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Appendix

(A) The Stochastic Discount Factor

The properties of the SDF are described in detail in Pédstor and Veronesi (2005; PV). This
appendix contains a brief summary. The process in equation (10) implies a normal unconditional
distribution for y; with mean y and variance 05 /2k,. Let yp = 7§ — 4o/ \/% and yy =y +
4o,/ \/% be the boundaries between which y; lies 99.9% of the time. To ensure that s; (log
surplus) conforms to the economic intuition of a habit formation model, PV impose the following
parametric restrictions: ag < 0, a1 > —2asyy and ag < 1/4 (a% / ag) . The resulting process for the
stochastic discount factor m; = et~V +5t) ig given by

dﬂ't = —’I”f7t7Ttdt — 7Tt0'7r7tdW07t,
where
Tt = R() + Rlyt + R2yt27
with
_ 159 I 59 9 2
Ry = n+ype +yarkyy — UL + (yaz — 37 at)o, — Y a10:0y
R = 7~ (2a2k‘y§ — arky — 2a2y (aeay + alaS))
Ry = 2asy (—k‘y — ’)/(120',3)
and
Ot =7 (0c + (a1 + 2a2y;) oy) - (A1)

The parameter restrictions imposed earlier imply that o, ; decreases as y; increases. As a result,
expected return and return volatility are low when 3, is high. See PV for more details.

(B) Proofs

Lemma 1: Let Et follow the process
dby = (Copr + Cup} — o) dt,

where p! and p, follow the processes in equations (2) and (4), and ¢; are constants. Define Y; =

Y1 r—va1Yar —vasYy

~ 3 -\
(vbt — YEL, Yts Prs P Ei) and g (Yr)=¢e 2T where v is a constant, Y;; denotes the

i-th element of Yy, and ~, a1, and ay are taken from equations (8) and (9). Then
Ey [T 0 (Y7) [§] = H (Y0, t; T) = /ot UD) YooY, (A2)

where Ko (t;T), K(t;T) = (K1 (T), .., Ks5(t;T))', and Kg(t;T) satisfy a system of ordinary
differential equations (ODE)

dKg (t;T

% = —2K§ (t:T) o, +2Ke (t;T) ky (A3)

dK (t;T7)\’ _
(TUD) KTy By +2Ke(6T) [Sr S]] ~ 26 T e (A

dKo (t;T) 1

— = - K (t:T) Ay — ;K tT) Sy SyK (5T) — Kg (6 T) o) (A5)
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subject to the final condition K¢ (T57T) = —vaqe, K(T;T) = (1, —va1,0,0,0), and Ko (T;7T) = 0.
In the above, e; = (0, 1,0, ..,0), and

—YHte — VG2 0 0 wp v O —yo. 0 0

kyy 0 —ky 0 0 0 Oy 0 0

Ay = krpr, i By = 0 0 —ky, 0 0 ; Ny = orLo OLL 0
0 0 0 ¢ = ¢ 7i0 0 oy

0 0 0 0 0  —ky 0 0 0

Proof of Lemma 1: From the definition of the vector Yy, we have
dYt == (AY + BYYt) dt + Eyth.

The Feynman-Kac theorem implies that H (Y, t) from (A2) solves the partial differential equation

5 5 5
ot oy ) Ay By Y+ 5 Sy =nH A
ot +;<8Yi>[ y + By th+2;;8YiOYj[ Y y]m n (A6)
subject to the boundary condition

It can be easily verified that the exponential quadratic function (A2) indeed satisfies (A6) subject
to (A7), as long as Ko (t;T), K (t;T), and Kg(t;T) are the solutions to the system of ODEs in
(A3) through (A5) under the final conditions presented in the claim of the Lemma.l

Lemma 2. If average excess profitability E: is observable and T; is known, the firm’s ratio of
market value to book value of equity is given by
M
B;

Ti—t ) . . ) .
= CZ/ zZ' (ytvptv pivav 8) ds + z' (ytvﬁtv pfﬁv@i? TZ - t) )
0

where ; O
Zi (yta ptv pzzfv Efﬁv 8) - GQO(S)_FQ(S)/.NH—QE) (S)ygv

and where N; = (v, o, i,v is the vector of state variables characterizing firm 4, @0 (s) =
P> Pes Vi

Ko (055), Qi(s) = Kit1(0;5) for i = 2,3,4, Q1 (s) = K2 (0;5) + va1, and Q5 (s) = K (0; s) + vas,
where K; (.;s) are in Lemma 1, all for the parameterization (y =0, (1 =v =1, and (» = ¢".

Proof of Lemma 2: Let ¢t = 0, for notational simplicity. For given T;, the pricing formula is

T; . : T . :
Mi = E, [/ ED;ds] + By [”Tz BTi] _ CZ/ o [EB;] ds + Ey [”Tl BTi] .
o 7o 0 0 0 o

We need to compute the folowing expectation:

T : 2 _ i _ _ 2 2
Ey [_SB;] = eYeotyaryotyazyy Ep [e ns by —vEs —ya1ys ’Ya2ysi| — eYeotyaryotyazyy fy (YO’ 0; s) 7
0



where the H function is given in equation (A2). Since By has only zeros in its first column, we
have [K (t;T;)' - By]1 = 0 in equation (A4). This implies % = 0 and thus K; (¢;7;) = 1 for
t < T;. By substituting in H (Y, 0; s), we obtain

Uy ; 2 ; 2 . 5 (0:8)Y: (0: 2
E, [—SBé] = 01NV [ (Y, 0;5) = Bl x 7907928 eF0(038) 2275 Ki(055)Yi0+K6(0;5) Y20
7o

This expression leads immediately to the claim upon redefinition of the variables. B

Proof of Proposition 1:

The density of the exponential distribution is h(s,p) = pe P5. We assume throughout that
parameters are chosen such that Qg (s) = —ps + Qo (s) — —oo, and all Q; (s) for i # 0 converge to
finite numbers, where Qg (s) and Q; (s) are defined in Lemma 2. Such parameters exist, because
By in Lemma 1 has negative eigevalues, and thus the convergence conditions are met for instance
if ¥y = 0. We now prove Proposition 1 under these conditions.

For given T', the expected discounted value of the future cash flow is given in Lemma 2:
By / “L Didr|T|+E; |5 BRIT| = Bic / Z (90,710 01 Bt s — t) ds+BLZ (30 7y, ol 00 T — )
t Tt t ¢
Integrating over all possible T”s, the value of the stock today is given by
M =B [ (e 0) [ Z (0mplThs 1) ds ) [ pe PO (5, pipl, BT 1) dT
¢ ¢ ¢

(A8)
Using integration by parts and recalling that fpe_p(T_t)dT = _%)e_p(T_t) = —eP(T—) we find

/too (pe_p(T_t)> /tT 4 (yt,ﬁt, pi,@i, s — t) ds dT = [—e‘p(T_t) /tT 4 (yt,ﬁt, pi,@i, s — t) ds] .

0o _ L
— [ e TOZ (el T T — )
t

T=0c0

Under the assumption stated earlier (Qqg(s) — —oo and Q; (s)’s converge to finite numbers), we
have e P(T—1) ftT A (yt,ﬁt, pé,@i, 5 — t) ds — 0 as T — oo. From equation (A5), the leading term
in Qo(s) is linear in s, while the other terms converge to finite numbers. Thus, the properties of the
integral ftT Z (yt, Dr, Pl Eﬁ, s — t) ds as T" — oo are determined by a term of the form ftT em(s=t) (g

for some constant m determined as part of the solution of (A5). Under the assumptions stated
earlier, e P(T—1) ftT st g = 1/m (e(_p+m)(T_t) — e_p(T_t)) — 0 as T — oo. Thus,

/too (pe_p(T_t)> /tTZ (yt,ﬁt,pi,%, s — t) dsdT = /00 e PT-ty (yt,ﬁt,pi,%,T — t) dT.

t

Substituting this back into equation (A8), we find the relation (13) in Proposition 1. W

Proof of Proposition 2: By the law of iterated expectations, the pricing function is

T.
o e T —i
‘Bt | =FE; |E —D'd Lt B%. .
p TZ:| t[ t|:/t - 35+7Tt Tth”

. Tiﬂ' .
M} = E; [/ —Dlds +
t Tt
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The inner expectation is computed in Proposition 1. Thus
o0
M = B (e ) x By | [ eontonar Ne@soni ).
0

Under the assumptions stated in the proof of Proposition 1, the integral exists. The only variable
in N; that is not known at ¢ is ¢,. The claim of Proposition 2 then follows from the rules of the
lognormal distribution, as

B, [em(sﬂi} _ Ple@B]+5Ver[QieT] | u()ii+ 103052, m

Lemma 3 (Learning). Let @z follow equation (5), Zi = (0}, Dy, yt)/ and the prior distribution of
E: at ¢ = 0 be normal, N (1%, 320) The posterior of wt conditional on F; = {Z, : 0 < 7 < t} is also

normal, and the posterior moments wf =F; [@t} and Ezt =F; [(% — wl%) ] at t > 0 follow

dii = —kybldt + 52, (?) AW, (A9)
claZ " 5 @
= —2kyo7, — (07 t) <Uzz> (A10)

Above, W@t is the third entry in the vector of expectation errors, \/7\\/} = |:W07t, WLt, W@t , which

follows dwt = 221 [dZ; — E; (dZ¢)]. To obtain the dynamics of Z;, we can define matrices Az,
Bz, Cz and X such that equations (2), (4), and (10) can be combined into one as

dZ; = (AZ+BZZt + Cﬂi) dt + X 7dW,
where Wy = [Wy ¢, W4, Wi 4]. Proof of Lemma 3 follows from Liptser and Shiryayev (1977).

Expected Return and Volatility. Let M} /B! = ® ( pi, b, v {ﬁ\i,&\z , following Proposition 2.
t/ By Pt Pi t) 9t

Ito’s Lemma implies that firm 4’s return volatility is given by 4/ a}éa}é’ , where

1 [0%° aqﬂ 0P’ oP*
UR 1 (ayt a_ L + api Z + 8wl w t) Y ( )
gy = (0y,0,0), o, = (01,0,0L,1,0), 05 = (04,0, 0;;) , and 0= (0 0,2 ' ) We also have

E [dRﬂ = aklam,
for expected excess return, where o' ; is the first element in o, and o, is given in equation (A1).

Proposition 3: The M/B value of the old economy is given by

MP/BO = & (5, y) = © /0 Z (e, Py, ) ds, (A12)

where

Z (ye, Py, ) = €0 ()HQY ()u+QF ()P +Q3 (s)u?
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and QF (s) = Ko (0;5), QF (s) = K2(0;5) +va1, QF (s) = K3 (0;5) and QF (s) = Ko (0; 5) + vaz,
where K; (.;s) are in Lemma 1, all for the parametrization (o = (o =v =1, and {; = 0.

Proof of Proposition 3: The claim follows from the same argument as in Proposition 1, but
for the parameterization (y = (o = v = 1, and ¢(; = 0 in Lemma 1. The functions of time Q?(s),
7 =0,..,3, are computed as in Proposition 1.

The return volatility of the old economy is \/agag " where

o_1(o®_ 0P
7= 3\ 0y, " 95,°%) "

gy = (0y,0), and o, = (0L0,0r,). The old economy’s expected excess return is E [dR{] =

aglam, where agl is the first element in ag.

Lemma 4. (e.g., Duffie, 1996). For any linear vector process z; that satisfies
dz; = (A, + B,z) dt + X,dW,, (A13)

we have
Zt+T|Zt ~ N (MZ (Ztv 7-) ) SZ (7_)) )

where p, and S, are given by
Uy (ze,7) = VU(7T)2 —I—/ U (r—s)A.ds
0
S.(r) = / U (r—8) X, XU (r—s)ds
0

and U (1) = UeA"U™!, where A is the diagonal matrix with the eigenvalues of B, on its principal
diagonal, U is the matrix collecting the respective eigenvectors on each column, and eA” is the
diagonal matrix with e*#” on its principal diagonal.

(C) The Gordon growth model with an uncertain growth rate.

This section formalizes the discussion in the third paragraph of the introduction. Let D; denote
the dividend rate. The Gordon model assumes that the drift rate g of dividends is constant:

dD
- L= gdt + opdWp. (Al4)
t

We consider two different specifications of the stochastic discount factor.
C.1. The Stochastic Discount Factor Independent of the Dividend Process.

Suppose that the SDF is governed by the following process with constant drift and volatility:

d
Tt — opd Wy,
Tt

The price of the asset is then given by

& S o SDS
P =E, / Tspyds| = D, By / Tss s (A15)
¢ T ¢ meDy
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assuming that the expectation exists. Let z; = log (m:D;). Ito’s lemma implies that
1
dr; = (—rf +9—0x0DPDx — 3 (afr + 02D — 2a7raDpDJr)> dt — o,dW, + opdWp,

where pp r is the correlation between dWp and dW;. Using the properties of the lognormal

distribution,
B | TP | _ g, [e(zs—m} _ o~ (r40m0DpD ) (s—1)
7TtDt
The price of the asset is then
o [e.e]
P = Dt/ E, [WSDS] ds = Dt/ e~ (rr+onopppa=9)(s=0 g — =
t Ty t Tf+ 0x0DPDr — 9
= Ty

where r = r; 4+ 070ppp is the sum of the risk-free rate and the risk premium. This is the
well-known Gordon growth formula in a continuous-time framework.

When ¢ is unknown, it follows from the law of iterated expectations that

o SDS © st 1
p = Et[/ T ds]:Et[Et[/ T ds|g”:DtEt[—].
t Tt t Tt r—g

That is, the P/D ratio is equal to the expectation of the P/D ratio in the case where g is known.
(This expectation exists only under the assumption that the distribution of g assigns positive
likelihood only to the values of g that satisfy a transversality condition.) Note that the risk premium
is unchanged compared to the case of known ¢g. By explicitly modeling the learning process, this
fact can be proven directly by adapting the results in Veronesi (2000).

C.2. The Stochastic Discount Factor Dependent on the Dividend Process.

Following Campbell (1986) and Abel (1999), we assume the existence of a representative agent
with a CRRA utility over aggregate consumption, which is given by

Cy = D).
In a dynamic economy, the SDF is given by the marginal utility of consumption
m=e TC;T,
where 7 is the coefficient of risk aversion. The SDF then follows the process

d 1
% = _ (17 + A\yg — 5)\7(1 + )«y)a%) dt — AMyopdWp (A16)
t

1 —
= - (77 + M E¢[g9] — 5)\7(1 + A7)02D> dt — MyopdWp. (A17)
The process (A16) is written with respect to the true Brownian motion Wp from equation (A14),

whereas the (equivalent) process (A17) is written with respect to the Brownian motion Wp per-
ceived by the agent with incomplete information about g. The equality between the processes in



equations (A16) and (A17) follows from Girsanov’s theorem. Importantly, equation (A17) shows
that uncertainty about g has no impact on the volatility of the SDF.

The price of the asset is given by

7
P.=F, [/ —SDSds]:DtEt
t Tt

0 D 1=y
—n(s—t) [ s
/t e (Dt> ds] , (A18)

assuming that the expectation exists.

If g is observable, the same calculation as in Section C.1 shows that

L /Oo o (1=(1=27) g+ 50 (1=M)0p ) (s—1) g — 11 . (A19)
Dy ' n—(1=M)g+32v(1 = My)o,

Note that as long as Ay # 1, the P/D ratio is convex in g.

If g is unobservable, the law of iterated expectations implies that

1

P,
=L 1 2
n—=(1=M)g+ 3 (1= \y)op

E_

Due to the previously mentioned convexity, an increase in uncertainty about g (i.e., a mean-
preserving spread on the density of g) leads to an increase in the P/D ratio.

By following the approach in Veronesi (2000), it is also possible to show that an increase in
uncertainty decreases (increases) expected excess return if and only if v > 1/ (v < 1/X).
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