.2. Posterior distributions

Drawing ¥ given (Ey,, A)

Given the normal likelihood and the inverted Wishart prior for X', the posterior of X' is also
inverted Wishart, X' |- ~ IW(S + Xy, (T — 1) +v), where S = (Y — XB)'(Y — XB) and

( rn—E, x,—Exy p—E,
Y = : : :

\ rr—E, xp —Exty pr—FE,

( r—E, x1— Exty ur — E,
X = : : :

\ rr—1 —Er xp_, — Extly pr-1—E,
B = 4.

Above, tg denotes a K x 1 vector of ones. The dimensions of both X and Y are (7' —1) x (K + 2).
Drawing E ., given (X, A)

The conditional posterior of E, is normal, Ey,|- ~ N (Ex,, I7x,), where

Ve = [Vih+ (T —1DO'Z7'0]" (B35)
T—1
Exr = I;vxr |:Vx_rl()Exr0 + Q/Z‘_1 Z(EH—I - Aé‘t)i| (B36)
=1
0 0
0 = Ik — Az —(A21 + A23) |. (B37)

—Azy 1 — A3 — Ass
Above, Qis (K +2) x (K + 1), Ix is a K x K identity matrix, and {; is defined in equation (B3).

Drawing A given (E,,, X)

In order to draw A, we need to draw the (K + 2) x (K + 1) matrix

Ay Ay,
A = | 4, A, |. (B38)
AL, Al



First, we establish some notation. Denote Z = Ig4+; ® X, where Ig1isa(K+ 1) x(K+1)
identity matrix, so that Z is [(T — 1)(K + 1)] x [(K 4+ 2)(K + 1)]. Let

/ /
Xy — Exty po—E,

Y =
xp— Extly pr—E,

and let z = vec (Y), so that z is [(T — 1)(K + 1)] x 1. Denote

P o I el O B
R 0 S R P

where u, w, r, and ) are (T — 1) x 1 vectors and V isa (T — 1) x K matrix. Let v = vec (V).
Define Y',, Y51, and X5, so that

Euu 212
Y = .
|: 2o Xy ]

That is, X', = [X,, Xuw] and

va wa

With the above notation, we can write the system (B1) without its first equation as

z = Zb+|:v],
w

Evv va
222 = |: ]

where b = vec (A). Conditional on u, the error terms [v" w’]" are normally distributed with the

mean of X»; ¥ .1 ® u and the covariance matrix of (X — X2 X X15) ® Ir—;.

Recall that the prior distribution on b is given by 1,¢g, which is equal to one when the sta-
tionarity restriction on A is satisfied and zero otherwise. Given the normal likelihood, the full
conditional posterior distribution of b is then given by

bl- ~ N (5, I7b) X lpes. (B40)

where
b = (Z2)'Z'[z- 205, (- pw)] (B41)
Vs = (Zn— 02, Z1n) @ X' X)™ (B42)

We obtain the posterior draws of b by making draws from N (l;, 171,) and retaining only draws that
satisfy b € S. The posterior draws of A are constructed from the posterior draws of b = vec (A4).



B1.3. Predictive variance for general VAR

In addition to the notation from equations (B1), (B2), and (B3), define also

Er Uy
Eé’ = EX , € = V¢ )
Er Wy
and
& =8 — Eq.

Equation (B1) can then be written as
§f+1 = Aé‘f + €r41.
Fori > 1, successive substitution using (B45) gives
(o= AL+ A e + A e + o+ €0

Define

K
{rr+xk = Z ST i
im1

K
E;‘,T—i—K = Z§%+i = é‘T,T—f—K - KE@-.

i=1

Summing (B45) over K periods then gives

K
E%,T—f—K = (Z I‘Ii) &+ (I + A+t “IK_I) €r+1
i=1

I+ A4+ A5 e+ +enk
= (/iK—H - 1)¢ + AKEH—I + AK—1€t+2 +---+ €1k,
where

I+ A4+ A"
= (I-A)7'(I-A4Y.

=i
Il

It then follows that

E (. rek|Dr b i) = (Ags1— D5,
ECrr+x|Dr.¢.ur) = (Agt1— D + KE;,

8
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(B45)

(B46)

(B47)

(B48)

(B49)



and

Var (¢r,r+x|Dr.¢.pur) = Var($§ 7, ¢ |Dr. . pur)

K —_ -
= Y AZA;L (B50)
i=1
The first and second moments of (B49) given D7 and ¢ are given by
_ rr — Er
E(@rr+k|Dr,¢) = (Ak+1—1) | xr — Ex | + KE;¢ (B51)
br — E,
and
_ 0 0 O )
Var [E ¢r,r+x|D1. ¢, 1) |DT. @) = (Ak 41— 1) | 0 0 0 |(Agq1—1)". (B52)
00 QOr

Combining (B50) and (B52) gives

Var {r,7+x|Dr.¢) = E[Var(Crr+k|Dr.¢,ur)|Dr,¢] + Var[E (Cr,r+x|Dr1, ¢, 1) | D1, P]

K ) 00 0 )
= Y AZA+ Ak =D 00 0 |(Agn—1). (B53)
i=1 0 0 QT

By evaluating (B51) and (B53) for repeated draws of ¢ from its posterior, the predictive variance

of {74k can be computed using the decomposition,

Var({r,r+x|Dr) = E{Var({r,r+k|¢, D1)| D7} + Var {E({1,r+k |90, DT)| D71} . (B54)

Finally, the predictive variance of rr 74 g is the (1,1) element of Var({r,7+x |Dr).

B2. Perfect predictors

Note: The notation in this section is distinct from the notation in the previous section.

The paper focuses on the realistic scenario in which the observable predictors x; are imperfect,
in that they do not perfectly capture the conditional expected return 1. In this section, we discuss
the calculation of predictive variance in an alternative framework with perfect predictors, for which

: = a + b’'x;. In that case, the predictive system is replaced by a model consisting of equations
2% p y p y g q

Fip1r = a+b'x; + e (B55)
X1 = 0+ Ax; + viqq, (B56)
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combined with the following distributional assumption on the residuals:

et 0 aez o
|:vti|NN(|:0i|’|:0ve Evv]). (BS7)

Let 6 denote the full set of parameters in equations (B55), (B56), and (B57). Let £2 denote the

covariance matrix in (B57), let B denote the matrix of the slope coefficients in (B55) and (B56),

a 6
B = [b A']’

and let ¢ = vec (B). Note that § consists of the elements of ¢ and 2.

B2.1. Posterior distributions under perfect predictors

We specify the prior distribution on 6 as p(§) = p(c)p(£2). The priors on ¢ and §2 are non-
informative, except for the restriction that the spectral radius of A, p(A4), is less than 1. The
prior on ¢ is p(c) o< I[p(A) < 1], where I[ ] denotes the indicator function. The prior on 2 is

p(2) o [2|7"*+D/2 where m is the number of rows in £2 (i.e., x; is (m — 1) x 1).

To obtain the posterior distribution of §, the prior p(§) is combined with the normal likelihood
function p(Dr|§) implied by equation (B57). The posterior draws of § can be obtained by applying
standard results from the multivariate regression model (e.g., Zellner, 1971). Define the following
notation: r = [r; 1y --- r7], O =[x1 x2 -+ x7], O = [xo X1 --- x7—1], X = [t Q], where
ir denotes a T x 1 vector of ones, ¥ = [r 0], B = (X’X)”"'X'Y,and S = (Y — X B)'(Y —
X l?). We first draw 27! from a Wishart distribution with 7' —m degrees of freedom and parameter
matrix S~!. Given that draw of 27!, we then draw ¢ from a normal distribution with mean
¢ = vec (é) and covariance matrix 2 ® (X’X)~!. That draw of § is retained as a draw from
p(8|Dr) if p(4) < 1.

B2.2. Predictive variance under perfect predictors

The conditional moments of the k-period return r7 744 are given by
E(”T,T+k|DT, 5) = ka+ b’iI/k_IG + b’AkxT (B58)
k—1
Var(rr.r+k|Dr.8) = kol +2b'W—10ve + b/ (Z AizwA;) b, (BS9)

i=1
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where

A = T4+A+-+ A" =T -4A)7'T -4 (B60)
Wy = M+Aat+ M= -7 KI-T -4~ -4%). (B

The first term in (B59) reflects i.i.d. uncertainty. The second term reflects correlation between
unexpected returns and innovations in future xr;’s, which deliver innovations in future pz4;’s.
That term can be positive or negative and captures any mean reversion. The third term, always
positive, reflects uncertainty about future x74;’s, and thus uncertainty about future pz4;’s. This

third term, which contains a summation, can also be written without the summation as

k—1
b’ (Z A,-E,,,,A;) b = (Peb)|[I-4"'eU—-A4)""] [kl — AT —1® Ay
i=1

FU-AR A -(A® A)k)] vee (Soy) .

Applying the standard variance decomposition
Var(rT,T+k|DT) = E{Var(rT,T+k|DT, 5)|DT} + Var{E(rT,T+k|DT, 5)|DT}, (B62)

the predictive variance Var(rr,r+x|Dr) can be computed as the sum of the posterior mean of the
right-hand side of equation (B59) and the posterior variance of the right-hand side of equation
(B58). These posterior moments are computed from the posterior draws of §, which are described
in Section B2.1.
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