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Devwudfw

Wklv sdshu r�huv dq h{sodqdwlrq iru vwrfn pdunhw fudvkhv zklfk irfxvhv rq wkh

uroh ri udwlrqdo exw xqlqiruphg wudghuv1 Zh vkrz wkdw xqlqiruphg wudghuv fdq

suhflslwdwh d sulfh fudvk ehfdxvh dv sulfhv ghfolqh/ wkh| vxuplvh wkdw lqiruphg

wudghuv uhfhlyhg qhjdwlyh lqirupdwlrq/ zklfk ohdgv wkhp wr uhgxfh wkhlu ghpdqg

iru dvvhwv dqg gulyh wkh sulfh ri vwrfnv hyhq orzhu1 Wkh prgho |lhogv vhyhudo

lpsolfdwlrqv/ vxfk dv wkdw fudvkhv fdq rffxu hyhq zkhq wkh ixqgdphqwdov duh

vwurqj/ dqg wkdw wkh pdjqlwxgh ri wkh fudvk ghshqgv rq wkh iudfwlrq ri xqlq0

iruphg lqyhvwruv dqg wkh dprxqw ri xqvrsklvwlfdwhg sdvvlyh lqyhvwlqj suhvhqw lq

wkh pdunhw1

Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvl�fdwlrq Qxpehuv= J47/ G;5/ G;7

Nh| Zrugv= Lqirupdwlrq H�hfw/ Dv|pphwulf Lqirupdwlrq/ Fudvkhv

Iruwkfrplqj rq Mrxuqdo ri Hfrqrplf Wkhru|

WZh wkdqn Dqdw Dgpdwl/ Mrkq Fdpsehoo/ Uxvvhoo Frrshu/ Hgglh Ghnho/ Guhz Ixghqehuj/ Fkulvwrskhu

Jrrg/ Pduwlq Khoozlj/ Mrkq Ohdk|/ Dqguhz Phwulfn/ Dqwrqlr Udqjho/ wkh Dvvrfldwh Hglwru/ dqg dq dqrq|0

prxv uhihuhh1 Zh dovr wkdqn sduwlflsdqwv lq vhplqduv dw Kduydug/ Fklfdjr JVE/ Who Dyly Xqlyhuvlw|/ dqg wkh

QEHU Frpsohphqwdulwlhv Zrunvkrs iru wkhlu frpphqwv1 D suhylrxv yhuvlrq ri wklv sdshu zdv flufxodwhg

xqghu wkh wlwoh �Rq wkh Srvvlelolw| ri Vwrfn Pdunhw Fudvkhv lq wkh Devhqfh ri Sruwirolr Lqvxudqfh1� Doo

fruuhvsrqghqfh vkrxog eh vhqw wr Slhwur Yhurqhvl/ Judgxdwh Vfkrro ri Exvlqhvv/ Xqlyhuvlw| ri Fklfdjr/ 4434

H1 8;wk Vwuhhw/ Fklfdjr/ LO 9396:1
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Lqyhvwruv duh riwhq suhrffxslhg zlwk wkh srvvlelolw| wkdw wkh vwrfnv wkh| rzq zloo duelwudulo|

dqg xqh{shfwhgo| soxpphw lq ydoxh1 Wkhvh ihduv pd| qrw eh hqwluho| xqzduudqwhg jlyhq uh0

fhqw klvwrulfdo hslvrghv vxfk dv wkh Rfwrehu 4<;: fudvk/ zkhq wkh Grz Mrqhv lqgh{ ghfolqhg

e| 56( lq d vlqjoh gd| zlwkrxw dq| reylrxv fruuhvsrqglqj fkdqjhv lq wkh xqghuo|lqj hfr0

qrplf ixqgdphqwdov1 Qrw vxusulvlqjo|/ wkhq/ hfrqrplvwv kdyh ghyrwhg frqvlghudeoh h�ruw

wr xqghuvwdqg zkdw irufhv pljkw fdxvh vwrfn sulfhv wr fkdqjh vr gudpdwlfdoo| lq wkh idfh

ri vhhplqjo| vpdoo fkdqjhv lq ixqgdphqwdov/ dqg zkhwkhu vxfk irufhv duh vwloo suhvhqw lq

pdunhwv wrgd|1 Dw ohdvw zlwk uhjdug wr wkh 4<;: fudvk/ wkh frqvhqvxv dprqj erwk srolf|0

pdnhuv dqg dfdghplfv kdv frqyhujhg rq wkh fxosdelolw| ri wkhq0srsxodu khgjlqj vwudwhjlhv

dgydqfhg e| sruwirolr lqvxudqfh prghov/ zklfk glfwdwhg vhoolqj vwrfnv zkhq wkhlu sulfhv eh0

jdq wr ghfolqh1 Wklv zdv wkh wkhph ri wkh Eudg| Uhsruw ^7` frpplvvlrqhg wr lqyhvwljdwh wkh

fdxvhv ri wkh fudvk/ dqg zdv odwhu irupdol}hg lq zrun e| Jhqqrwwh dqg Ohodqg ^;`1 Wkh odwwhu

ghyhors dq htxloleulxp prgho lq zklfk fudvkhv duh lpsrvvleoh lq wkh devhqfh ri sruwirolr

lqvxudqfh1 Wkh| wkhq ghprqvwudwh wkdw d uhodwlyho| vpdoo dprxqw ri sruwirolr lqvxudqfh

jlyhv ulvh wr d glvfrqwlqxrxv htxloleulxp sulfh ixqfwlrq lq zklfk wkh htxloleulxp sulfh ri wkh

ulvn| dvvhw mxpsv glvfuhwho| dv wkh xqghuo|lqj ixqgdphqwdov fkdqjh frqwlqxrxvo|14 Vlqfh wkh

gluhfw xvh ri vwrfnv iru sruwirolr lqvxudqfh sxusrvhv kdv doo exw glvdsshduhg/ vrph kdyh frq0

foxghg iurp wklv dqdo|vlv wkdw pdunhwv wrgd| duh ohvv yxoqhudeoh wr sulfh fudvkhv ri vlplodu

pdjqlwxghv dv lq wkh 4<;: fudvk1

Wkh sxusrvh ri wklv sdshu lv wr wdnh lvvxh zlwk wklv frqfoxvlrq e| ghprqvwudwlqj wkdw wkh

skhqrphqrq ghvfulehg e| Jhqqrwwh dqg Ohodqg grhv qrw uhtxluh wkh suhvhqfh ri h{rjhqrxv

sruwirolr lqvxudqfh1 Zh frqvlghu d pdunhw wkdw lv srsxodwhg erwk e| djhqwv zkr duh lq0

iruphg derxw wkh xqghuo|lqj ixqgdphqwdov dv zhoo dv djhqwv zkr duh xqlqiruphg1 Wkxv/

4Jhqqrwwh dqg Ohodqg ixuwkhu dujxh wkdw wkh pdjqlwxgh ri wkhvh mxpsv lv sduwlfxoduo| odujh li wudghuv duh
xqdzduh ri wkh suhvhqfh ri vxfk vwudwhjlhv lq wkh pdunhw1 D vlplodu lghd lv dovr sxuvxhg e| Mdfnolq/ Nohlgrq/
dqg S hlghuhu ^44`1
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dv|pphwulf lqirupdwlrq sod|v d fuxfldo uroh lq rxu vhwxs/ lq frqwudvw zlwk Jhqqrwwh dqg Oh0

odqg*v prgho zkhuh vxfk dv|pphwu| sod|v qr hvvhqwldo uroh jlyhq wkh suhvhqfh ri h{rjhqrxv

sruwirolr lqvxudqfh1 Xqlqiruphg djhqwv lq rxu prgho fdq hqg xs dfwlqj lq wkh vdph zd| dv

sruwirolr lqvxuhuv duh dvvxphg wr dfw lq Jhqqrwwh dqg Ohodqg*v prgho= wkh| duh zloolqj wr

ex| vwrfnv dw uhodwlyho| kljk sulfhv exw dyrlg wkhp dw uhodwlyho| orz sulfhv1 Wkh uhdvrq iru

wklv lv wkdw xqlqiruphg djhqwv duh dzduh wkdw wkhuh duh lqiruphg djhqwv rshudwlqj lq wkh

pdunhw/ zklfk jlyhv wkhp lqfhqwlyh wr xvh sulfhv wr pdnh lqihuhqfh derxw wkh xqghuo|lqj

ixqgdphqwdov1 Lq zkdw iroorzv/ zh dvvxph wkhuh duh pdq| lqiruphg djhqwv dfwlyh lq wkh

pdunhw/ vr qr lqiruphg djhqw kdv lqfhqwlyh wr klgh klv lqirupdwlrq1 Wklv dyrlgv vlwxdwlrqv

dv lq N|oh ^46` ru Od�rqw dqg Pdvnlq ^47` zkhuh lqiruphg wudghuv wdnh lqwr dffrxqw wkh

lqirupdwlrq wkhlu dfwlrqv uhyhdo dqg dffruglqjo| dfw wr frqfhdo lw1 Vlqfh lqiruphg wudghuv

idlo wr dfw vwudwhjlfdoo| dqg elg xs wkh sulfh ri vwrfnv zkhq wkh| ohduq ixqgdphqwdov duh

idyrudeoh/ xqlqiruphg wudghuv fruuhfwo| lqihu wkdw kljk vwrfn sulfhv duh pruh olnho| zkhq

ixqgdphqwdov duh idyrudeoh1 Li wklv h�hfw lv vwurqj hqrxjk/ xqlqiruphg djhqwv frxog hqg

xs dyrlglqj vwrfnv dowrjhwkhu zkhq vwrfn sulfhv duh wrr orz exw qrw zkhq sulfhv duh kljk1

Wkxv/ wkh ghpdqg ri xqlqiruphg djhqwv zloo eh xszdug vorslqj1 Krzhyhu/ wkh ghpdqg ri

xqlqiruphg wudghuv zloo hyhqwxdoo| dvvxph d grzqzdug vorslqj vkdsh dw kljk sulfhv/ erwk

ehfdxvh wkhvh wudghuv fdqqrw d�rug wr ex| dv pdq| dvvhwv dv sulfhv frqwlqxh wr ulvh dv zhoo

dv ehfdxvh kljk sulfhv hyhqwxdoo| ohdg wr d orz udwh ri uhwxuq1 Wkh ghpdqg ri xqlqiruphg

wudghuv zloo wkhuhiruh eh xszdug vorslqj lq rxu iudphzrun rqo| orfdoo|1

Zkhq zh dgg wkh edfnzdugv0ehqglqj ghpdqg fxuyh ri xqlqiruphg wudghuv wr wkh ghpdqg

ri lqiruphg djhqwv/ zh hqg xs zlwk dq djjuhjdwh ghpdqg fxuyh wkdw irogv ryhu lwvhoi/ iruplqj

dq lqyhuwhg0V vkdsh= dw orz sulfhv/ rqo| lqiruphg dqg qrlvh wudghuv sxufkdvh dvvhwv/ dqg

wkhlu ghpdqg iru wkh dvvhw lv grzqzdug vorslqj> dw kljkhu sulfhv/ wkh djjuhjdwh ghpdqg

fxuyh lv xszdug vorslqj ehfdxvh ri wkh xszdug vorslqj ghpdqg ri xqlqiruphg wudghuv> dqg

dw vwloo kljkhu sulfhv/ zkhq wkh ghpdqg ri xqlqiruphg wudghuv wxuqv grzqzdug vorslqj djdlq/

djjuhjdwh ghpdqg zloo eh grzqzdug vorslqj dv zhoo1 Wklv iroglqj lpsolhv wkdw dv zh wudfh
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dorqj ydoxhv ri wkh ixqgdphqwdov/ zh zloo lqhylwdeo| eh irufhg wr mxps iurp wkh xsshu

eudqfk ri wkh ghpdqg fxuyh/ zkhuh wkh ghpdqg ri xqlqiruphg djhqwv lv kljk/ wr wkh orzhu

eudqfk/ zkhuh wkh ghpdqg ri wkh xqlqiruphg djhqwv lv orz1 Khqfh/ wkh htxloleulxp sulfh

pxvw fkdqjh glvfrqwlqxrxvo| dw vrph srlqw1 Wklv glvfrqwlqxlw| orrvho| fdswxuhv wkh qrwlrq

ri udwlrqdo sdqlf dprqj xqlqiruphg wudghuv= d vpdoo ghfolqh lq sulfh ohdgv xqlqiruphg djhqwv

wr qr orqjhu ylhz vwrfnv dv idyrudeoh dqg wr zlwkgudz iurp wkh pdunhw/ fdxvlqj wkh sulfh ri

wkh vwrfn wr idoo hyhq ixuwkhu1 Wkh iroglqj surshuw| lv lghqwlfdo wr wkh rqh wkdw Jhqqrwwh dqg

Ohodqg ghvfuleh/ h{fhsw wkdw udwkhu wkdq dvvxplqj h{rjhqrxv khgjlqj ghpdqg wr jhqhudwh

wklv iroglqj/ rxu uhvxow dulvhv hqgrjhqrxvo| xqghu dv|pphwulf lqirupdwlrq1

Zkloh lw lv zhoo0nqrzq wkdw ghpdqg iru d jrrg fdq eh xszdug vorslqj lq dv|pphwulf

lqirupdwlrq prghov � Zlovrq ^55/ 56`/ iru h{dpsoh/ ghulyhv dq xszdug vorslqj ghpdqg lq

d pdunhw iru jrrgv zkrvh txdolw| lv nqrzq rqo| wr vhoohuv � suhylrxv zrun kdv idlohg wr

srlqw rxw lwv uroh lq jhqhudwlqj vwrfn pdunhw fudvkhv1 Iru rqh wklqj/ vlpso| frqvwuxfwlqj

d wudfwdeoh prgho zlwk xszdug vorslqj ghpdqg lq d pdunhw iru �qdqfldo dvvhwv suryhv

wr eh d gl!fxow wdvn/ lq frqwudvw zlwk pdunhwv iru jrrgv zkhuh lw lv qdwxudo wr dvvxph

khwhurjhqhrxv wdvwh iru txdolw| dfurvv frqvxphuv zklfk juhdwo| idflolwdwhv wkh frqvwuxfwlrq

ri xszdug vorslqj ghpdqg vfkhgxohv1 Lq idfw/ Jurvvpdq ^<` lv deoh wr gh�qlwlyho| uxoh rxw

xszdug vorslqj ghpdqg iru �qdqfldo dvvhwv xqghu zhdn frqglwlrqv zkhq dvvhw uhwxuqv duh

qrupdoo| glvwulexwhg dqg doo wudghuv vkduh d frpprq xwlolw| ixqfwlrq1

Jurvvpdq*v uhvxow grhv qrw h{whqg wr prghov wkdw doorz iru qrlvh wudglqj/ exw wkh vwurqj

dvvxpswlrqv wkdw duh riwhq lqyrnhg wr |lhog dqdo|wlfdoo| wudfwdeoh prghov wkdw doorz iru qrlvh

gr qrw qdwxudoo| |lhog xszdug vorslqj ghpdqg fxuyhv hlwkhu1 Vwloo/ vhyhudo sdshuv kdyh ehhq

deoh wr jhqhudwh xszdug0vorslqj ghpdqg vfkhgxohv iru �qdqfldo dvvhwv1 Iru h{dpsoh/ Dgpdwl

^4` xvhv pxowlsoh dvvhwv lq d vwdwlf prgho wr jhqhudwh xszdug vorslqj ghpdqg iru lqglylgxdo

dvvhwv1 Zdqj ^53` vkrzv qxphulfdoo| wkdw lq d g|qdplf prgho zlwk qrlvh/ fkdqjhv lq wkh

txdqwlw| ghpdqghg e| xqlqiruphg wudghuv fdq eh srvlwlyho| fruuhodwhg zlwk sulfh fkdqjhv

hyhq li wkhuh lv rqo| rqh ulvn| dvvhw/ dowkrxjk kh �qgv wklv fdvh wr eh xqolnho|1 Exw zkloh
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erwk ri wkhvh prghov jlyh ulvh wr xszdug vorslqj ghpdqg/ wkh| rqo| frqvlghu olqhdu ghpdqg

vfkhgxohv/ vr wkdw ghpdqg iru dq dvvhw qhyhu irogv edfn dv lw grhv lq rxu prgho/ dqg wkh

sulfh ixqfwlrq lq erwk prghov uhpdlqv frqwlqxrxv1 E| frqwudvw/ lq wklv sdshu zh duh deoh wr

jhqhudwh glvfrqwlqxrxv sulfh ixqfwlrqv1 Wklv lv ehfdxvh zh dgrsw dq dowhuqdwlyh iudphzrun

ghyhorshg lq Eduohy| dqg Yhurqhvl ^6` wkdw doorzv iru qrq0olqhdu htxloleulxp sulfh ixqfwlrqv

dqg ghpdqg vfkhgxohv1 Wklv qrq0olqhdulw| doorzv xv wr jhqhudwh orfdoo| xszdug vorslqj

ghpdqg dv rssrvhg wr joredoo| xszdug vorslqj ghpdqg/ dqg wkxv wr vwxg| sulfh fudvkhv

dv dq htxloleulxp skhqrphqrq1 Dowkrxjk wkh prgho zh xvh lv hvvhqwldoo| wkh vdph dv wkh

rqh vwxglhg lq Eduohy| dqg Yhurqhvl ^6`/ wkdw sdshu irfxvhv rq sdudphwhu ydoxhv iru zklfk

xszdug vorslqj ghpdqg fxuyhv gr qrw rffxu/ dqg wkxv devwudfwv iurp prvw ri wkh lvvxhv zh

frqvlghu khuh1

Zh vkrxog qrwh wkdw rxuv lv qrw wkh �uvw sdshu wr prgho sulfhv fudvkhv lq wkh devhqfh ri

sruwirolr lqvxudqfh1 Krzhyhu/ zh eholhyh h{lvwlqj prghov ri sulfh fudvkhv/ zklfk irfxv rq

yhu| gl�huhqw phfkdqlvpv wkdq wkh rqh zh frqvlghu/ duh qrw dv frqylqflqj lq h{sodlqlqj sulfh

fudvkhv lq htxlw| pdunhwv1 Iru h{dpsoh/ Exorz dqg Nohpshuhu ^8` jhqhudwh sulfh fudvkhv lq

d vhtxhqwldo dxfwlrq ri d �qlwh qxpehu ri frpprglwlhv lq zklfk jrrgv duh vrog rqh dw d wlph1

D fudvk rffxuv zkhq wkh ydoxdwlrq ehwzhhq wzr djhqwv lv vx!flhqwo| idu dsduw vr wkdw wkh

sulfh ri wkh qh{w frpprglw| ehlqj dxfwlrqhg kdv wr idoo ehiruh dqrwkhu djhqw lv zloolqj wr

ex| lw1 Wklv vhtxhqwldo dxfwlrqlqj ri jrrgv rqh dw d wlph lv hvvhqwldo iru jhqhudwlqj d fudvk/

exw lw lv qrw wkh zd| lq zklfk dvvhwv duh w|slfdoo| wudghg1 Pdguljdo dqg Vfkhlqnpdq ^49`

jhqhudwh d sulfh fudvk wkdw lv gxh wr vwudwhjlf pdqlsxodwlrq e| d ixoo| lqiruphg pdunhw pdnhu

zkr �qgv lw rswlpdo wr frduvhq wkh lqirupdwlrq vhw iru srwhqwldo ex|huv lq edg vwdwhv ri wkh

zruog/ fdxvlqj d glvfuhwh mxps grzq lq sulfhv zkhq edg rxwfrphv rffxu1 Wklv zrxog lpso|

d vwrfn fudvk lv lqwhqwlrqdoo| fdxvhg e| d pdunhw pdnhu/ d vfhqdulr derxw zklfk Pdguljdo

dqg Vfkhlqnpdq duh wkhpvhoyhv vnhswlfdo1 D wklug h{sodqdwlrq dujxhv wkdw vpdoo hyhqwv fdq

uhyhdo vxevwdqwldo lqirupdwlrq wr sduwldoo| lqiruphg djhqwv/ fdxvlqj wudghuv wr vljql�fdqwo|

uhdoorfdwh wkhlu sruwirolrv lq uhvsrqvh wr vpdoo fkdqjhv lq wkh xqghuo|lqj hqylurqphqw/ zklfk
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lq wxuq ohdgv wr odujh fkdqjhv lq vwrfn sulfhv1 Wklv h{sodqdwlrq lv sxuvxhg e| Nudxv dqg

Vplwk ^45`/ Urphu ^4:`/ Fdsolq dqg Ohdk| ^9`/ Ohh ^48`/ ]hlud ^58`/ dqg Vwhlq dqg Krqj

^4<` dprqj rwkhuv1 Dq xqdwwudfwlyh ihdwxuh ri wkhvh prghov lv wkdw wkh| h{sodlq fudvkhv dv

hslvrghv lq zklfk djhqwv ohduq derxw vrph xqghuo|lqj ixqgdphqwdo wkh| zhuh suhylrxvo|

xqfhuwdlq derxw dqg uhdfw wr wklv lqirupdwlrq1 Exw lq sudfwlfh/ hslvrghv zkhuh vwrfn sulfhv

idoo vxevwdqwldoo| dsshdu wr lqyroyh frqixvlrq dqg xqfhuwdlqw| udwkhu wkdq wudqvsduhqf| dqg

fodulw|1 Wkh dgydqwdjh ri rxu h{sodqdwlrq lv wkdw lw suhglfwv fudvkhv duh gulyhq e| xqlqiruphg

lqyhvwruv zkr duh xqfhuwdlq derxw wkh ixqgdphqwdov ri wkh dvvhw/ qrw e| xqfhuwdlq djhqwv

zkr vxgghqo| ehfrph pruh lqiruphg derxw wkhp1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 4 ghvfulehv wkh edvlf od|rxw ri wkh prgho1

Vhfwlrq 5 hvwdeolvkhv wkh h{lvwhqfh ri dq htxloleulxp lq zklfk wkh sulfh lv glvfrqwlqxrxv lq

wkh xqghuo|lqj ixqgdphqwdov/ vr d vpdoo fkdqjh lq ixqgdphqwdov fdq eh dvvrfldwhg zlwk dq

deuxsw mxps lq wkh sulfh1 Vhfwlrq 6 glvfxvvhv vrph lpsolfdwlrqv dqg srwhqwldo jhqhudol}dwlrqv

ri rxu prgho1 Vhfwlrq 7 frqfoxghv1


� �
� �����

Rxu vshfl�fdwlrq iroorzv Eduohy| dqg Yhurqhvl ^6`/ zkr ghvfuleh dq dowhuqdwlyh vhw ri dvvxps0

wlrqv wr wkh wudglwlrqdo h{srqhqwldo xwlolw| dqg qrupdoo| glvwulexwhg udqgrp yduldeohv wkdw

lv riwhq hpsor|hg lq vhwwlqj xs udwlrqdo h{shfwdwlrqv htxloleulxp prghov1 Rxu rqo| ghsdu0

wxuh iurp wkh vhwxs lq wkdw sdshu lqyroyhv uhyhuvlqj d uhvwulfwlrq rq d sduwlfxodu sdudphwhu/

zklfk zloo eh h{sodlqhg ehorz1 Wkh dvvxpswlrqv zh lpsrvh duh txlwh vwurqj/ lqfoxglqj wkdw

djhqwv eh ulvn0qhxwudo/ wkdw wkh| eh suhfoxghg iurp vkruw0vhoolqj/ dqg wkdw udqgrp yduldeohv

lq wkh prgho dvvxph vshfl�f suredelolw| glvwulexwlrqv1 Zkloh wkhvh dvvxpswlrqv duh fuxfldo

iru rewdlqlqj d forvhg0irup vroxwlrq ri wkh prgho/ wkh| duh qrw doo hvvhqwldo lq jhqhudwlqj

wkh glvfrqwlqxlw| wkdw lv ri lqwhuhvw/ dqg zh frpphqw ehorz rq zk| zh eholhyh wkh lqwxlwlrq

lv olnho| wr jhqhudol}h eh|rqg wkh vshfl�f vhw ri dvvxpswlrqv glvfxvvhg khuh1
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Wkh hqylurqphqw zh frqvlghu lv vwdwlf/ dowkrxjk zh glvfxvv wkh srvvlelolw| ri h{whqglqj

wkh prgho lqwr d g|qdplf vhwwlqj ixuwkhu ehorz1 Lq rxu hfrqrp|/ djhqwv kdyh dffhvv wr wzr

dvvhwv1 Wkh �uvw lv d ulvn| dvvhw/ zkrvh sulfh lv ghqrwhg e| S dqg zklfk |lhogv d udqgrp

sd|r� ri � wr lwv rzqhu/ zkhuh � lv elqrpldo=

� @

;?
=

� zlwk suredelolw| �

� zlwk suredelolw| 4� �

Lq Eduohy| dqg Yhurqhvl ^6`/ wkh sd|r� lq wkh edg vwdwh ri wkh zruog � zdv uhvwulfwhg wr eh

juhdwhu wkdq d vwulfwo| srvlwlyh orzhu erxqg15 Khuh/ e| frqwudvw/ zh zloo zdqw wr doorz iru

yhu| orz ydoxhv ri �1 Wr vlpsoli| pdwwhuv/ zh irfxv rq wkh fdvh zkhuh � @ 3/ l1h1 zkhuh

wkhuh h{lvwv d vwdwh ri wkh zruog lq zklfk wkh dvvhw lv frpsohwho| zruwkohvv1 Wkh dqdo|vlv

zrxog frqwlqxh wr jr wkurxjk li � zhuh vwulfwo| srvlwlyh exw vx!flhqwo| vpdoo/ dowkrxjk wkh

dujxphqw zrxog eh pruh lqyroyhg dqg wkh qrwdwlrq idu pruh fxpehuvrph1 Wkh vxsso| ri

wklv ulvn| dvvhw lv h{rjhqrxv dqg vhw htxdo wr 41 Wkh vhfrqg dvvhw lv d vdih dvvhw zkrvh sulfh

lv qrupdol}hg wr 4 dqg zklfk |lhogv d �{hg sd|r� ri 4 . U1 Wr plqlpl}h qrwdwlrq/ zh vhw

U @ 3/ vr wkh vdih dvvhw fdq eh wkrxjkw ri dv prqh|1

Wkhuh lv d frqwlqxxp ri djhqwv ri pdvv rqh/ vr wkdw qr djhqw fdq d�hfw wkh sulfh wkurxjk

klv rzq wudghv1 D iudfwlrq } ri wkhvh djhqwv duh lqiruphg derxw wkh ixqgdphqwdov/ l1h1

wkh| nqrz wkh ydoxh ri �/ zkloh wkh uhpdlqlqj 4 � } duh xqlqiruphg dqg nqrz rqo| wkh

glvwulexwlrq ri �16 Eduohy| dqg Yhurqhvl ^6` ghulyh } hqgrjhqrxvo| e| dvvxplqj wkdw djhqwv

fdq ohduq � dw d frvw dqg vkrz lw lv srvvleoh iru rqo| d iudfwlrq ri wkh djhqwv fkrrvh wr dftxluh

lqirupdwlrq lq htxloleulxp1 Vlqfh wkh vrxufh ri dv|pphwulf lqirupdwlrq lv qrw uhohydqw iru

rxu glvfxvvlrq/ zh vxssuhvv wklv lq wkh fxuuhqw vhw0xs1

Erwk lqiruphg dqg xqlqiruphg djhqwv duh lqlwldoo| hqgrzhg zlwk rqh xqlw ri prqh| zklfk

5 Lq sduwlfxodu/ wkh| lpsrvh wkdw w : >/ zkhuh > lv d glvwulexwlrqdo sdudphwhu gh�qhg ehorz1

6Zh frxog htxdoo| dvvxph lqiruphg djhqwv revhuyh d vljqdo r ' wn0 zlwk . d0o ' f udwkhu wkdq wkh dfwxdo
ydoxh ri wkh ixqgdphqwdov1 Wkh ghpdqg ri xqlqiruphg wudghuv zrxog wkhq eh jlyhq e| %U E�c r� udwkhu wkdq
%U E�c w�/ exw wkh dqdo|vlv uhpdlqv xqfkdqjhg1

9



wkh| pxvw doorfdwh ehwzhhq wkh wzr dvvhwv1 Djhqwv duh dvvxphg wr eh ulvn0qhxwudo1 Vlqfh

ulvn0qhxwudo djhqwv wdnh lq�qlwh srvlwlrqv zkhqhyhu wkh sd|r� wr rqh dvvhw h{fhhgv wkh rwkhu/

zh qhhg wr dovr dvvxph djhqwv fdqqrw eruurz ru vhoo dvvhwv vkruw/ l1h1 wkh dprxqw ri dvvhwv

wkh| fdq sxufkdvh lv erxqghg e| wkh ydoxh ri wkhlu ruljlqdo hqgrzphqw1

Zlwk rqo| lqiruphg dqg xqlqiruphg wudghuv lq wkh pdunhw/ Jurvvpdq dqg Vwljolw} ^43`

douhdg| ghprqvwudwhg wkdw xqohvv zh lqwurgxfh vrph qrlvh lqwr wkh sulfh ixqfwlrq/ wkh

lqirupdwlrq dydlodeoh wr lqiruphg wudghuv zloo eh frpsohwho| uhyhdohg lq sulfhv1 Zh wkhuhiruh

lqwurgxfh qrlvh wudghuv zkrvh wudghv duh qrw gulyhq e| vwudwhjlf frqvlghudwlrqv1 Qrlvh

wudgh frqvlvwv ri wzr frpsrqhqwv/ erwk ri zklfk vhuyh wr lqvxuh wkdw sulfhv duh qrw wrr

lqirupdwlyh1 Iluvw/ zh dvvxph wkdw qrlvh wudghuv iroorz dq xqvrsklvwlfdwhg vwudwhj| ri

doorfdwlqj d frqvwdqw dprxqw ri zhdowk z wr ulvn| dvvhwv uhjdugohvv ri sulfh1 Uhdo0zruog

dqdorjv ri vxfk vwudwhjlhv lqfoxgh wkh frpprq sudfwlfh ri groodu0frvw dyhudjlqj ru �{hg

frqwulexwlrqv wr uhwluhphqw sodqv wkdw duh qrw frqglwlrqhg rq dvvhw sulfhv1 Iroorzlqj wklv

vwudwhj|/ qrlvh wudghuv hqg xs zlwk
z

S
vkduhv ri wkh dvvhw zkhq wkh sulfh ri wkh dvvhw lv S 1

Zh ixuwkhu dvvxph wkdw rxw ri wklv dprxqw/ d udqgrp dqg xqrevhuyhg dprxqw { pxvw eh

vrog iru h{rjhqrxv uhdvrqv/ iru h{dpsoh wr vdwlvi| oltxlglw| qhhgv wkdw uhtxluh wkh xvh ri

prqh|1 Wkh ghpdqg ri wkh qrlvh vhfwru iru ulvn| dvvhwv fdq wkhuhiruh eh vxppdul}hg e|

{f @
z

S
� { +414,

Wr lqvxuh wkdw sulfhv gr qrw uhyhdo nh| lqirupdwlrq rq � wr xqlqiruphg wudghuv/ zh qhhg

wr lpsrvh wzr uhvwulfwlrqv rq +414,1 Iluvw/ zh qhhg { wr kdyh d qrq0ghjhqhudwh glvwulexwlrq

vr wkdw wkh sulfh lv qrw dq lqyhuwleoh ixqfwlrq ri �> wklv zd|/ xqlqiruphg djhqwv fdqqrw

glvwlqjxlvk zkhwkhu d orz sulfh lv gxh wr edg ixqgdphqwdov ru wr orz ghpdqg iru dvvhwv e|

oltxlglw| frqvwudlqhg djhqwv1 Lq sulqflsoh/ zh fdq doorz { wr dvvxph dq| glvwulexwlrq lq wkh

lqwhuydo ^3>4,17 Krzhyhu/ wr jhqhudwh wkh w|sh ri ehkdylru rq wkh sduw ri xqlqiruphg wudghuv

7Wkh uhvwulfwlrq wkdw % D f fdswxuhv wkh idfw wkdw djhqwv frxog idfh d suhvvlqj qhhg wr vhoo vhfxulwlhv wr
udlvh fdvk exw qrw d suhvvlqj qhhg wr ex| wkhp1 Wklv dv|pphwu| lv hpskdvl}hg lq Doohq dqg Jruwrq ^5`1

:



ghvfulehg lq wkh Lqwurgxfwlrq/ zh qhhg d pruh uhvwulfwlyh fodvv ri glvwulexwlrqv zklfk vdwlv�hv

fhuwdlq vkdsh uhvwulfwlrqv wkdw zloo ehfrph fohdu ehorz1 Wkhvh uhvwulfwlrqv duh vdwlv�hg e|

wkh h{srqhqwldo glvwulexwlrq/ zklfk dovr wxuqv rxw wr eh sduwlfxoduo| frqyhqlhqw wr dqdo|}h1

Wkxv/ zh dvvxph

{ � h{s+�, +415,

Vhfrqg/ zh qhhg wr dvvxph wkdw z lv vx!flhqwo| odujh wr nhhs wkh pdunhw �oltxlg� dqg

suhyhqw sulfhv iurp idoolqj lq wkh edg vwdwh ri wkh zruog1 Wkdw lv/ zh dvvxph

z A � +416,

Wklv dvvxpswlrq lpsolhv wkdw iru dq| sulfh S � �/ qrlvh wudghuv fdq devrue wkh hqwluh qhw

vxsso| ri dvvhwv/ zklfk uhfdoo zdv vhw �{hg dw 41 Zlwkrxw wklv dvvxpswlrq/ kljk sulfhv zrxog

ehfrph ixoo| uhyhdolqj/ vlqfh vxfk sulfhv zrxog qhyhu rffxu lq wkh edg vwdwh ri wkh zruog

jlyhq wkdw wkh ghpdqg iru wkh ulvn| dvvhw lv olplwhg lq wkdw vwdwh1

Wr uhfds/ wrwdo ghpdqg iru ulvn| dvvhwv lv htxdo wr wkh vxp ri wkh ghpdqg ri wkh ulvn0

qhxwudo djhqwv +lqiruphg dqg xqlqiruphg, dqg qrlvh wudgh {f1 Wkh wrwdo vxsso| ri ulvn|

dvvhwv lv htxdo wr 41 Djhqwv wudgh jlyhq wkhlu lqirupdwlrq/ dqg wkh pdunhw fohduv vr wkdw

vxsso| htxdov ghpdqg1 D udwlrqdo h{shfwdwlrqv htxloleulxp lq wklv pdunhw lv d sulfh ixqfwlrq

dqg ghpdqg fruuhvsrqghqfhv
�
S> {U > {L

�
wkdw vdwlvi| wkh xvxdo rswlpdolw| dqg pdunhw

fohdulqj frqglwlrqv1 Vshfl�fdoo|/ S +{> �, ghqrwhv wkh sulfh ri wkh ulvn| dvvhw iru hyhu| vwdwh

ri wkh zruog jlyhq e| wkh sdlu +{> �,> {U +�> S , ghqrwhv wkh ghpdqg ri lqiruphg wudghuv iru

wkh ulvn| dvvhw zkhq wkh| nqrz wkh ydoxh ri wkh dvvhw lv � dqg wkh sulfh ri wkh dvvhw lv S > dqg

{L +S >S +�> �,, lv wkh ghpdqg ri xqlqiruphg wudghuv iru wkh ulvn| dvvhw zkhq wkh sulfh ri wkh

dvvhw lv S / frqglwlrqdo rq nqrzlqj wkdw wkh htxloleulxp sulfh ixqfwlrq lv S +{> �,1 Irupdoo|=

Gh�qlwlrq= D udwlrqdo h{shfwdwlrqv htxloleulxp iru wkh hfrqrp| lv d vhw ri ixqfwlrqv�
S +{> �, > {U +�> S , > {L +S >S +�> �,,

�
vxfk wkdw

;



41 Xwlolw| Pd{lpl}dwlrq= {U dqg {L vroyh wkh pd{lpl}dwlrq sureohp ri wkh djhqwv

frqglwlrqdo xsrq wkhlu lqirupdwlrq=

pd{
%�

H� ^�`{
� . +4� S{�,

51 Pdunhw Fohdulqj Iru doo sdluv +{> �,/ wkh sulfh S +{> �, htxdwhv vxsso| dqg ghpdqg/

l1h1

{f .

] 5

f
{U� +�>S +{> �,,gm .

] �

5
{L� +S +{> �,>S +�> �,,gm @ 4

zkhuh m 5 ^3> 4` lqgh{hv lqglylgxdo djhqwv1

�� ����� ������ ����
��

Iroorzlqj Jhqqrwwh dqg Ohodqg ^;`/ zh gh�qh d sulfh fudvk dv d vfhqdulr lq zklfk wkh htxl0

oleulxp sulfh ixqfwlrq S +�> �, lv glvfrqwlqxrxv lq dq| ri lwv frqwlqxrxv dujxphqwv/ zklfk

lq wklv fdvh lqyroyhv rqo| wkh qrlvh yduldeoh {1 Wklv gh�qlwlrq fdswxuhv wkh hvvhqwldo hoh0

phqw ri d fudvk wkdw d vpdoo fkdqjh lq wkh xqghuo|lqj ixqgdphqwdov lv dvvrfldwhg zlwk d

glvsursruwlrqdwho| odujh fkdqjh lq wkh sulfh ri wkh dvvhw1 Ri frxuvh/ wklv gh�qlwlrq fdswxuhv

fudvkhv lq rqo| d yhu| urxjk vhqvh/ vlqfh rxu prgho lv lqkhuhqwo| vwdwlf/ dqg lw lv gl!fxow wr

h{wudsrodwh iurp wklv prgho dq h{sodqdwlrq iru zk| wkh sulfh ri d jlyhq dvvhw frxog fkdqjh

gudpdwlfdoo| ryhu wlph ghvslwh uhodwlyho| vpdoo fkdqjhv lq wkh ixqgdphqwdov1 Zh zloo frp0

phqw rq g|qdplf lqwhusuhwdwlrqv dqg h{whqvlrqv ri rxu uhvxowv ixuwkhu ehorz/ exw iru qrz

zh vlpso| dgrsw wklv gh�qlwlrq vlqfh lw lv wkh prvw dssursuldwh iru wkh vwdwlf hqylurqphqw

wkh prgho ghvfulehv18

Wr jxlgh wkh uhdghu/ lw zloo khos wr od| rxw wkh rujdql}dwlrq ri wklv vhfwlrq lq dgydqfh1

Zh ehjlq e| frqmhfwxulqj zkdw wkh ghpdqg iru dvvhwv dprqj xqlqiruphg djhqwv pljkw orrn

8Qrwh wkdw wklv gh�qlwlrq fdq eh htxdoo| lqwhusuhwhg dv d fudvk ru dv dq xszdug mxps lq wkh sulfh1 Vhyhudo
dxwkruv kdyh dujxhg wkdw d uhdvrqdeoh wkhru| ri fudvkhv vkrxog dffrxqw iru wkh dssduhqw dv|pphwu| lq vwrfn
sulfhv fkdqjhv/ zklfk wklv dssurdfk fdqqrw gr1 Iru dq rssrvlqj ylhz rq zkhwkhu sulfh fkdqjhv vkrxog eh
ylhzhg dv dv|pphwulf/ vhh wkh glvfxvvlrq lq Jhqqrwwh dqg Ohodqg/ hvshfldoo| sdjh 43461
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olnh lq htxloleulxp1 Zh wkhq ghulyh wkh vhw ri sulfhv hS +{> �, wkdw zrxog fohdu wkh pdunhw

xqghu wklv ghpdqg vfkhgxoh1 Zh vkrz wkdw iru wkh ghpdqg vfkhgxoh zh vwduw zlwk/ wkh vhw

hS +{> �, lv iroghg ryhu lwvhoi/ zklfk lpsolhv wkh sulfh ixqfwlrq lq dq| udwlrqdo h{shfwdwlrqv

htxloleulxp dvvrfldwhg zlwk wkh ghpdqg vfkhgxoh zh ruljlqdoo| frqmhfwxuhg zloo qhfhvvdulo|

eh glvfrqwlqxrxv1 Ilqdoo|/ zh vkrz wkdw wkhuh lv d sulfh ixqfwlrq iurp wkh vhw hS +{> �,

iru zklfk wkh ghpdqg vfkhgxoh zh lqlwldoo| frqmhfwxuhg lv rswlpdo1 Wklv hvwdeolvkhv wkh

h{lvwhqfh ri d udwlrqdo h{shfwdwlrqv htxloleulxp lq zklfk wkh htxloleulxp sulfh ixqfwlrq lv

glvfrqwlqxrxv lq {1 Zkloh wklv surri e| frqvwuxfwlrq lv xvhixo iru xqghuvwdqglqj krz wkh

sulfh vfkhgxoh dqg wkh ghpdqg ri xqlqiruphg wudghuv duh uhodwhg lq htxloleulxp/ lw rqo|

fkdudfwhul}hv rqh htxloleulxp rxw ri pdq| zklfk fdq h{lvw lq wklv hfrqrp|1 Dw wkh hqg ri

wklv vhfwlrq/ zh fkdudfwhul}h wkh vhw ri doo udwlrqdo h{shfwdwlrqv htxloleuld dqg dujxh wkdw

wkhuh h{lvwv qr htxloleulxp lq zklfk wkh sulfh ixqfwlrq lv frqwlqxrxv lq {1 Khqfh/ htxloleulxp

fudvkhv duh xqdyrlgdeoh lq rxu hqylurqphqw/ dowkrxjk wkhlu vl}h dqg qdwxuh duh qrw xqltxho|

ghwhuplqhg1

5141 Ghpdqg Vfkhgxohv

Zh ehjlq e| frqvlghulqj zkdw wkh ghpdqg iru wkh ulvn| dvvhw pljkw orrn olnh lq htxloleulxp1

Vlqfh wudghuv duh ulvn qhxwudo/ wkh| doorfdwh doo ri wkhlu hqgrzphqw wr wkh dvvhw wkdw |lhogv

wkh kljkhu h{shfwhg sd|r�1 Iru lqiruphg wudghuv zkr nqrz wkh ydoxh ri �/ wkh rswlpdo

ghpdqg vfkhgxoh lq dq| udwlrqdo h{shfwdwlrqv htxloleulxp lv xqltxho| jlyhq e|

{U +�> S , 5
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Xqlqiruphg wudghuv zloo vlploduo| doorfdwh doo ri wkhlu hqgrzphqw wr wkh dvvhw wkdw |lhogv

wkh kljkhu h{shfwhg sd|r�/ l1h1
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Vlqfh wkh htxloleulxp ghpdqg vfkhgxoh ri wkh xqlqiruphg wudghuv ghshqgv rq wkh hqwluh

htxloleulxp sulfh ixqfwlrq S +{> �,/ zh kdyh wr vlpxowdqhrxvo| ghulyh wkh rswlpdo ghpdqg

vfkhgxoh iru xqlqiruphg wudghuv wrjhwkhu zlwk wkh sulfh ixqfwlrq S +�> �,1 Zh �uvw dwwdfn

wklv sureohp e| frqmhfwxulqj zkdw wkh ghpdqg vfkhgxoh iru xqlqiruphg wudghuv pljkw orrn

olnh1 Zh wkhq surfhhg wr frq�up wkdw wkhuh h{lvwv d pdunhw fohdulqj sulfh ixqfwlrq S +{> �,

wkdw htxdwhv wklv ghpdqg zlwk vxsso|1 Odvwo|/ zh vkrz wkdw jlyhq wklv sulfh ixqfwlrq/ lw

zloo eh rswlpdo iru xqlqiruphg wudghuv wr vxeplw wkh ghpdqg vfkhgxoh zh frqmhfwxuh1

Wr jhqhudwh fudvkhv/ zh qhhg wkh ghpdqg fxuyh ri xqlqiruphg wudghuv eh orfdoo| xszdug

vorslqj lq sulfhv1 Wkh vlpsohvw vxfk ghpdqg vfkhgxoh jlyhq ulvn0qhxwudo suhihuhqfhv lv li

xqlqiruphg wudghuv uho| rq wzr fxwr�v S � dqg S �� zkhuh S �� A S � A 3/ vxfk wkdw wkh|

doorfdwh doo ri wkhlu zhdowk wr prqh| iru sulfhv ehorz S � dqg deryh S ��/ dqg wr ulvn| dvvhwv

iru sulfhv lq wkh lqwhuydo +S �> S ��,1 Irupdoo|/ zh frqmhfwxuh wkh ghpdqg vfkhgxoh ri wkh

xqlqiruphg lv jlyhq e|
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Wklv ghpdqg vfkhgxoh lv looxvwudwhg judsklfdoo| rq wkh ohiw vlgh ri Iljxuh 41 Wkh fxwr�

S � jhqhudwhv d orfdoo| xszdug vorslqj ghpdqg fxuyh/ vlqfh xqlqiruphg wudghuv ghpdqg d

srvlwlyh dprxqw ri wkh ulvn| dvvhw dw sulfhv mxvw deryh S � exw qrw dw sulfhv mxvw ehorz S �1

Zh ixuwkhu frqmhfwxuh wkhuh lv d vhfrqg fxwr� S ��/ vr wkdw xqlqiruphg wudghuv duh rqfh

djdlq xqzloolqj wr sxufkdvh wkh dvvhw zkhq lwv sulfh lv yhu| kljk1 Wklv vhfrqg fxwr� lv

lqhylwdeoh= dq| xszdug vorslqj ghpdqg fxuyh dprqj xqlqiruphg wudghuv zrxog kdyh wr

ehqg edfnzdugv hyhqwxdoo| li � kdv erxqghg vxssruw/ vlqfh ghpdqg zrxog idoo wr }hur zkhq

wkh sulfh ri wkh dvvhw h{fhhgv wkh pd{lpxp uhdol}dwlrq ri �1 Wklv glvwlqjxlvkhv rxu prgho

iurp vrph ri wkh suhylrxv zrun zh flwh deryh zkhuh � lv xqerxqghg/ vr ghpdqg iru dvvhwv

frxog eh hyhu|zkhuh xszdug vorslqj dqg vwloo uhpdlq rswlpdo1 Wkh idfw wkdw wkh ghpdqg
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fxuyh ri wkh xqlqiruphg lv erwk xszdugv vorslqj dqg grzqzdug vorslqj zloo suryh wr eh

lpsruwdqw lq zkdw iroorzv1

Wkxv idu/ zh rqo| jxhvv wkdw +516, irupv dq rswlpdo ghpdqg vfkhgxoh/ dowkrxjk zh kdyh

qrw |hw ghprqvwudwhg wklv zloo eh wkh fdvh1 Krzhyhu/ lqwxlwlyho|/ lw lv qrw xquhdvrqdeoh

wr frqmhfwxuh wkdw wkh lqirupdwlrq frqyh|hg e| orz sulfhv pljkw eh vx!flhqw wr ghwhu

xqlqiruphg djhqwv iurp ex|lqj wkh dvvhw/ vlqfh { zrxog kdyh wr eh xqxvxdoo| odujh wr r�vhw

wkh ghpdqg ri lqiruphg wudghuv zkhq � lv kljk wr nhhs wkh sulfh vr orz/ pdnlqj wkdw vfhqdulr

udwkhu xqolnho|1 Zh zloo hyhqwxdoo| yhuli| wklv e| ghprqvwudwlqj wkdw wkhuh grhv h{lvw dq

htxloleulxp sulfh ixqfwlrq S +{> �, iru zklfk wkh deryh ghpdqg fxuyh lv rswlpdo1

5151 Pdunhw0Fohdulqj Sulfhv

Kdylqj jxhvvhg zkdw wkh ghpdqg vfkhgxoh iru xqlqiruphg wudghuv pljkw orrn olnh lq htxl0

oleulxp/ rxu qh{w vwhs lq vroylqj iru dq htxloleulxp lv wr �jxuh rxw zklfk sulfhv zrxog fohdu

wkh pdunhw jlyhq wklv ghpdqg1 Ohw hS +{> �, ghqrwh wkh vhw ri doo sulfhv wkdw fohdu wkh pdunhw

zkhq wkh ixqgdphqwdov duh htxdo wr { dqg �/ jlyhq wkh ghpdqg vfkhgxoh lq +516,/ l1h1

hS +{> �, @
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Wkh vhw hS +{> �, fdq eh frqvwuxfwhg lq vwhsv e| frqglwlrqlqj rq gl�huhqw srvvleoh sulfhv

S 1 Iru h{dpsoh/ frqvlghu sulfhv S A �1 Dw vxfk sulfhv/ qhlwkhu lqiruphg qru xqlqiruphg

wudghuv zloo sxufkdvh wkh ulvn| dvvhw/ dqg vr pdunhw fohdulqj zrxog lpso| �
� �{ @ 41 Lq wklv

fdvh/ wkh xqltxh sulfh wkdw fohduv wkh pdunhw lv jlyhq e| S @ �
%n� 1 Khqfh/ iru doo { vxfk wkdw

�
%n� A �/ �

%n� 5
hS +{> �, iru hlwkhu ydoxh ri �1 Surfhhglqj vlploduo| iru wkh fdvhv zkhuh wkh

sulfh lv htxdo wr wkh fxwr�v �/ S �/ dqg S ��/ dv zhoo dv ydoxhv lq wkh lqwhuydov gh�qhg e| wkhvh

fxwr�v/ zh fdq frqvwuxfw wkh hqwluh vhw hS +{> �,1 Wklv vhw lv looxvwudwhg judsklfdoo| lq wkh

uljkw kdqg vlgh ri Iljxuh 4/ dqg lv fkdudfwhul}hg ehorz lq +517, dqg +518,1 hS +{> �, frqvlvwv

ri vhyhudo slhfhzlvh k|shuerolf ixqfwlrqv gh�qhg lq wkh �jxuh/ dorqj zlwk  dw vhjphqwv dw

fxwr� sulfhv zkhuh vrph djhqwv duh lqgl�huhqw dv wr krz wkh| doorfdwh wkhlu zhdowk1
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Dv fdq eh vhhq lq Iljxuh 4/ wkhuh lv d udqjh ri { iru zklfk wkh vhw hS +{> �, frqwdlqv pruh

wkdq rqh pdunhw fohdulqj sulfh1 Wkh vrxufh ri pxowlsolflw| fdq eh xqghuvwrrg dv iroorzv1

Vxssrvh zh vwduw zlwk dq htxloleulxp lq zklfk wkh sulfh lv mxvw ehorz S � dqg xqlqiruphg

djhqwv duh qrw sxufkdvlqj wkh dvvhw1 Li zh qrz irufh doo xqlqiruphg djhqwv wr sxufkdvh wkh

dvvhw/ wkh| zloo gulyh wkh sulfh wr mxvw deryh S �/ zklfk lq wxuq ydolgdwhv wkhlu ghflvlrq wr

doorfdwh wkhlu zhdowk wr ulvn| dvvhwv dqg |lhogv dqrwkhu htxloleulxp1 Irupdoo|/ ohw xv uhzulwh

wkh pdunhw fohdulqj frqglwlrq vr wkdw ghpdqg lv jlyhq e| wkh vxp ri xqvrsklvwlfdwhg ghpdqg

dqg wkh ghpdqg ri ulvn0qhxwudo djhqwv/ l1h1

G +S , @
z

S
.

] 5

f
{U� +S> �, gm .

] �

5
{L� +S ,gm

zkloh vxsso| lv jlyhq e| d frqvwdqw/ 4 . {/ l1h1 wkh hqgrzphqw ri dvvhwv soxv wkh vxsso|

ri oltxlglw| frqvwudlqhg wudghuv1 Wkh djjuhjdwh ghpdqg vfkhgxoh G +S , lv qrq0prqrwrqlf

dqg frqwlqxrxv lq S dw S �1 Wkh uhvwulfwlrq wkdw z A S lpsolhv wkdw G +S , A 4 iru doo

S ? S ��1 Lw iroorzv wkdw wkhuh pxvw h{lvw dq { A 3 iru zklfk wkhuh duh dw ohdvw wzr

ydoxhv ri S vxfk wkdw G +S , @ 4 . {1 Qrwh wkdw doo wkdw lv uhtxluhg lv wkdw G +S , eh

frqwlqxrxv dqg orfdoo| qrq0prqrwrqlf> wkh idfw wkdw wkh ghpdqg ri xqlqiruphg djhqwv

h{klelwv d glvfuhwh mxps dw S � lv lq qr zd| hvvhqwldo iru wklv dujxphqw1 Wklv vxjjhvwv

wkdw wkh edqj0edqj qdwxuh ri ghpdqg xqghu ulvn0qhxwudolw| lv suredeo| qrw fuxfldo iru rxu

dqdo|vlv/ dqg ulvn0dyhuvh suhihuhqfhv frxog lq sulqflsoh jhqhudwh d vlplodu w|sh ri pxowlsolflw|1

Krzhyhu/ dedqgrqlqj ulvn0qhxwudolw| zrxog uhqghu wkh sureohp ri vroylqj iru htxloleulxp

pdwkhpdwlfdoo| lqwudfwdeoh/ zklfk lv zk| zh duh irufhg wr lpsrvh lw1

Wkh idfw wkdw wkhuh duh pxowlsoh pdunhw fohdulqj sulfhv iru d jlyhq uhdol}dwlrq ri +{> �, frxog

gluhfwo| dffrxqw iru sulfh fudvkhv/ vlqfh wudghuv frxog vzlwfk iurp rqh htxloleulxp sulfh wr

dqrwkhu zlwkrxw dq| fkdqjh lq wkh ixqgdphqwdov1 Krzhyhu/ vlqfh rxu gh�qlwlrq iru d udwlrqdo

h{shfwdwlrqv htxloleulxp dvvxphv d sulfh ixqfwlrq/ zh lpsolflwo| dvvljq d xqltxh sulfh iru

hdfk sdlu +{> �, dqg wkxv uxoh rxw wklv h{sodqdwlrq1 Zkloh pxowlsoh htxloleuld frxog lq

sulqflsoh dffrxqw iru revhuyhg sulfh fudvkhv/ zh duh lqvwhdg lqwhuhvwhg lq d gl�huhqw txhvwlrq=

hyhq li zh uhtxluhg d vlqjoh sulfh iru hdfk uhdol}dwlrq ri wkh ixqgdphqwdov vr wkdw sulfhv
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frxog qrw duelwudulo| fkdqjh iru d jlyhq vhw ri ixqgdphqwdov/ zkdw w|sh ri sulfh ixqfwlrqv

frxog dulvh lq htxloleulxp lq rxu hfrqrp|/ dqg zrxog vxfk sulfh ixqfwlrqv qhfhvvdulo| eh

glvfrqwlqxrxv lq wkh xqghuo|lqj ixqgdphqwdovB Khuh/ lw suryhv wr eh lpsruwdqw wkdw G +S ,

lv rqo| orfdoo| xszdug vorslqj1 Dw yhu| orz sulfhv/ rqo| lqiruphg dqg qrlvh wudghuv hyhu

ghpdqg wkh ulvn| dvvhw/ dqg wkhlu ghpdqg vfkhgxohv duh grzqzdug vorslqj1 Dw yhu| kljk

sulfhv/ wkh ghpdqg ri doo wkuhh djhqwv/ lqfoxglqj wkh xqlqiruphg/ zloo doo eh grzqzdug

vorslqj1 Wkxv/ wkh judsk ri hS +{> �, zloo irog ryhu lwvhoi lq dq lqwhuydo ri {/ iruplqj dq

lqyhuwhg0V sdwwhuq1 Wklv vwuxfwxuh lv frpprqo| uhihuuhg wr dv d irog fdwdvwurskh lq wkh

pdwkhpdwlfdo olwhudwxuh rq glvfrqwlqxlwlhv19 Lw lpsolhv wkdw dq| vhohfwlrq wkdw dvvljqv d

xqltxh sulfh iru hdfk { zrxog qhfhvvdulo| jhqhudwh d glvfrqwlqxrxv sulfh ixqfwlrq/ l1h1 lw

lv qrw srvvleoh wr fkrrvh d ixqfwlrq S +{> �, iurp wkh vhw hS +{> �, wkdw lv frqwlqxrxv lq

{1 Wr rewdlq dq lqwxlwlrq iru wklv uhvxow/ uhfdoo wkdw wkh xsshu eudqfk fruuhvsrqgv wr wkh

htxloleulxp lq zklfk xqlqiruphg wudghuv duh zloolqj wr sxufkdvh wkh dvvhw +dw ohdvw zkhq

sulfhv duh qrw wrr kljk,/ zkloh wkh orzhu eudqfk fruuhvsrqgv wr wkh htxloleulxp lq zklfk

xqlqiruphg wudghuv dyrlg wkh dvvhw1 Vwduwlqj dw wkh wrs eudqfk/ dv zh lqfuhdvh {/ zh lqfuhdvh

wkh h�hfwlyh vxsso| ri ulvn| dvvhwv dqg ghsuhvv wkh sulfh ri wkh dvvhw1 Dw vrph srlqw/ sulfhv

duh ghsuhvvhg hqrxjk vr wkdw hyhq li xqlqiruphg djhqwv doorfdwh doo ri wkhlu zhdowk wr ulvn|

dvvhwv/ wkh sulfh fdqqrw eh deryh S / lpso|lqj wkhuh fdq qr orqjhu eh d pdunhw fohdulqj

sulfh dw zklfk xqlqiruphg wudghuv vwloo ghvluh wkh dvvhw1 Wklv h{sodlqv zk| zh uhihu wr wklv

skhqrphqrq dv d udwlrqdo sdqlf= d vpdoo ghfolqh lq sulfh gxh wr lqfuhdvhg vxsso| iurp qrlvh

wudghuv ohdgv xqlqiruphg wudghuv wr uhgxfh wkhlu ghpdqg iru vwrfnv jlyhq wkhlu shufhswlrq

ri wkh htxloleulxp sulfh ixqfwlrq/ gulylqj wkh sulfh grzq ixuwkhu vwloo1

5161 H{lvwhqfh ri Htxloleulxp

Rxu dqdo|vlv vr idu kdv hvwdeolvkhg wkdw dq| sulfh ixqfwlrq zklfk vdwlv�hv pdunhw fohdulqj

jlyhq wkh ghpdqg fxuyh lq +516, pxvw eh glvfrqwlqxrxv1 Exw zh kdyh |hw wr vkrz wkdw

9Vhh/ iru h{dpsoh/ Urvvhu ^4;`1
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wkhuh dfwxdoo| h{lvwv d glvfrqwlqxrxv sulfh ixqfwlrq wkdw zh fdq fkrrvh iurp wkh vhw hS +{> �,

iru zklfk wkh ghpdqg vfkhgxoh zh ruljlqdoo| frqmhfwxuhg lv lqghhg rswlpdo1 Wkh qh{w

sursrvlwlrq hvwdeolvkhv wkdw iru vx!flhqwo| odujh ydoxhv ri �/ wkhuh h{lvwv dw ohdvw rqh vhohfwlrq

S +{> �, iurp wkh vhw hS +{> �, wkdw vxssruwv wkh ghpdqg vfkhgxoh +516, dv rswlpdo1 Iluvw/

wkrxjk/ zh hvwdeolvk wkh iroorzlqj Ohppd=

Ohppd 4= Wkhuh h{lvwv d �W 5 +3> 4, vxfk wkdw iru doo � A �W/ wkhuh h{lvw wzr xqltxh

ohyhov S dqg S vxfk wkdw iru doo S A 3/

��

�. +4� �, h{s +�}@S ,
A S +, S 5

�
S>S

�

Surri = Ohw | @
4

S
dqg gh�qh k +|, @ ��| � ^�. +4� �, h{s +�}|,`1 Lw iroorzv wkdw

4w
4nE�34� i TE>5*� � A S li dqg rqo| li k +|, A 31 Lw lv fohdu wkdw k +|, lv vwulfwo| frqfdyh/ vr

wkdw lw fdq htxdo 3 dw prvw wzlfh1 Iru dq| | � 4@�/ zh kdyh k +|, ? �+4��, h{s +�}|, ? 31

Lq wkh rssrvlwh gluhfwlrq/ olp+<" k +|, @ �41 Lw uhpdlqv wr vkrz wkdw wkhuh h{lvwv d

| 5
�
4@�>4

�
vxfk wkdw k +|, A 31 Exw iru dq| | A 4@�/ olp4<� k +|, @ �| � 4 A 3/ vr wkdw

wkhuh h{lvwv d �W 5 +3> 4, vxfk wkdw iru doo � A �W/ wkhuh lv d | vxfk wkdw k +|, @ 31 Lw iroorzv

wkdw iru d jlyhq � A �W/ wkhuh duh h{dfwo| wzr ydoxhv ri | 5
�
4@�>4

�
iru zklfk k +|, @ 31

Jlyhq �/ }/ dqg �/ zh fdq gh�qh S dqg S dv wkh lqyhuvh ri wkhvh urrwv iru wkh ixqfwlrq

k +|,1 �

Lq wkh qh{w Sursrvlwlrq/ zh xvh wkh wzr urrwv S dqg S iurp Ohppd 4 wr irup wkh fxwr�v

lq wkh ghpdqg ri wkh xqlqiruphg1 Vshfl�fdoo|/ zh vkrz wkdw li zh vhw S � @ S dqg S �� @ S /

zh fdq frqvwuxfw d sulfh ixqfwlrq S +{> �, iurp wkh vhw ri pdunhw fohdulqj sulfhv hS +{> �, iru

zklfk wkh ghpdqg vfkhgxoh ri xqlqiruphg +516, zh ruljlqdoo| frqmhfwxuhg lv lqghhg rswlpdo1

Sursrvlwlrq 4= Iru � A �W iurp Ohppd 4/ wkhuh h{lvwv d sulfh ixqfwlrq S +{> �, 5 hS +{> �,

iru zklfk wkh ghpdqg vfkhgxoh +516, lv rswlpdo1 Khqfh/ iru doo � A �W/ wkhuh h{lvwv d udwlrqdo

h{shfwdwlrqv htxloleulxp lq zklfk wkh sulfh ixqfwlrq S +{> �, lv glvfrqwlqxrxv lq {1
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Surri = Vhw S � @ S dqg S �� @ S iurp Ohppd 41 Wkh slhfhzlvh k|shuerolf fruuhvsrqghqfhhS +{> �, ghvfulehg lq Iljxuh 4 lv wkhq jlyhq e|

hS +{> �, @
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+518,

Vlqfh S ? S ? �/ } 5 +3> 4,/ dqg z A � A S / doo ri wkhvh lqwhuydov duh qrq0ghjhqhudwh1

Wkhuh lv qr xqltxh zd| wr fkrrvh S +{> �, iurp wkh deryh vhw1 Zh wkhuhiruh fkrrvh rqh

sduwlfxodu S +{> �,/ zklfk lv ghslfwhg judsklfdoo| lq Iljxuh 5/ dowkrxjk lw lv fhuwdlqo| qrw

wkh rqo| vhohfwlrq wkdw irupv dq htxloleulxp wrjhwkhu zlwk wkh ghpdqg vfkhgxoh lq +516,1

Zh ehjlq zlwk � @ �/ dqg dvvljq S
�
{> �

�
frqwlqxrxvo| dorqj wkh xsshu eudqfk dv idu dv zh

fdq/ l1h1 iru doo { ? �n�
� �41 Dw { @ �n�

� �4/ zh vkliw wr wkh orzhu eudqfk/ dqg dvvljq sulfhv

frqwlqxrxvo| iurp wkhuh rq1 Wklv lpsolhv wkdw { @ �n�
� �4 lv wkh rqo| srlqw ri glvfrqwlqxlw|

iru S
�
�> �
�
1 Lq sduwlfxodu/

olp
%<

�
�n�

�
3�

�
3 S

�
{> �

�
@ S

olp
%<

�
�n�

�
3�

�n S
�
{> �

�
@

z. }

z . 4
S � S W

Wkh srlqw S W ? S lv lqglfdwhg lq Iljxuh 51 Iru � @ �/ zh frqvwuxfw S +{> �, e| prylqj

lq wkh rssrvlwh gluhfwlrq> zh dvvljq S +{> �, frqwlqxrxvo| dorqj wkh orzhu eudqfk iru doo
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{ � �
� W � 4/ dqg iru { ? �

� W � 4/ zh dvvljq S +{> �, dorqj wkh xsshu eudqfk1 Rqfh djdlq/

wkhuh lv d vlqjoh glvfrqwlqxlw|/ wklv wlph dw wkh srlqw { @ �
� W � 41 Lq sduwlfxodu/

olp
%<+�n�

�W
3�,

3 S +{> �, @
z . 4� }

z
S W

olp
%<+�n�

�W
3�,

n S +{> �, @ S W

Qrwh wkdw iru } 5 +3> 4,/ zh kdyh

z . 4� }

z
S W @

z . 4� }

z

z . }

z . 4
S

@

�
4 .

} � }2

z.z2

�
S A S

Lw iroorzv wkdw iS +{> �, m { � 3j �
�
S
�
{> �

�
m { � 3

�
/ l1h1 wkh udqjh ri sulfhv wkdw dulvh lq

wkh edg vwdwh ri wkh zruog lv d vwulfw vxevhw ri wkh udqjh ri sulfhv wkdw dulvh lq wkh jrrg

vwdwh ri wkh zruog1 Sulfhv lq wkh qrq0hpsw| lqwhuydo
�
S> �n�35� S W

�
rqo| dulvh lq wkh jrrg

vwdwh/ dqg duh wkhuhiruh ixoo| uhyhdolqj1 Wklv fdq dovr eh vhhq lq wkh ohiw kdqg vlgh ri Iljxuh

51

Xvlqj Ed|hv* uxoh/ zh fdq frpsxwh wkh frqglwlrqdo h{shfwdwlrq H +� m S +�> �, @ S , iru wkh

sulfh ixqfwlrq S +�> �, zh frqvwuxfw=

H+� m S +�> �, @ S , @

;AAAAAAAAAAAA?
AAAAAAAAAAAA=

�� li S A �

� li S @ �

��

�. +4� �,! +S ,
li S 5

�
z . 4� }
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z
S W

�
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li S � S W

+519,

zkhuh

! +S , @
Sure +S +�> �, @ S m � @ �,

Sure
�
S +�> �, @ S m � @ �

�
lv wkh olnholkrrg udwlr ri revhuylqj wkh sulfh S xqghu wkh gl�huhqw ydoxhv ri �1 Wklv mxvw

fruuhvsrqgv wr d olnholkrrg udwlr iru gl�huhqw ydoxhv ri {/ qdpho|

! +S , @
i +{ +S> �,,

i
�
{ +S> �, .
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� +51:,
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zkhuh { +S> �, uhsuhvhqwv wkh ydoxh ri { iru zklfk S +{> �, @ S 1 Iru wkh h{srqhqwldo glvwul0

exwlrq/ wkh olnholkrrg udwlr lv frqyhqlhqwo| lqghshqghqw ri wkh ydoxh ri { +�> �,=

! +S , @ h{s
��}
S

�

Wr dvvhvv zkhwkhu +516, lv rswlpdo/ zh qhhg wr frpsduh H+� m S +�> �, @ S , zlwk S 1 Li

S � � ru S 5
�
S> �n�35� S W

�
/ wkh ghpdqg vfkhgxoh lv wulyldoo| rswlpdo1 Wkh uhpdlqlqj fdvhv

klqjh rq krz 4w
4nE�34��E� � frpsduhv zlwk S 1 Krzhyhu/ iru wkh h{srqhqwldo glvwulexwlrq fdvh/

zkhuh ! +S , @ h{s
�>5
�

�
/ Ohppd 4 hvwdeolvkhv wkdw wkh iruphu lv juhdwhu wkdq S li dqg rqo|

li S 5
�
S>S

�
1 Vlqfh S +{> �, 9@ S iru doo +{> �, e| frqvwuxfwlrq +qrwh wkh rshq flufoh lq

wkh uljkw kdqg vlgh ri Iljxuh 5 dw S @ S , / dq| ghpdqg lv rswlpdo dw wkdw sulfh1 Iru doo

uhpdlqlqj sulfhv/ lw lv hdv| wr yhuli| wkdw +516, lv lqghhg rswlpdo jlyhq wkh h{shfwdwlrq dqg

wkh gh�qlwlrq ri S dqg S 1 �

Wr vxppdul}h/ li wkh suredelolw| wkdw � @ � lv vx!flhqwo| odujh/ xqlqiruphg wudghuv zloo

rswlpdoo| dyrlg dvvhwv dw erwk kljk dqg orz sulfhv exw sxufkdvh wkhp dw lqwhuphgldwh sulfhv1

Wkh idfw wkdw dvvhwv duh ghvludeoh dw lqwhuphgldwh sulfhv iroorzv iurp wkh idfw wkdw li zh slfn

dq| sulfh S 5 +3> �, dqg wdnh wkh olplw dv � dssurdfkhv 4/ wkh frqglwlrqdo h{shfwdwlrq H+�

m S +�> �, @ S , $ � A S / lqvxulqj wkh ulvn| dvvhw zloo eh dwwudfwlyh dw vrph srvlwlyh sulfh1

Krzhyhu/ djhqwv zloo qrw qhfhvvdulo| djuhh wr sxufkdvh wkh dvvhw dw dq| sulfh ehorz �1 Li wkh

frqglwlrqdo h{shfwdwlrq H ^� m S +�> �, @ S ` ghfolqhv udslgo| zlwk wkh sulfh ri wkh dvvhw S / wkh

uhwxuq rq wkh ulvn| dvvhw frxog idoo ehorz wkh uhwxuq rq prqh| dw orz sulfhv1 Iru h{dpsoh/

vxssrvh wkh glvwulexwlrq ri wkh qrlvh whup { kdv ixoo vxssruw ryhu ^3>4,/ l1h1 i +{, A 3 iru

doo { � 31 Wklv lpsolhv wkdw wkh olnholkrrg udwlr ! +S , iru � @ � vkrrwv r� wr lq�qlw| dv wkh

sulfh idoov wrzdugv }hur/ zklfk lq wxuq lpsolhv olp
�<f

H ^� m S +�> �, @ S ` @ 31 Khqfh/ zkhq wkh

dvvhw lv iuhh/ wkh djhqw grhv qrw h{shfw lw wr sd| r�/ dqg wkhuh lv qr sduwlfxodu lqfhqwlyh wr

krog lw1 Dv orqj dv wkh glvwulexwlrq ri { ixuwkhu lpsolhv wkdw

olp
�<f

C

CS
H ^� m S +�> �, @ S ` ? 4 +51;,

4;



zh fdq hqvxuh wkhuh lv qr lqfhqwlyh wr krog wkh dvvhw hyhq iru sulfhv mxvw deryh }hur/ vlqfh

prqh| r�huv d kljkhu h{shfwhg uhwxuq1 Frqglwlrq +51;, dprxqwv wr dq lpsolflw uhvwulfwlrq rq

wkh wdlo glvwulexwlrq ri wkh qrlvh whup {1 Lq sduwlfxodu/ wkh uljkw wdlo ri wkh glvwulexwlrq pxvw

frqyhujh udslgo| hqrxjk wr }hur wkdw wkh olnholkrrg udwlr ! +S , h{sorghv txlfno| dv S $ 3/

lpso|lqj yhu| orz ydoxhv iru wkh frqglwlrqdo h{shfwdwlrq ri � dw vpdoo exw srvlwlyh sulfhv1

Wklv lv wuxh ri wkh h{srqhqwldo glvwulexwlrq/ zkhuh wkh wdlo ghfd|v dw dq h{srqhqwldo udwh/ exw

wkh vdph zrxog eh wuxh iru dq| rwkhu glvwulexwlrq zkhuh wkh wdlo ri wkh glvwulexwlrq frqyhujhv

idvw hqrxjk wrzdugv }hur/ h1j1 d wuxqfdwhg qrupdo1 Wkh idfw wkdw xszdug vorslqj ghpdqg

ghshqgv rq frqglwlrqv wkdw jryhuq wkh glvwulexwlrq ri ixqgdphqwdov pluuruv fruuhvsrqglqj

uhvxowv lq wkh dv|pphwulf lqirupdwlrq olwhudwxuh/ vxfk dv Zlovrq ^55/ 56`/ zkr dovr �qgv

wkdw wkh h{lvwhqfh ri dq xszdug vorslqj ghpdqg ghshqgv rq wkh h{rjhqrxv glvwulexwlrq ri

pdunhw ixqgdphqwdov1

5171 Fkdudfwhul}lqj wkh Vhw ri Htxloleuld

Rxu glvfxvvlrq deryh r�huv d vlpsoh dojrulwkp wr vroyh iru dq htxloleulxp= zh frqmhfwxuh

d ghpdqg vfkhgxoh iru xqlqiruphg wudghuv dqg wkhq frq�up wkdw wkh vhw ri sulfhv zklfk

fohdu wkh pdunhw iru wklv ghpdqg lpso| wkdw rxu frqmhfwxuh lv lqghhg dq rswlpdo ghpdqg

vfkhgxoh1 Wkh olplwdwlrq ri wklv dssurdfk lv wkdw lw rqo| doorzv xv wr frq�up zkhwkhu d

sduwlfxodu frq�jxudwlrq lv dq htxloleulxp udwkhu wkdq wr vroyh iru doo srvvleoh htxloleuld ri

wkh prgho1 Fohduo|/ wkh htxloleulxp lq Sursrvlwlrq 4 lv qrw xqltxh> wkhuh lv d frqwlqxxp ri

vhohfwlrqv iurp hS +{> �, wkdw duh frqvlvwhqw zlwk wkh rswlpdolw| ri rxu frqmhfwxuhg ghpdqg

fxuyh1 Exw wkhuh pd| eh rwkhu htxloleuld dvvrfldwhg zlwk gl�huhqw ghpdqg vfkhgxohv/ zklfk

pd| qrw eh dvvrfldwhg zlwk glvfrqwlqxrxv htxloleulxp sulfh ixqfwlrqv1 Zh qrz vkrz wkdw

rxu dvvxpswlrqv doorz xv wr fkdudfwhul}h wkh hqwluh vhw ri htxloleulxp sulfhv1 Zkloh qhlwkhu

wkh sulfh ixqfwlrq S +{> �, qru wkh ghpdqg vfkhgxoh {L +S , duh xqltxho| ghwhuplqhg lq

htxloleulxp/ zh vkrz wkdw lq dq| htxloleulxp wkh ghpdqg vfkhgxoh pxvw eh orfdoo| xszdug

vorslqj/ dqg wkh htxloleulxp sulfh ixqfwlrq zloo h{klelw dw ohdvw rqh glvfrqwlqxlw|1 Wkxv/

sulfh fudvkhv duh dq lqkhuhqw surshuw| ri dq| htxloleulxp lq rxu prgho1
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Wkh uhdvrq zh fdq vwloo fkdudfwhul}h wkh vhw ri htxloleuld txlwh hdvlo| lq rxu prgho lv wkdw

zh dvvxph wkh qrlvh whup { lv glvwulexwhg dv dq h{srqhqwldo1 Frqvhtxhqwo|/ wkh olnholkrrg

udwlr ! +S , ghvfulehg lq wkh surri ri Sursrvlwlrq 4 ghshqgv rqo| rq wkh sulfh dqg qrw rq

{ +S> �,/ l1h1 ! +{ +S> �, > S , @ ! +S ,1 Wklv doorzv xv wr ghgxfh wkh h{shfwhg uhwxuq rq wkh

ulvn| dvvhw dqwlflsdwhg e| xqlqiruphg wudghuv zlwkrxw h{solflwo| vroylqj wkhlu hqwluh ghpdqg

vfkhgxoh lq htxloleulxp> iru dowhuqdwlyh glvwulexwlrqv ri {/ zh zrxog kdyh wr frpsxwh lw lq

rughu wr vroyh { +S> �,1 Zh ehjlq zlwk d ohppd wkdw hvwdeolvkhv xqlqiruphg wudghuv fdq

gudz rqo| rqh ri wkuhh lqihuhqfhv rq wkh h{shfwhg ydoxh ri � zkhq revhuylqj d sulfh lq wkh

udqjh ri wkh htxloleulxp sulfh ixqfwlrq1

Ohppd 5= Frqvlghu d sulfh S ? � vxfk wkdw S 5 udqjhiS +�> �,j1 Lq dq| udwlrqdo

h{shfwdwlrqv htxloleulxp/

41 Li S 5 udqjhiS +�> �,j_ udqjh
�
S
�
�> �
��
/ wkhqH ^� m S +{> �, @ S ` @

��

�. +4� �, h{s +�}@S ,

51 Li S 5 udqjhiS +�> �,j dqg S @5 udqjh
�
S
�
�> �
��
/ wkhq H ^� m S +{> �, @ S ` @ 3

61 Li S @5 udqjhiS +�> �,j dqg S 5 udqjh
�
S
�
�> �
��
/ wkhq H ^� m S +{> �, @ S ` @ �

Surri = Sduwv +5, dqg +6, iroorz wulyldoo|1 Iru sduw +4,/ gh�qh pL +S +{> �,, dv wkh dprxqw

ri zhdowk xqlqiruphg wudghuv vshqg lq htxloleulxp rq ulvn| dvvhwv zkhq wkh uhdol}hg sulfh

lv htxdo wr S +{> �,1 Pdunhw fohdulqj hvwdeolvkhv wkdw wkh sulfh ixqfwlrq zloo eh jlyhq e|

S +{> �, @

;AAAA?
AAAA=

z . } .pL

{. 4
li � @ �

z.pL

{. 4
li � @ �

Gh�qh wkh vhw [ . | iru d vhw [ dqg d srlqw | dv i{. | m { 5 [j1 Lw iroorzv wkdw

i{ m S +{> �, @ Sj @
�
{ m S

�
{> �

�
@ S

�
.

}

S
+51<,

53



Wklv lv ehfdxvh iru dq| { iru zklfk S +{> �, @ S wkhuh pxvw eh d glvwlqfw {� vxfk wkdw

S
�
{�> �

�
@ S 1 Xvlqj Ed|hv* uxoh/ wkh frqglwlrqdo suredeo| ri wkh jrrg vwdwh ri wkh zruog lv

jlyhq e|

Sure
�
� @ � m S +�> �, @ S

�
@

�

]
i% � �+%cw,'�j

i +{, g{

�

]
i% � �+%cw,'�j

i +{, g{. +4� �,

]
t% � � E%cw�'��

i +{,g{

Xvlqj +51<, dqg wkh idfw wkdw i +{, @ � h{s +��{,/ zh �qg

Sure
�
� @ � m S +�> �, @ S

�
@

�

�. +4� �, h{s
��}
S

�

vr wkdw iru dq| S ? �/ H
�
� @ � m S +�> �, @ S

�
@

��

�. +4� �, h{s +�}@S ,
dv fodlphg1 �

Uhfdoo iurp Ohppd 4 wkdw iru � A �W/ wkhuh h{lvw wzr xqltxh urrwv S dqg S vxfk wkdw

4w
4nE�34� i TE>5*� � A S li dqg rqo| li S 5

�
S>S

�
1 Zh xvh wklv idfw wr dujxh wkdw doo htxloleulxp

sulfh ixqfwlrqv uhsuhvhqw d vhohfwlrq iurp d fruuhvsrqghqfh eS +{> �, wkdw fdq eh frqvwuxfwhg

xvlqj S dqg S 1

Sursrvlwlrq 5= Vxssrvh � A �W/ dv gh�qhg lq Ohppd 41 Wkhq wkhuh h{lvwv d xqltxh

fruuhvsrqghqfh eS +{> �, vxfk wkdw dq| udwlrqdo h{shfwdwlrqv htxloleulxp sulfh S +{> �, lv

frqwdlqhg lq eS +{> �,/ dqg iru dq| hohphqw ri eS +{> �, wkhuh h{lvwv dq htxloleulxp sulfh

S +{> �, wkdw frqwdlqv wkdw hohphqw1

Surri = Wkh surri lv djdlq e| frqvwuxfwlrq1 Lq sduwlfxodu/ zh xvh wkh idfw wkdw wkh pdunhw

fohdulqj frqglwlrq lpsolhv

S +{> �, @
z .pU +�> S , .pL +S ,

{. 4

zkhuh pU +�>S , ghqrwhv wkh wrwdo zhdowk vshqw e| lqiruphg djhqwv rq wkh ulvn| dvvhw/ dqg

pL +S , ghqrwhv wkh wrwdo zhdowk vshqw e| xqlqiruphg djhqwv1 Wkh ghpdqg ri lqiruphg

djhqwv fdq eh ghulyhg iurp +514,1 Wkh nh| lv wkh htxloleulxp uhvwulfwlrqv rq pL +S ,1
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Iluvw/ zh dujxh wkdw iru dq| sulfh S 5
�
S> �

�
/ wkh dprxqw ri zhdowk pL +S , doorfdwhg wr

ulvn| dvvhwv e| xqlqiruphg wudghuv pxvw htxdo }hur1 Wkh pdunhw fohdulqj frqglwlrq lpsolhv

S +{> �, @
z .pL +S +{> �,,

{. 4
�

z

{. 4

Khqfh/ iru { ? �
�
� 4/ dq| pdunhw fohdulqj sulfh S +{> �, A S 1 Ohw S � ghqrwh wkh ydoxh ri

S +{> �,1 Wkhuh duh wzr srvvleoh fdvhv1 Iluvw/ S � 5 udqjh
�
S
�
�> �
��
/ lq zklfk fdvh

H
�
� m S +{> �, @ S �

�
@

��

�. +4� �,! +S �,
? S �

vlqfh S � A S 1 Lq wklv fdvh/ lw zrxog eh rswlpdo iru dq xqlqiruphg djhqw wr sxufkdvh rqo|

prqh|1 Dowhuqdwlyho|/ S @5 udqjh
�
S
�
�> �
��
/ lq zklfk fdvh

H
�
� m S +{> �, @ S �

�
@ 3 ? S �

dqg djdlq lw lv rswlpdo wr doorfdwh doo zhdowk wr prqh|1 Khqfh/ iru dq| { ? �
�
�4/ lw iroorzv

wkdwpL +S +{> �,, @ 3 dqg S +{> �, @ �
%n� 1 Wklv xqltxho| hvwdeolvkhv wkdw

eS +{> �, @ �
%n� iru

{.4 5
�
�
w
> �
�

�
1 D vlplodu dujxphqw xqltxho| slqv grzq eS +{> �, @ �

%n� iru {.4 � �
w
1 Jlyhq

wkh uhvwulfwlrq rq pL +S , iru doo S 5
�
S> �

�
/ zh fdq xqltxho| slq grzq eS �

{> �
�
@ �n5

%n� iru

{. 4 5
�
�n5
w
> �n5

�

�
/ dv zhoo dv wkdw eS �

{> �
�
@ � iru {. 4 5

�
�
w
> �n5

w

�
1

Qh{w/ zh dujxh wkdw iru dq| sulfh S ? ��
�n�35 / p

L +S , @ 31 Rqfh djdlq/ iurp wkh pdunhw

fohdulqj frqglwlrq/ zh kdyh

S +{> �, @
z.pL +S +{> �,,

{. 4
�
z . 4� }

{. 4

vlqfh pL +�, lv erxqghg deryh e| 4 � }1 Khqfh/ iru dq| { A �n�
� � 4/ S +{> �, ? S 1 E|

d vlplodu dujxphqw dv deryh/ zh fdq hvwdeolvk wkdw iru vxfk ydoxhv ri {/ pL +S +{> �,, @ 3

dqg S +{> �, @ �
%n� 1 Wklv xqltxho| hvwdeolvkhv eS +{> �, @ �

%n� iru { . 4 A �n�35
� 1 Jlyhq

wkh uhvwulfwlrq rq pL +S , iru doo S ? ��
�n�35 / zh fdq xqltxho| slq grzq eS �

{> �
�
@ �n5

%n� iru

{.4 A E�n�35�E�n��
�� / vlqfh iru dq|pL +S , 5 ^3> 4� }`/ wkh sulfh ixqfwlrq S

�
{> �

�
? ��

�n�35 1
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Odvwo|/ zh dujxh wkdw iru dq| sulfh S 5
�
�n�
�n5S>S

�
/ wkh dprxqw ri zhdowk pL +S , door0

fdwhg wr ulvn| dvvhwv pxvw htxdo 4� }1 Djdlq/ pdunhw fohdulqj uhtxluhv

S
�
{> �

�
@
z . } .pL

�
S
�
{> �

��
{. 4

5

�
z . }

{. 4
>
z . 4

{. 4

�

Khqfh/ iru doo { vxfk wkdw {.4 5
�
�n�
�
> �n5

�

�
/ S

�
{> �

�
5
�
S>S

�
1 Lw iroorzv wkdwpL

�
S
�
{> �

��
@

4 � }/ zklfk slqv grzq eS �
{> �

�
@ �n�

%n� 1 Mxvw dv ehiruh/ zh fdq dovr xqltxho| slq grzq

eS +{> �, @ �n�35
%n� iru { . 4 5

�
�n�35

�
> E�n5��
E�n���

�
1 Lw lv wkhq vwudljkwiruzdug wr vkrz wkdw

eS �
{> �

�
@ S iru

�
�n5
�
> �n�

�

�
dqg eS +{> �, @ S iru

�
�
�
> �n�35

�

�
1

Iru wkh uhpdlqlqj ydoxhv ri {/ lw lv lpsrvvleoh wr slq grzq wkh htxloleulxp sulfh S +{> �,

zlwkrxw nqrzlqj wkh ghpdqg ri wkh xqlqiruphg/ vlqfh wkhlu ghpdqg ghwhuplqhv zkhwkhu

wkh sulfh olhv lqvlgh ru rxwvlgh wkh lqwhuydo
�
S>S

�
1 Krzhyhu/ zh gr nqrz iurp wkh ohppd

deryh wkdw iru dq| sulfh S 9@ S / pL +S , 5 i3> 4� }j/ dqg vr wkh sulfhv
z. }Lw'w

{. 4
dqg

z . }Lw'w . 4� }

{. 4
erwk olh lq eS +{> �, iru wkh uhpdlqlqj ydoxhv ri {/ zkhuh Lw'w lv dq lq0

glfdwru ixqfwlrq wkdw htxdov 4 lv � @ � dqg }hur rwkhuzlvh1 Ilqdoo|/ S 5 eS +{> �, iru

{ . 4 5
k
�
� >

�n�35
�

l
/ vlqfh dq| pL +S , 5 ^3> 4� }` lv rswlpdo1 Olnhzlvh/ S 5 eS �

{> �
�
iru

{. 4 5
k
�n5
� > �n��

l
1

Ilqdoo|/ wr vkrz wkdw eS +{> �, lv wkh plqlpdo fruuhvsrqghqfh/ rqh fdq hdvlo| vkrz wkdw

dq| srlqw lq eS +{> �, fdq eh d sduw ri dq htxloleulxp sulfh ixqfwlrq1 Lq sduwlfxodu/ iru

hdfk glvwlqfw eudqfk lq eS +{> �,/ rqh fdq fkrrvh d sulfh iurp wkh vhw eS +{> �, wkdw xvhv wkdw

vhjphqw1 Wkxv/ xvlqj rqo| �yh htxloleuld/ rqh fdq frqvwuxfw dq htxloleulxp xvlqj hyhu|

hohphqw ri eS +{> �,1 �

Wkh fruuhvsrqghqfh eS +{> �, lv looxvwudwhg lq Iljxuh 61 Wr vhohfw dq htxloleulxp sulfh ixqf0

wlrq S +{> �, iurp eS +{> �,/ rqh kdv wr pdnh vxuh wkdw wkh vhohfwlrq vdwlv�hv wkh uhvwulfwlrqv

lpsrvhg rq dq| htxloleulxp sulfh ixqfwlrq S +{> �, e| Ohppd 5 deryh1 Iru h{dpsoh/ li

zh fkrrvh S +{> �, @ S � iru vrph S � 5 eS +{> �,/ wkhq S � pxvw olh rq wkh orzhu eudqfk ri
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eS +{> �, li S � @5 udqjh
�
S
�
�> �
��
/ vlqfh S � zrxog uhyhdo wkdw � @ �1 Olnhzlvh/ S � pxvw olh lq

wkh xsshu eudqfk ri eS +{> �, li S � 5 udqjh
�
S
�
�> �
��
/ vlqfh wkh h{shfwhg uhwxuq iru dq| sulfh

S � 5
�
S>S

�
vxfk wkdw S � 5 iS +�> �,j_ udqjh

�
S
�
�> �
��

h{fhhgv wkh uhwxuq rq prqh|1

Judsklfdoo|/ zh fdq hdvlo| frq�up zkhwkhu d fdqglgdwh vhohfwlrq iurp eS +{> �, vdwlv0

�hv wkhvh uhvwulfwlrqv e| fkhfnlqj krul}rqwdoo| wr vhh li d jlyhq sulfh lv frqwdlqhg lq erwk

udqjhiS +�> �,j dqg udqjh
�
S
�
�> �
��
/ dqg wkhq frq�uplqj zkhwkhu wkh sulfh lv dvvljqhg wr

wkh fruuhfw eudqfk ri eS +�> �, iru hdfk �1 Wkh ghpdqg vfkhgxoh iru xqlqiruphg wudghuv

{L +S , fdq lq wxuq eh uhfryhuhg iurp wkh htxloleulxp sulfh ixqfwlrq1 Duphg zlwk wklv

revhuydwlrq/ lw lv hdv| wr frqvwuxfw htxloleulxp sulfh ixqfwlrqv wkdw/ lq frqwudvw zlwk wkh

htxloleulxp frqvwuxfwhg lq Sursrvlwlrq 4/ lqyroyh pruh wkdq rqh srlqw ri glvfrqwlqxlw|/ dqg

hyhq d gl�huhqw qxpehu ri srlqwv ri glvfrqwlqxlw| iru wkh wzr ydoxhv ri �1 Olnhzlvh/ lw lv

hdv| wr frqvwuxfw htxloleuld lq zklfk wkh ghpdqg ri wkh xqlqiruphg lv vwulfwo| srvlwlyh hyhq

iru sulfhv ehorz S / vlqfh vxfk sulfhv ixoo| uhyhdo wkdw ixqgdphqwdov duh idyrudeoh/ djdlq

lq frqwudvw zlwk Sursrvlwlrq 41 Wkxv/ qhlwkhu wkh ghpdqg ri xqlqiruphg djhqwv qru wkh

htxloleulxp sulfh ixqfwlrq duh xqltxho| ghwhuplqhg lq htxloleulxp1 Krzhyhu/ vlqfh eS +{> �,

h{klelwv d irog fdwdvwurskh iru erwk ydoxhv ri �/ lw iroorzv dv dq lpphgldwh fruroodu| wkdw lq

dq| udwlrqdo h{shfwdwlrqv htxloleulxp/ wkhuh pxvw h{lvw dw ohdvw rqh srlqw ri glvfrqwlqxlw|

iru hdfk uhdol}dwlrq ri �1

Fruroodu|= lq dq| udwlrqdo h{shfwdwlrqv htxloleulxp/ wkh htxloleulxp sulfh ixqfwlrq

S +{> �, iru hlwkhu � pxvw eh glvfrqwlqxrxv dw vrph ydoxh ri {1

Fudvkhv gulyhq e| sdqlf0w|sh ehkdylru dprqj xqlqiruphg wudghuv duh wkxv lqkhuhqw wr

wkh hfrqrp| zh ghvfuleh/ dqg zloo rffxu lq dq| htxloleulxp lq wklv pdunhw1 Krzhyhu/ wkh

idfw wkdw wkhuh duh pxowlsoh udwlrqdo h{shfwdwlrqv htxloleuld lpsolhv wkdw wkh pdjqlwxgh ri

fudvkhv/ wkh qxpehu ri fudvkhv/ dqg wkh sulfhv dw zklfk fudvkhv rffxu duh qrw xqltxho|

slqqhg grzq1
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Qrz wkdw zh kdyh frqvwuxfwhg d glvfrqwlqxrxv sulfh ixqfwlrq dv dq htxloleulxp skhqrphqrq/

zh fdq xvh lw wr jdlq vrph lqvljkwv derxw wkh qdwxuh ri vwrfn pdunhw fudvkhv wkdw duh

gulyhq e| xqlqiruphg wudghuv1 Zh ehjlq zlwk vrph revhuydwlrqv derxw jhqhudo surshuwlhv ri

htxloleulxp sulfh ixqfwlrqv1 Zh wkhq r�hu vrph frpphqwv dv wr zkhwkhu wkhvh revhuydwlrqv

duh olnho| wr vxuylyh xqghu dowhuqdwlyh dvvxpswlrqv/ lqfoxglqj g|qdplf h{whqvlrqv1

6141 Surshuwlhv ri Vwrfn Pdunhw Fudvkhv

Wr ehwwhu xqghuvwdqg zkdw ghwhuplqhv wkh olnholkrrg/ pdjqlwxgh/ dqg qdwxuh ri sulfh fudvkhv

lq dv|pphwulf lqirupdwlrq hqylurqphqwv/ zh fdq fduu| rxw ydulrxv frpsdudwlyh vwdwlf h{hu0

flvhv rq wkh htxloleulxp vhw eS +{> �, ghslfwhg lq Iljxuh 61 Vhyhudo frqfoxvlrqv hphujh iurp

rxu prgho1

Revhuydwlrq 4= Fudvkhv fdq rqo| rffxu li erwk lqiruphg dqg xqlqiruphg wudghuv duh

suhvhqw1 Reylrxvo|/ xqlqiruphg wudghuv duh hvvhqwldo iru jhqhudwlqj d fudvk wkdw lv gxh

wr d udwlrqdo sdqlf/ vlqfh wkh| duh wkh rqhv zkr kdyh dq xszdug vorslqj ghpdqg fxuyh1

Irupdoo|/ dv } $ 4/ wdnlqj olplwv rq wkh htxloleulxp sulfh fruuhvsrqghqfh eS +{> �, ghvfulehg
lq Sursrvlwlrq 5 |lhogv

eS +{> �, @
z

{. 4

eS +{> �, @

;AAAAAAA?
AAAAAAA=

z

{. 4
iru {. 4 ?

z

�

� iru {. 4 5

�
z

�
>
z . 4

�

�
z . 4

{. 4
iru {. 4 A

z . 4

�

Khqfh/ eS +{> �, froodsvhv iurp d fruuhvsrqghqfh wr d frqwlqxrxv ixqfwlrq1 Vlqfh wklv sulfh

ixqfwlrq lv frqwlqxrxv/ fudvkhv fhdvh wr h{lvw lq wkh devhqfh ri xqlqiruphg djhqwv1 Wklv
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lv qrw vxusulvlqj/ vlqfh wkh fudvk lv gulyhq hqwluho| e| wkh pdvv zlwkgudzdo ri xqlqiruphg

wudghuv iurp wkh pdunhw1 Krzhyhu/ lqiruphg djhqwv duh vlploduo| fuxfldo iru jhqhudwlqj

d fudvk/ vlqfh wkh xszdug vorslqj ghpdqg fxuyh dprqj xqlqiruphg wudghuv dulvhv rqo|

ehfdxvh xqlqiruphg djhqwv vhhn wr h{wudfw lqirupdwlrq iurp sulfhv zkhq sulfhv frqyh|

xvhixo lqirupdwlrq1 Irupdoo|/ dv } $ 3/ wkh fruuhvsrqghqfh eS +{> �, frqyhujhv wr

eS +{> �, @
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Whfkqlfdoo|/ wkh wzr fxwr�v S dqg S frqyhujh wr �� dqg 3/ uhvshfwlyho|/ dv } $ 31 Rqfh

djdlq/ wkh fruuhvsrqghqfh eS +{> �, froodsvhv wr d frqwlqxrxv ixqfwlrq/ dqg wkhuh h{lvwv d

xqltxh htxloleulxp sulfh ixqfwlrq jlyhq e| eS +{> �, deryh1 Wkxv/ fudvkhv fhdvh wr h{lvw lq

wkh devhqfh ri lqiruphg djhqwv1 Wkh orzhu fxwr� S zklfk jhqhudwhv wkh qrq0prqrwrqlflw|

ehfrphv qrq0elqglqj dv S $ 3 vlqfh sulfhv duh dozd|v vwulfwo| srvlwlyh1 Wkh ghpdqg fxuyh

ri wkh xqlqiruphg wkxv frqyhujhv wr d vwulfwo| grzqzdug vorslqj fxuyh/ dqg wkh dvvrfldwhg

glvfrqwlqxlw| lq wkh htxloleulxp sulfh ixqfwlrq glvdsshduv1

Revhuydwlrq 5= Fudvkhv fdq rffxu uhjdugohvv ri wkh ydoxh ri wkh xqghuo|lqj dvvhw1 Wkh

h{lvwhqfh ri fudvkhv lv qrw suhglfdwhg rq ehlqj lq d sduwlfxodu vwdwh ri wkh zruog �/ l1h1

fudvkhv fdq rffxu hyhq zkhq wkh xqghuo|lqj dvvhw lv lqkhuhqwo| ydoxdeoh1 Lq idfw/ vlqfh wkh

vhw eS �
{> �

�
lq Sursrvlwlrq 5 lv iroghg ryhu lwvhoi/ fudvkhv qhfhvvdulo| rffxu zkhq wkh ixq0

gdphqwdov duh idyrudeoh lq rxu prgho1 Wklv revhuydwlrq lv lpsruwdqw/ vlqfh lw glvwlqjxlvkhv

rxu prgho iurp dowhuqdwlyh h{sodqdwlrqv vxfk dv wkh rqhv zh flwh lq wkh Lqwurgxfwlrq1 Iru

h{dpsoh/ wkh lqirupdwlrqdo ylhz dgydqfhg e| Nudxv dqg Vplwk ^45` dqg vxevhtxhqw dxwkruv

dujxhv wkdw fudvkhv rffxu zkhq vpdoo fkdqjhv uhyhdo wkdw ixqgdphqwdov duh xqidyrudeoh/

fdxvlqj djhqwv wr fkdqjh wkhlu sruwirolr doorfdwlrqv dqg suhflslwdwh d odujh gurs lq wkh

sulfh1 Xqghu wklv ylhz/ fudvkhv vkrxog rqo| rffxu zkhq djhqwv ohduq wkdw ixqgdphqwdov

duh xqidyrudeoh1 Wkh vdph lv wuxh ri wkh Pdguljdo dqg Vfkhlqnpdq ^49` prgho/ vlqfh wkh
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lqirupdwlrq vhw lv frduvhqhg rqo| zkhq dvvhw ixqgdphqwdov duh xqidyrudeoh1 Dowkrxjk rxu

prgho lpsolhv fudvkhv zloo rffxu lq erwk vwdwhv ri wkh zruog/ wkh pdjqlwxgh ri d fudvk zloo

qrw qhfhvvdulo| eh wkh vdph lq wkh wzr vwdwhv ri wkh zruog1 Iru h{dpsoh/ iru wkh htxloleulxp

lghqwl�hg lq Sursrvlwlrq 4/ wkh shufhqwdjh ghfolqh lq wkh sulfh zkhq � @ � lv jlyhq e|
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zkloh wkh shufhqwdjh ghfolqh lq sulfh zkhq � @ � lv jlyhq e|
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zklfk duh xqhtxdo dv orqj dv wkh qxpehu ri lqiruphg wudghuv } 9@ 31 Wklv vxjjhvwv wkdw lq

d g|qdplf vhwwlqj zkhuh djhqwv jhw wr revhuyh sulfhv ryhu wlph/ djhqwv pljkw eh deoh wr

ohduq vrphwklqj derxw wkh ixqgdphqwdov h{0srvw e| revhuylqj wkh vl}h ri d fudvk/ d srlqw

zh uhwxuq wr ehorz zkhq zh glvfxvv h{whqvlrqv wr g|qdplf hqylurqphqwv1

Wkh delolw| ri rxu prgho wr jhqhudwh fudvkhv hyhq zkhq wkh xqghuo|lqj dvvhw lv ydoxdeoh

vkrxog vhuyh wr glvsho d frpprq plvshufhswlrq wkdw fudvkhv duh lqkhuhqwo| dvvrfldwhg zlwk

wkh exuvwlqj ri vshfxodwlyh exeeohv rq xqghuo|lqj dvvhwv/ l1h1 wkdw fudvkhv vhuyh wr fruuhfw

glvfuhsdqflhv ehwzhhq wkh sulfh ri dq dvvhw dqg lwv ixqgdphqwdo ydoxh1 Wklv ylhz dffxudwho|

fdswxuhv zkdw kdsshqv lq wkh edg vwdwh ri wkh zruog lq rxu prgho> wkh dvvhw lv lqkhuhqwo|

zruwkohvv/ dqg d fudvk uhgxfhv wkh sulfh ri wkh dvvhw wrzdugv lwv ixqgdphqwdo ydoxh ri }hur1

Exw lq wkh jrrg vwdwh ri wkh zruog/ d fudvk gulyhv wkh sulfh ri wkh dvvhw ixuwkhu dzd|

udwkhu wkdq wrzdug lwv ixqgdphqwdo ydoxh ri �1 Khqfh/ fudvkhv frxog mxvw dv zhoo suhflslwdwh

ghyldwlrqv iurp wkh ixqgdphqwdo ydoxh ri dq dvvhw dv holplqdwh wkhp1 Lqwxlwlyho|/ vlqfh

fudvkhv dulvh zkhq xqlqiruphg wudghuv sdqlf dqg sxoo rxw ri wkh pdunhw/ wkhuh lv qr uhdvrq

wkdw wkh| zrxog sdqlf rqo| zkhq wkh ixqgdphqwdov � zklfk wkh| duh ljqrudqw ri � kdsshq

wr eh idyrudeoh1 Hpslulfdoo|/ wkhuh lv vxjjhvwlyh hylghqfh wkdw wkh 4<;: fudvk rffxuuhg

ghvslwh wkh idfw wkdw wkh ixqgdphqwdov zhuh vrxqg/ surylglqj vxssruw iru prghov lq zklfk

fudvkhv fdq rffxu lqghshqghqwo| ri xqghuo|lqj dvvhw ydoxhv1 Iru h{dpsoh/ Hlfkhqjuhhq ^:`/
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lq frpsdulqj wkh 4<5< dqg 4<;: fudvkhv/ frqfoxghv wkdw �suredeo| wkh fuxfldo gl�huhqfh

ehwzhhq wkh wzr hslvrghv zdv wkh vwdwh ri wkh hfrqrp| lpphgldwho| suhfhglqj wkh fudvk1

Lq wkh �uvw qlqh prqwkv ri 4<;:/ vshqglqj zdv vwurqj1 Lq Rfwrehu 4<5</ lq frqwudvw/ d

ixoo0eorzq uhfhvvlrq zdv douhdg| xqghu zd|1� +s57:,

Revhuydwlrq 6= Wkh pdjqlwxgh ri d fudvk ghshqgv rq wkh qxpehu ri xqlqiruphg dqg

qdlyh wudghuv lq wkh pdunhw1 Dv douhdg| uhpdunhg deryh/ wkh pdjqlwxgh ri wkh fudvk fdq

ydu| zlwk wkh xqghuo|lqj vwdwh ri wkh zruog1 Wkh htxloleulxp zh suhvhqw lq Sursrvlwlrq 4

vxjjhvwv fudvkhv zloo whqg wr eh pruh vhyhuh lq wkh edg vwdwh ri wkh zruog1 Wklv lv txlwh

lqwxlwlyh= lq wkh jrrg vwdwh ri wkh zruog/ lqiruphg djhqwv duh zloolqj wr ex| xs dvvhwv

wkdw xqlqiruphg wudghuv uhmhfw/ wkhuhe| olplwlqj wkh ghfolqh lq sulfh/ dw ohdvw wr wkh h{whqw

d�rughg wr wkhp jlyhq wkhlu olplwhg zhdowk1 Krzhyhu/ wkhuh gr h{lvw sdwkrorjlfdo vhohfwlrqv

iurp wkh fruuhvsrqghqfh eS +{> �, lq Sursrvlwlrq 5 lq zklfk wkh shufhqwdjh sulfh ghfolqh

dvvrfldwhg zlwk vrph sulfh mxps zkhq � @ � lv juhdwhu wkdq iru vrph sulfh mxps wkdw frxog

rffxu zkhq � @ �1 Lw fdq eh vkrzq wkdw vxfk dq rxwfrph fdq eh uxohg rxw e| uhvwulfwlqj

dwwhqwlrq wr htxloleuld zkhuh wkh sulfh S +{> �, lv zhdno| ghfuhdvlqj lq {/ l1h1 htxloleuld lq

zklfk/ lqwxlwlyho|/ dq lqfuhdvh lq wkh h�hfwlyh vxsso| ri dvvhwv { orzhuv wkh sulfh ri wkh dvvhw1

Vlploduo|/ wkh pdjqlwxgh ri d fudvk whqgv wr lqfuhdvh zlwk wkh zhdowk dydlodeoh wr xqlq0

iruphg wudghuv 4�}1 Wklv lv wuxh iru wkh htxloleulxp sulfh ixqfwlrq ghvfulehg lq Sursrvlwlrq

4/ dv zhoo dv dq| rwkhu htxloleulxp sulfh ixqfwlrq lq zklfk d fudvk dprxqwv wr d mxps iurp

wkh yhu| xsshu eudqfk ri eS +{> �, wr wkh yhu| orzhu eudqfk ri eS +{> �,1 Lqwxlwlyho|/ wkh glv0

frqwlqxlw| dulvhv ehfdxvh zh pxvw lqhylwdeo| uhdfk d srlqw dw zklfk xqlqiruphg wudghuv

vkliw doo ri wkhlu zhdowk iurp vwrfnv lqwr prqh|/ ohdglqj wr d ghfolqh lq wkh sulfh ri wkh

dvvhw1 Wkh pruh zhdowk xqlqiruphg wudghuv kdyh lqyhvwhg lq wkh vwrfn pdunhw/ wkh pruh wkh

sulfh zloo idoo zkhq d fudvk rffxuv1 Wkh pdjqlwxgh ri wkh fudvk zloo dovr whqg wr eh odujhu

lq wkhvh vdph htxloleuld li wkh dprxqw ri zhdowk wkdw frphv iurp qrq0vrsklvwlfdwhg wudgh

z lv vpdoo1 Wklv wrr lv ehfdxvh sdvvlyh lqyhvwruv khos wr surs xs vwrfn sulfhv e| ex|lqj

xs vwrfnv iurp xqlqiruphg djhqwv zkhq wkh odwwhu gxps r� wkhlu vwrfn1 Wkxv/ rxu prgho
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fdq fdswxuh wkh srsxodu qrwlrq wkdw sdvvlyh wudghuv zkr iroorz vlpsoh vwudwhjlhv wkdw duh

qrw yhu| uhvsrqvlyh wr sulfh khos wr vwdelol}h pdunhwv/ zkloh dfwlyh +exw srruo| lqiruphg,

wudghuv zkr wu| wr dfw vwudwhjlfdoo|/ h1j1 gd|0wudghuv/ ghvwdelol}h wkhp1

Revhuydwlrq 7= Sulfhv qhhg qrw frqyh| lqirupdwlrq prqrwrqlfdoo|1 Dowkrxjk orz sulfhv

duh jhqhudoo| pruh olnho| wr frqyh| qhjdwlyh lqirupdwlrq derxw wkh dvvhw/ wkh h{shfwdwlrq

H ^� m S +�> �, @ S ` lq +519, qhhg qrw eh prqrwrqlf lq S 1 Iru h{dpsoh/ iru wkh htxloleulxp

ghvfulehg lq Sursrvlwlrq 4/ wkhuh lv dq lqwhuphgldwh uhjlrq ri sulfhv

�
S>

z . 4� }

z
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�
lq

zklfk sulfhv duh ixoo| uhyhdolqj lq wkh jrrg vwdwh ri wkh zruog1 Wklv rffxuv ehfdxvh wkh

vhqvlwlylw| ri ghpdqg wr sulfhv lv gl�huhqw lq wkh wzr vwdwhv ri wkh zruog> d ghfuhdvh lq sulfh

wuljjhuv d odujhu lqfuhdvh lq ghpdqg lq wkh jrrg vwdwh zkhq lqiruphg wudghuv duh dfwlyh

wkdq lq wkh edg vwdwh ri wkh zruog zkhq wkh| duh qrw1 Dv d uhvxow/ lw lv lpsrvvleoh wr

frqvwuxfw d sulfh ixqfwlrq lq zklfk wkh pdjqlwxgh ri wkh fudvk lv wkh vdph lq erwk vwdwhv

ri wkh zruog1 Khqfh/ zkhq � @ �/ sulfhv mxvw deryh wkh fudvk srlqw duh ixoo| uhyhdolqj/

zkloh sulfhv mxvw ehorz wkh fudvk srlqw duh qrw1 Wklv uhvxow lv vrphzkdw qrwhzruwk|/ vlqfh lw

surylghv d frqwudvw wr prghov lq zklfk fudvkhv rffxu zkhq lqirupdwlrq lv uhyhdohg wkurxjk

vpdoo fkdqjhv lq wkh ixqgdphqwdov1 Lq wkrvh prghov/ sulfhv idoo vkduso| lq uhvsrqvh wr wkh

duulydo ri fohdu exw qhjdwlyh lqirupdwlrq1 Khuh/ d vkliw iurp wkh suh0fudvk sulfh wr wkh srvw0

fudvk sulfh qhhg qrw eh dvvrfldwhg zlwk dq| uhvroxwlrq ri xqfhuwdlqw|/ dqg pljkw hyhq eh

dvvrfldwhg zlwk dq lqfuhdvh lq xqfhuwdlqw|1 Krzhyhu/ wklv sdwwhuq grhv qrw h{whqg jhqhudoo|

dfurvv doo srvvleoh htxloleulxp sulfh ixqfwlrqv wkdw fdq eh frqvwuxfwhg iurp wkh vhw eS +{> �,/

dqg/ dv zh glvfxvv ehorz/ pd| qrw vxuylyh lq g|qdplf frqwh{wv1

6151 Urexvwqhvv

Jlyhq wkdw zh duh irufhg wr uho| rq vwurqj dvvxpswlrqv uhjduglqj suhihuhqfhv/ glvwulexwlrqv/

dqg wkh wudglqj vwudwhjlhv dydlodeoh wr djhqwv +h1j1 qr vkruw vdohv, wr vroyh wkh prgho lq

forvhg0irup/ lw lv qdwxudo wr dvn zkhwkhu rxu prgho dqg wkh revhuydwlrqv lw lpsolhv uhsuhvhqw

d whfkqlfdo fxulrvlw|/ ru zkhwkhu wkh| srlqw wr d pruh frpprq skhqrphqrq wkdw fdq krog
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xqghu pruh jhqhudo dvvxpswlrqv1 Vlqfh vroylqj iru htxloleulxp lq prghov zlwk xszdug

vorslqj ghpdqg vfkhgxohv lv frpsxwdwlrqdoo| fkdoohqjlqj/ lw lv kdug wr dvvhvv zkhwkhu d

fudvk zrxog dulvh xqghu d sduwlfxodu vhw ri dowhuqdwlyh dvvxpswlrqv wkdw duh dujxdeo| pruh

sodxvleoh wkdq wkh rqhv zh frqvlghu1 Krzhyhu/ wkh prgho fdq vwloo vkhg oljkw rq zklfk

ihdwxuhv duh lpsruwdqw iru jhqhudwlqj fudvkhv dv dq htxloleulxp skhqrphqrq/ dqg wkxv krz

urexvw rxu uhvxowv duh olnho| wr eh lq dowhuqdwlyh hqylurqphqwv1

Uhfdoo wkdw fudvkhv dulvh lq rxu prgho ehfdxvh wkh vhw ri pdunhw0fohdulqj sulfhv eS +{> �, lv

iroghg ryhu lwvhoi1 Wklv lq wxuq lv gxh wr wkh edfnzdugv0ehqglqj ghpdqg iru dvvhwv dprqj

xqlqiruphg wudghuv/ l1h1 wr wkh idfw wkdw wkhlu ghpdqg iru dvvhwv lv xszdug vorslqj dw orz

sulfhv exw grzqzdug vorslqj dw kljk sulfhv1 Wkhuh duh wzr ihdwxuhv lq rxu prgho wkdw hqvxuh

wkh ghpdqg ri xqlqiruphg wudghuv lv grzqzdug vorslqj dw kljk sulfhv1 Iluvw/ zh dvvxph

wkh vxssruw ri wkh glvwulexwlrq ri � lv erxqghg1 Khqfh/ li sulfhv hyhu ulvh deryh �/ wkh

ghpdqg iru wkh dvvhw zloo idoo wr }hur1 Vhfrqg/ zh suhyhqw djhqwv iurp vhoolqj prqh| vkruw1

Frqvhtxhqwo|/ d kljk hqrxjk sulfh zloo h{kdxvw wkh uhvrxufhv ri djhqwv dqg ohdyh wkhp

xqdeoh wr frqwlqxh sxufkdvlqj wkh vdph dprxqw ri ulvn| dvvhwv1 Erwk ri wkhvh dvvxpswlrqv

duh uxohg rxw lq wkh prghov ri Dgpdwl ^4` dqg Zdqj ^53` wkdw jhqhudwh joredoo| xszdug0

vorslqj ghpdqg fxuyhv> wklv lv zk| djhqwv frqwlqxh wr lqfuhdvh wkhlu ghpdqg iru dvvhwv hyhq

dw yhu| kljk sulfhv1 Lqwurgxflqj hlwkhu ihdwxuh lqwr wkhvh prghov frxog srwhqwldoo| jlyh ulvh

wr edfnzdugv ehqglqj ghpdqg iru ulvn| dvvhwv> diwhu doo/ wkh lqwxlwlrq iru xszdug vorslqj

ghpdqg lq wkhvh prgho grhv qrw uhvw rq zkdw kdsshqv wr ghpdqg dw yhu| kljk sulfhv1

Krzhyhu/ lqwurgxflqj wklv prgl�fdwlrq zrxog uhqghu vxfk prghov yluwxdoo| lpsrvvleoh wr

vroyh1

Qh{w/ vhyhudo glvwulexwlrqdo dvvxpswlrqv lq rxu prgho hqvxuh wkh ghpdqg ri xqlqiruphg

wudghuv lv xszdug vorslqj dw orzhu sulfhv/ ru/ pruh vshfl�fdoo|/ wkdw wkh xqlqiruphg zloo eh

zloolqj wr ex| ulvn| dvvhwv dw lqwhuphgldwh sulfhv exw qrw dw yhu| orz sulfhv1 Wkh uhdvrq

xqlqiruphg djhqwv duh zloolqj wr sxufkdvh wkh dvvhw dw lqwhuphgldwh sulfhv lv wkdw zh dvvxph

wkh suredelolw| ri idyrudeoh ixqgdphqwdov � lv odujh1 Uhfdoo iurp rxu suhylrxv glvfxvvlrq
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wkdw iru d jlyhq sulfh S / wkh frqglwlrqdo h{shfwdwlrq H ^� m S +{> �, @ S ` frqyhujhv wr � dv

� $ 41 Wkxv/ iru kljk hqrxjk �/ d ulvn0qhxwudo wudghu zrxog vwulfwo| suhihu wkh ulvn| dvvhw

wr prqh|1 Lq idfw/ li � lv forvh hqrxjk wr 4/ wkh ulvn dvvrfldwhg zlwk wkh dvvhw ehfrphv

qhjoljleoh/ vr dq xqlqiruphg ulvn0dyhuvh djhqw zrxog dovr lqyhvw d srvlwlyh dprxqw ri klv

zhdowk lq wkh ulvn| dvvhw1 Khqfh/ wkh nh| dvvxpswlrq wkdw ohdgv wr srvlwlyh ghpdqg iru wkh

dvvhw lq vrph lqwhuphgldwh sulfh udqjh lv wkdw edg rxwfrphv duh uhodwlyho| uduh1

Wzr dgglwlrqdo ihdwxuhv ri rxu prgho lpso| wkdw ghpdqg zloo gurs wr }hur dw sulfhv ehorz

wklv lqwhuphgldwh udqjh1 Iluvw/ zh dvvxph wkdw wkh orzhvw srvvleoh sd|r� � rq wkh dvvhw lv

}hur1 Wkxv/ wkh dvvhw pd| qrw eh dwwudfwlyh hyhq zkhq lw lv yluwxdoo| iuhh1 Vhfrqg/ wkh ghqvlw|

ixqfwlrq iru { ghfd|v dw dq h{srqhqwldo udwh/ hqvxulqj wkh olnholkrrg udwlr ! +S , h{sorghv

wr lq�qlw| dv S $ 3 idvw hqrxjk wr vdwlvi| frqglwlrq +51;,1 Lqwxlwlyho|/ wkh h{srqhqwldo

glvwulexwlrq lqvxuhv wkdw wkh ohyho ri qrlvh wudglqj uhtxluhg wr r�vhw wkh kljk ghpdqg ri

lqiruphg wudghuv lq wkh jrrg vwdwh ri wkh zruog lv pxfk ohvv olnho| wkdq wkh ohyho ri qrlvh

wudglqj uhtxluhg lq wkh edg vwdwh ri wkh zruog1 Wrjhwkhu/ wkhvh wzr dvvxpswlrqv lpso| wkdw

dw sulfhv forvh wr }hur/ dq xqliruphg djhqw zloo dvvljq d yhu| orz frqglwlrqdo h{shfwdwlrq

wr �/ hyhq ohvv wkdq wkh sulfh ri wkh dvvhw S 1 Dq| xqlqiruphg wudghu/ zkhwkhu ulvn0dyhuvh

ru ulvn0qhxwudo/ zloo wkhuhiruh vwulfwo| suhihu wr lqyhvw lq prqh|1 Wkxv/ zkdw ohdgv wr d idoo

lq wkh ghpdqg iru dvvhwv dw orzhu sulfhv lv wkh srvvlelolw| ri d yhu| edg rxwfrph frpelqhg

zlwk wkh idfw wkdw rqo| d yhu| xqolnho| dprxqw ri qrlvh wudgh fdq fohdu wkh pdunhw zkhq

lqiruphg djhqwv duh dzduh wklv edg rxwfrph kdv qrw ehhq uhdol}hg1

Lq jhqhudo/ xszdug vorslqj ghpdqg lv olnho| wr dulvh xqghu ydulrxv dowhuqdwlyh dvvxpswlrqv

rq wkh glvwulexwlrq ri pdunhw ixqgdphqwdov1 Lq sduwlfxodu/ li
C

CS
H ^� m S +�> �, @ S ` 4 dw

wkrvh sulfhv zkhuh xqlqiruphg djhqwv lqyhvw d srvlwlyh dprxqw ri zhdowk lq wkh ulvn| dvvhw/

wkh frqglwlrqdo h{shfwdwlrq ri � zloo idoo idvwhu wkdq wkh sulfh ri wkh dvvhw1 Hyhqwxdoo|/ wkhq/

wkh h{shfwhg uhwxuq rq wkh ulvn| dvvhw zloo idoo ehorz wkh uhwxuq rq prqh|/ srwhqwldoo| dw

vrph sulfh wkdw lv idu dzd| iurp S @ 31 Wkxv/ rxu uhvxowv gr qrw klqjh rq surshuwlhv

wkdw jryhuq wkh wdlo glvwulexwlrq ri {/ exw frxog dulvh iru zkhqhyhu wkh glvwulexwlrq ri
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{ frqfhqwudwhv hqrxjk pdvv rq sduwlfxodu udqjhv ri { lq d zd| wkdw xqlqiruphg djhqwv

dqwlflsdwh wkh edg rxwfrph lv idu pruh olnho| zkhq wkh| revhuyh d fhuwdlq sulfh1 Vlqfh

xszdug vorslqj ghpdqg fdq hdvlo| dulvh lq dv|pphwulf lqirupdwlrq prghov zlwk jrrgv ri

ydu|lqj txdolw|/ dv hylghqfhg e| wkh zhdn frqglwlrqv surylghg e| Zlovrq ^55/ 56` iru xszdug

vorslqj ghpdqg/ lw vhhpv olnho| wkdw wkh vdph zrxog eh wuxh iru wudgh lq �qdqfldo dvvhwv1

Xqiruwxqdwho|/ zh duh xqdeoh wr suryh wklv irupdoo|1 Wkh uhdvrq lv wkdw lq qrlv| udwlrqdo

h{shfwdwlrqv htxloleuld/ wkh frqglwlrqdo h{shfwdwlrq ri � ghshqgv qrw rqo| rq wkh revhuyhg

sulfh S exw dovr rq wkh ghpdqg ri xqlqiruphg wudghuv/ zklfk ghwhuplqhv wkh dprxqw ri

qrlvh wudgh { +S> �, qhfhvvdu| wr fohdu wkh pdunhw lq wkh edg vwdwh dqg zklfk hqwhuv lqwr wkh

olnholkrrg udwlr ! +S ,1 E| frqwudvw/ lq Zlovrq*v iudphzrun wkh frqglwlrqdo h{shfwdwlrq ri �

grhv qrw ghshqg rq wkh ghpdqg vlgh ri wkh hfrqrp|/ dqg wkxv lv hdvlhu wr frpsxwh1 Exw

wklv uhsuhvhqwv pruh ri d frpsxwdwlrqdo fkdoohqjh wkdq d frqfhswxdo rqh> wkh h{lvwhqfh ri

xszdug vorslqj ghpdqg vkrxog vwloo ghshqg rq krz pxfk zhljkw wkh xqghuo|lqj glvwulexwlrq

jlyhv wr vwdwhv ri wkh zruog dvvrfldwhg zlwk kljk uhwxuqv frpsduhg zlwk vwdwhv dvvrfldwhg

zlwk orz uhwxuqv1

Wr vxppdul}h/ wkh edfnzdugv ehqglqj ghpdqg iru dvvhwv dprqj xqlqiruphg wudghuv dulvhv

iurp udwkhu sodxvleoh ihdwxuhv ri rxu prgho/ dowkrxjk zh kdyh wr lpsrvh dgglwlrqdo dvvxps0

wlrqv wr eh deoh wr vroyh wkh prgho lq forvhg irup1 Dv orqj dv wkh iudfwlrq ri zhdowk wkdw

ehorqjv wr lqiruphg djhqwv } lv vx!flhqwo| vpdoo/ wkh djjuhjdwh ghpdqg fxuyh zloo lqkhulw

wkh surshuwlhv ri wkh ghpdqg ri xqlqiruphg djhqwv1 Surylghg lqiruphg dqg qrlvh wudghuv

h{klelw grzqzdug vorslqj ghpdqg iru wkh dvvhw/ wkh djjuhjdwh ghpdqg vfkhgxoh zloo wkhq

irog ryhu lwvhoi/ surgxflqj wkh vdph fdwdvwurskh wkdw ohdgv wr glvfrqwlqxrxv htxloleulxp

sulfh ixqfwlrqv dv xqghu rxu sduwlfxodu dvvxpswlrqv1

6161 G|qdplfv

Vr idu/ rxu glvfxvvlrq kdv irfxvhg rq vwdwlf hqylurqphqwv1 Exw fudvkhv duh lqkhuhqwo| g|0

qdplf skhqrphqd wkdw sod| rxw ryhu wlph1 Uhfdoo wkdw wkh gh�qlwlrq ri d fudvk lq rxu

65



vwdwlf hfrqrp| lqwhqghg wr fdswxuh wkh qrwlrq wkdw lq wkh uhdo zruog/ vwrfn sulfhv dsshdu wr

idoo vkduso| zlwkrxw dq| fruuhvsrqglqj fkdqjhv lq wkh xqghuo|lqj ixqgdphqwdov1 Lq rwkhu

zrugv/ fudvkhv duh sulfh ghfolqhv wkdw duh qrw dvvrfldwhg zlwk odujh fkdqjhv lq wkh ixqgd0

phqwdov dvvrfldwhg zlwk dq dvvhw/ dv rssrvhg wr pruh frqyhqwlrqdo sulfh ghfolqhv wkdw duh

wuljjhuhg e| d fkdqjh lq wkh ixqgdphqwdov/ h1j1 d odujh idoo lq suhvhqw ru ixwxuh glylghqgv ru

d vxgghq lqfuhdvh lq ghpdqg iru oltxlglw|1 Irupdoo|/ lq d glvfuhwh0wlph vhwwlqj/ zh zloo vd|

wkdw dq dvvhw lv yxoqhudeoh wr d fudvk li iru dq| uhdo qxpehu Q / wkhuh h{lvwv d uhdol}dwlrq

iru wkh sdwk ri ixqgdphqwdov i�|j dqg d sdwk ri htxloleulxp sulfhv iS|j frqvlvwhqw zlwk

wkhvh ixqgdphqwdov iru zklfk wkh udwlr ri wkh fkdqjh lq wkh htxloleulxp sulfh ri wkh dvvhw

nS| � S|3�n wr wkh fkdqjh lq ixqgdphqwdov n�| ��|3�n h{fhhgv Q dw vrph gdwh w1 Lq rwkhu

zrugv/ fkdqjhv lq sulfhv fdq eh duelwudulo| odujhu wkdq wkh fruuhvsrqglqj fkdqjhv lq ixqgd0

phqwdov1 Li zh ohw wkh ohqjwk ri d shulrg jr wr }hur/ d fudvk zrxog lpso| wkdw wkhuh h{lvwv

d uhdol}dwlrq iru wkh sdwk ri ixqgdphqwdov i�|j wkdw lv frqwlqxrxv zlwk uhvshfw wr wlph

lq vrph lqwhuydo ^w> w .�, dqg d fruuhvsrqglqj sdwk iS|j iru wkh htxloleulxp sulfh ri wkh

dvvhw wkdw lv frqvlvwhqw zlwk wkhvh ixqgdphqwdov dqg zklfk lv qrw frqwlqxrxv zlwk uhvshfw

wr wlph ryhu wklv vdph lqwhuydo1 Wkh txhvwlrq lv zkhwkhu rxu uhvxowv deryh/ zklfk hvwdeolvk

wkh h{lvwhqfh ri vwdwlf htxloleulxp sulfh ixqfwlrqv wkdw duh glvfrqwlqxrxv zlwk uhvshfw wr wkh

ixqgdphqwdov �| @ +{|> �|,/ duh xvhixo iru prghoolqj fudvkhv lq g|qdplf hqylurqphqwv zkhuh

wkh sdwk ri sulfhv pxvw eh glvfrqwlqxrxv zlwk uhvshfw wr wlph iru d frqwlqxrxv sdwk ri wkh

ixqgdphqwdov1

Rqh zd| wr xvh wkh glvfrqwlqxlw| lq rxu vwdwlf prgho wr frqvwuxfw d g|qdplf fudvk lv wr

vxssrvh lqglylgxdov olyh iru rqo| rqh shulrg dqg wkhq vhoo wkhlu dvvhwv wr wkh qh{w jhqhudwlrq

ri wudghuv/ zkr/ rwkhu wkdq qrlvh wudghuv/ duh hdfk hqgrzhg zlwk rqh xqlw ri prqh|1 Wkh

vxsso| ri wkh ulvn| dvvhw lq hdfk shulrg lv mxvw wkh dprxqw vrog e| djhqwv zkr rzqhg wkh

vwrfn lq wkh suhylrxv shulrg uljkw ehiruh wkh| glh1 Wkh sd|r� wr ex|lqj d ulvn| dvvhw lv

�|.S|n�/ l1h1 wkh glylghqg �| soxv wkh fdslwdo jdlq ri vhoolqj wkh dvvhw wr wkh qh{w jhqhudwlrq1

Li �| dqg {| duh l1l1g1 udqgrp yduldeohv/ zh fdq orrn iru htxloleuld lq zklfk wkh sulfh ixqfwlrq

66



S +{> �, lv frqvwdqw ryhu wlph/ vlqfh wkhuh duh qr rwkhu vwdwh yduldeohv wkdw duh uhohydqw iru

djhqwv1 Lq wkdw fdvh/ doo djhqwv irup wkh vdph h{shfwdwlrq ryhu wkh ixwxuh sulfh ri wkh dvvhw

H%cw ^S +{|n�> �|n�,`1 Vlqfh wklv h{shfwdwlrq lv mxvw d frqvwdqw/ wkh dqdo|vlv uhgxfhv wr d

vwdwlf dqdo|vlv lq hdfk shulrg zlwk sd|r�v e� @ � . H ^S +{|n�> �|n�,`1 Wkh pdlq gl�huhqfh

ehwzhhq wklv g|qdplf prgho dqg wkh vwdwlf prgho deryh lv wkdw wkh sd|r� lq wkh edg vwdwh

ri wkh zruog � lv qrz vwulfwo| srvlwlyh/ vlqfh H ^S +{|n�> �|n�,` A 31 Krzhyhu/ lw lv hdv|

wr vkrz wkdw wkh htxloleulxp sulfh ixqfwlrq lq wkh vwdwlf prgho uhpdlqv glvfrqwlqxrxv dv

orqj dv � lv vx!flhqwo| forvh wr }hur1 Zh fdq dozd|v hqvxuh wkdw wkh h{shfwdwlrq ri wkh

sulfh H ^S +�> �,` lv duelwudulo| vpdoo e| vhwwlqj � wr eh vx!flhqwo| odujh/ vr wkdw rxu suhylrxv

dqdo|vlv dssolhv1 Li zh wkhq fkrrvh d sdwk iru i�|j zkhuh �| lv frqvwdqw dqg {| wudyhuvhv

wkh srlqw ri glvfrqwlqxlw| ri S +�> �,/ zh fdq jhqhudwh d idoo lq wkh sulfh ri wkh dvvhw wkdw idu

h{fhhgv wkh fkdqjh lq ixqgdphqwdov ryhu wkh vdph shulrg1

Lq wklv h{dpsoh/ djhqwv pd{lpl}h rqh0shulrg sur�wv dqg wkh yhfwru ri ixqgdphqwdov �| lv

lqghshqghqw dfurvv wlph1 Wkxv/ rxu h{dpsoh lv hvvhqwldoo| d vhtxhqfh ri vwdwlf hfrqrplhv/

dqg vr lw lv qrw vxusulvlqj zh fdq xvh wkh glvfrqwlqxlw| ri wkh vwdwlf sulfh ixqfwlrq zlwk

uhvshfw wr � wr frqvwuxfw d sulfh sdwk wkdw lv hvvhqwldoo| glvfrqwlqxrxv zlwk uhvshfw wr wlph1

D pruh lqwhuhvwlqj txhvwlrq lv zkhwkhu rxu uhvxowv duh xvhixo iru xqghuvwdqglqj fudvkhv lq

wuxo| g|qdplf hqylurqphqwv/ zkhuh djhqwv kdyh orqj krul}rqv dqg wkh ixqgdphqwdov iroorz

pruh frqyhqwlrqdo vwrfkdvwlf surfhvvhv1 Frqvwuxfwlqj vxfk d prgho/ pxfk ohvv vroylqj lw/ lv

eh|rqg wkh vfrsh ri wklv sdshu1 Krzhyhu/ zh eulh | r�hu vrph frpphqwv rq frpsolfdwlrqv

wkdw fdq dulvh lq g|qdplf hqylurqphqwv1

Wr eh frqfuhwh/ vxssrvh dq dvvhw sd|v d glylghqg �| hdfk shulrg/ zkhuh �| fdq qrz dvvxph

pxowlsoh ydoxhv udwkhu wkdq rqo| wzr1 Vxssrvh ixuwkhu wkdw wkh yhfwru ri ixqgdphqwdov

�| @ +{|> �|, iroorzv d glvfuhwh0wlph Pdunry surfhvv1 Vlqfh wkh gh�qlwlrq ri d fudvk lqyroyhv

wkh ehkdylru ri htxloleulxp sulfhv dorqj d frqwlqxrxv uhdol}dwlrq ri wkh ixqgdphqwdov/ lw

vhhpv qdwxudo wr irfxv rq Pdunry surfhvvhv lq zklfk wkh uhdol}dwlrqv ri wkh surfhvv whqg wr

frqwlqxrxv vdpsoh sdwkv lq wkh olplw dv wkh ohqjwk ri d shulrg froodsvhg wr }hur1 Qrwh wkdw
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rxu dvvxpswlrq deryh wkdw ixqgdphqwdov duh lqghshqghqw ryhu wlph lpsolhv wklv surfhvv

zrxog qrw whqg wr frqwlqxrxv vdpsoh sdwkv/ vlqfh e| frqvwuxfwlrq wkhuh lv qrwklqj wkdw wlhv

wkh ydoxh ri � lq shulrg w wr eh forvh wr lwv ydoxh lq shulrg w� 41 Djhqwv nqrz wkh Pdunry

surfhvv wkdw jryhuqv �| dqg ghflgh krz pxfk ri wkhlu zhdowk wr doorfdwh ehwzhhq prqh|

dqg wkh ulvn| dvvhw hdfk shulrg1 Lqiruphg djhqwv rswlpl}h jlyhq wkh klvwru| i�rj
|
r'f/ zkloh

xqlqiruphg djhqwv jhw wr revhuyh rqo| wkh klvwru| ri sulfhv iSrj
|
r'f1

Lq wu|lqj wr xvh glvfrqwlqxlwlhv lq wkh vwdwlf sulfh ixqfwlrq S +�, wr jhqhudwh g|qdplf

fudvkhv/ rqh srwhqwldo sureohp lv wkdw li wkh ixqfwlrq S +�, grhv qrw ghshqg rq wlph dqg

wkh ixqgdphqwdov duh hvvhqwldoo| frqwlqxrxv/ d glvfuhwh sulfh mxps frxog rqo| rffxu lq wkh

uhjlrq zkhuh S +�, lv glvfrqwlqxrxv1 Li wkh pdjqlwxgh ri d fudvk dqg wkh sulfh dw zklfk d

fudvk rffxuv ydulhv zlwk fxuuhqw glylghqgv �|/ dv rxu vwdwlf prgho vxjjhvwv lv olnho|/ djhqwv

zrxog ohduq �| +dqg khqfh {|, e| revhuylqj wkh fudvk1 Exw wkhq d fudvk frxog qr orqjhu

dulvh lq htxloleulxp zkhq glylghqgv duh idyrudeoh/ vlqfh djhqwv zrxog lpphgldwho| ohduq

wklv dqg uhsxufkdvh wkh dvvhw/ elgglqj xs lwv sulfh dqg ghq|lqj wkh srvvlelolw| wkdw wkh

sulfh lq wkh zdnh ri d fudvk frxog uhpdlq dq htxloleulxp1 Wklv zrxog ghvwur| zkdw zh

ylhz dv wkh xqltxh dvshfw ri rxu prgho frpsduhg zlwk suhylrxv zrun/ qdpho| wkdw fudvkhv

duh gulyhq e| uhodwlyho| xqlqiruphg djhqwv zkr dfw rxw ri ljqrudqfh> li wkh fudvk whqgv wr

uhyhdo wkh xqghuo|lqj vwdwh wr dq| suhylrxv xqlqiruphg wudghuv/ wkh prgho zrxog uhgxfh

wr prghov ghvfulehg lq suhylrxv zrun zkhuh fudvkhv duh gulyhq e| wkh vxgghq uhyhodwlrq ri

lqirupdwlrq1 Wkxv/ lq rughu wr xvh wkh glvfrqwlqxlw| ri wkh vwdwlf sulfh S +�, wr jhqhudwh

g|qdplf fudvkhv/ zh zrxog kdyh wr dsshdo wr d pruh frpsolfdwhg hqylurqphqw lq zklfk d

fudvk grhv qrw uhyhdo wkh h{dfw vwdwh ri wkh zruog1 Iru h{dpsoh/ li wkh yhfwru ri ixqgdphqwdov

lqyroyhg d pruh ghwdlohg ghvfulswlrq ri ixwxuh glylghqgv vwuhdp/ h1j1 lqirupdwlrq erwk rq

fxuuhqw glylghqgv dv zhoo h{shfwhg glylghqg jurzwk/ xqlqiruphg wudghuv pljkw qr orqjhu eh

deoh wr lqihu �| shuihfwo| iurp wkh pdjqlwxgh ri wkh fudvk ru wkh sulfh dw zklfk lw rffxuuhg1

Dowhuqdwlyho|/ zh frxog doorz iru d mxps frpsrqhqw lq wkh vwrfkdvwlf surfhvv jryhuqlqj

ixqgdphqwdov/ vr wkdw xqlqiruphg djhqwv zrxog eh xqdeoh wr glvwlqjxlvk zkhwkhu d ghfolqh
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lq sulfh lv suhflslwdwhg e| wkhlu sdqlf ru e| lqiruphg wudghuv uhvsrqglqj wr dq deuxsw fkdqjh

lq ixqgdphqwdov1

Dqrwkhu srwhqwldo sureohp zlwk xvlqj wkh glvfrqwlqxlw| ri wkh vwdwlf sulfh ixqfwlrq S +�,

wr jhqhudwh g|qdplf fudvkhv lv wkdw li djhqwv nqrz wkh vwdwlf htxloleulxp sulfh ixqfwlrq dqg

uhdol}h wkdw wkh ixqgdphqwdov duh frqwlqxrxv/ wkh| pljkw eh uhoxfwdqw wr krog wkh dvvhw dw

d sulfh mxvw deryh wkh fudvk ohyho ihdulqj d odujh fdslwdo orvv1 Exw li wkdw zhuh wkh fdvh/

wkh ruljlqdo sulfh frxog qrw eh dq htxloleulxp1 Wklv frqfhuq lv plwljdwhg e| wkh idfw wkdw

fudvkhv fdq rffxu dw gl�huhqw sulfh ohyhov iru gl�huhqw ydoxhv ri wkh glylghqg �|/ dv lv wkh

fdvh lq wkh htxloleulxp lq Sursrvlwlrq 41 Li wkhuh zhuh d frqwlqxxp ri ydoxhv iru �|/ hdfk

ri zklfk lv dvvrfldwhg zlwk d fudvk dw d gl�huhqw sulfh/ wkh ulvn ri d fudvk dw dq| sduwlfxodu

sulfh pljkw qrw eh odujh hqrxjk wr glvfrxudjh xqlqiruphg djhqwv iurp kroglqj rq wr wkh

dvvhw1 Wkh ghpdqg ri lqiruphg wudghuv lv pruh frpsolfdwhg/ vlqfh wkh| revhuyh �| dqg duh

dzduh ri zkhwkhu fudvkhv duh olnho|/ dqg vr wkh| pljkw fkrrvh wr vwd| rxw ri wkh pdunhw lq

uhjlrqv forvh wr d srlqw ri glvfrqwlqxlw|1 Lw lv wkhuhiruh qrw reylrxv zkhwkhu wkh htxloleulxp

frxog vwloo kdqj wrjhwkhu zkhq wkh ixqgdphqwdov hyroyh frqwlqxrxvo|1 Krzhyhu/ rqfh djdlq

zh frxog lqwurgxfh d mxps frpsrqhqw lqwr wkh ixqgdphqwdov/ zklfk frxog surylgh lqfhqwlyh

iru lqiruphg djhqwv wr krog rq wr wkh dvvhw hyhq dw sulfhv wkdw duh qhdu wkh wkuhvkrog ri d

fudvk lq wkh krsh ri d uhdslqj odujh srwhqwldo fdslwdo jdlq zlwk vrph suredelolw|1 Lq wklv

fdvh/ wkh prgho frxog vwloo |lhog sdwkv ri i�|j zlwk fruuhvsrqglqj htxloleulxp sulfhv iS|j

zkhuh wkh vl}h ri wkh sulfh fkdqjh mmS| � S|3�mm lv �yhu| odujh� frpsduhg wr wkh fkdqjhv lq

ixqgdphqwdov mm�| ��|3�mm1

Wklv glvfxvvlrq vxjjhvwv wkdw wkh vwdwlf qrwlrq ri fudvkhv zh looxvwudwh frxog srwhqwldoo|

eh xvhg wr frqvwuxfw fudvkhv lq g|qdplf prghov1 Krzhyhu/ jlyhq wkh lqkhuhqw gl!fxowlhv gh0

vfulehg deryh/ dv zhoo dv wkh frpsolfdwhg sruwirolr doorfdwlrq sureohp wkdw zrxog lqhylwdeo|

dulvh zkhq djhqwv idfh orqjhu krul}rqv/ pruh zrun lv qhfhvvdu| ehiruh zh fdq ghyhors d

vdwlvidfwru| g|qdplf prgho ri fudvkhv wkdw surjuhvvhv eh|rqg vwdwlf prghov1
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Wklv sdshu frqvwuxfwv d prgho wkdw irupdol}hv wkh qrwlrq wkdw fudvkhv � deuxsw fkdqjhv

lq wkh sulfh ri d vwrfn wkdw rffxu ghvslwh wkh devhqfh ri dq| fruuhvsrqglqj fkdqjh lq wkh

hfrqrplf ixqgdphqwdov ri wkh xqghuo|lqj dvvhw � frxog dulvh ehfdxvh ri wkh ehkdylru ri

xqlqiruphg wudghuv zkr sdqlf dqg fdxvh wkh sulfh ri vwrfnv wr soxpphw1 Wkh phfkdqlvp

zh ghvfuleh lv lghqwlfdo wr wkh rqh ghyhorshg e| Jhqqrwwh dqg Ohodqg ^;` lq zklfk h{rjhqrxv

sruwirolr lqvxuhuv suhflslwdwh sulfh ghfolqhv e| vhoolqj vwrfnv zkhq sulfhv idoo/ wkxv pdjqli|lqj

vpdoo sulfh fkdqjhv lqwr odujh/ glvfrqwlqxrxv mxpsv1 Lq rxu iudphzrun/ lw lv xqlqiruphg

wudghuv zkr vhoo vwrfnv dw orz sulfhv/ exw wklv lv udwlrqdo iru wkhp vlqfh wkh| wu| wr uhdg

lqirupdwlrq wkh| nqrz lv dydlodeoh wr rwkhu wudghuv zkr duh dfwlyh lq wkh pdunhw1 Wkxv/

wkhuh lv qr qhhg wr dsshdo wr h{rjhqrxv wudglqj prwlyhv ru v|vwhpdwlf plvshufhswlrq dprqj

wudghuv derxw wkh prwlyhv ri rwkhuv lq rughu wr vxvwdlq wklv phfkdqlvp iru fudvkhv1

Zkloh zh ylhz rxu prgho dv d wkhruhwlfdo frqwulexwlrq ri krz wklv h{sodqdwlrq fdq eh

irupdoo| prghoohg/ zh eholhyh rxu vwru| kdv vrph hpslulfdo sodxvlelolw| iru dfwxdo vwrfn

wudglqj/ dqg vr zh frqfoxgh zlwk vkruw uhpdunv zk| rxu h{sodqdwlrq fdq dffrug zlwk

dfwxdo fudvkhv1 Suhylrxv dxwkruv kdyh dvfulehg dv dq lpsruwdqw uroh wr xqlqiruphg wudghuv

lq suhflslwdwlqj sulfh fudvkhv1 Iru h{dpsoh/ Zklwh ^54` zulwhv

Gxulqj wkh wxolspdqld/ Jduehu qrwhv wkdw wkh plggoh fodvvhv dqg hyhq prqlhg

zrunhuv ehjdq wr vshfxodwh lq wkh pdunhw iru wxolsv/ zklfk suhylrxvo| kdg ehhq

wkh surylqfh ri vshfldolvwv1 Lq wkhlu hqwkxvldvp wr sduwlflsdwh/ qhz lqyhvwruv vhhp

lqfuhgleo| lqfdxwlrxv111 Lq 4;:6/ qhz Jhupdq lqyhvwruv sod|hg d surplqhqw uroh1

Wkh| exvlo| dftxluhg qhz/ xqwhvwhg iruhljq vhfxulwlhv iru wkhlu sruwirolrv1 Lq

wkh 4<53v wkh vkliw lq exvlqhvv �qdqflqj iurp vkruw0whup frpphufldo edqn ordqv

wr erqgv dqg vwrfnv phdqw wkdw lqvwhdg ri frpphufldo edqnv zkr kdg frqvlg0

hudeoh h{shulhqfh lq hydoxdwlqj �upv/ wkh jhqhudo lqyhvwlqj sxeolf ehfdph wkh

fklhi fuhglwruv ri frusrudwlrqv1 Dphulfdqv zkr kdg qhyhu rzqhg vwrfnv ehiruh

zhuh qrz ex|lqj1 Jlyhq wkh lqfuhdvhg gl!fxow| ri hydoxdwlqj ixqgdphqwdov dqg

wkh jhqhudo rswlplvp iurp wkh ghfdgh ri survshulw|/ lw lv qrw vxusulvlqj wkdw

sulfhv zhuh sxvkhg deryh ixqgdphqwdov1 Vlploduo| lq wkh 4<;3v/ qhz �qdqfldo

lqvwuxphqwv guhz lq qhz lqyhvwruv iurp erwk dw krph dqg deurdg1 +s56;,

6:



Wkh uroh ri qhuyrxv lqyhvwruv zdv hyhq qrwhg lq wkh ruljlqdo Eudg| uhsruw ^7` dv rqh ri wkh

fdxvhv ri wkh 4<;: fudvk1 Dv txrwhg e| Z|dww ^57`/ wkh uhsruw qrwhv wkdw �wr wkh pdunhw/

wkhlu ^pxwxdo ixqg lqyhvwruv*` ehkdylru orrnhg pxfk olnh wkdw ri wkh sruwirolr lqvxuhuv/ wkdw lv/

vhoolqj zlwkrxw sulpdu| uhjdug wr sulfh1� Rxu sdshu lv wkh �uvw wr rxu nqrzohgjh wr surylgh

d irupdo prgho wkdw udwlrqdol}hv wkhvh revhuydwlrqv1 Jlyhq wkdw vwrfn pdunhw sduwlflsdwlrq

kdv lqfuhdvhg ryhu wkh sdvw ghfdgh/ sduwlfxoduo| dprqj vpdoo lqyhvwruv zkr duh pruh olnho|

wr eh xqlqiruphg derxw hfrqrplf ixqgdphqwdov lq uhdo wlph/ rxu dqdo|vlv vxjjhvwv wkdw

vwrfn pdunhwv wrgd| pd| eh yxoqhudeoh wr fudvkhv/ ghvslwh wkh idfw wkdw wkh xvh ri vwrfnv

iru sruwirolr lqvxudqfh kdv odujho| glvdsshduhg1 Pruhryhu/ wkh uhfhqw vkliw iurp sdvvlyh

lqyhvwlqj vwudwhjlhv wr pruh djjuhvvlyh wudglqj sudfwlfhv vxfk dv gd|0wudglqj/ zklfk duh

pruh uhdfwlyh wr sulfhv/ pljkw yhu| zhoo vhuyh wr pdjqli| wkh pdjqlwxgh ri sulfh fudvkhv li

wkh| zhuh wr rffxu/ vlqfh sdvvlyh wudghuv whqg wr plwljdwh sulfh fudvkhv e| eolqgo| ex|lqj

xs wkh vwrfnv iurp wkrvh zkr sdqlf dqg vhoo wkhp1

6;
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^4` D1 Dgpdwl/ D Qrlv| Udwlrqdo H{shfwdwlrqv Htxloleulxp iru Pxowl0Dvvhw Vhfxulwlhv Pdu0

nhwv/ Hfrqrphwulfd/ +4<;8,/ 95<098:1

^5` I1 Doohq dqg J1 Jruwrq/ Vwrfn Sulfh Pdqlsxodwlrq/ Pdunhw Plfurvwuxfwxuh dqg Dv|p0

phwulf Lqirupdwlrq/ Hxurs1 Hfrq1 Uhy1/ +4<<5,/ 9570631

^6` J1 Eduohy| dqg S1 Yhurqhvl/ Lqirupdwlrq Dftxlvlwlrq lq Ilqdqfldo Pdunhwv/ Uhy1 Hfrq1

Vwxg1/ +5333,/ :<0<31

^7` Q1 Eudg| hw do1/ �Uhsruw ri wkh Suhvlghqwldo Wdvn Irufh rq Pdunhw Phfkdqlvpv/� Zdvk0

lqjwrq/ GF/ 4<;;1

^8` M1 Exorz dqg S1 Nohpshuhu/ Udwlrqdo Iuhq}lhv dqg Fudvkhv/ M1 Srolw1 Hfrqrp|/ +4<<7,/

40561

^9` D1 Fdsolq dqg M1 Ohdk|/ Exvlqhvv dv Xvxdo/ Pdunhw Fudvkhv/ dqg Zlvgrp diwhu wkh

Idfw/ Dphu1 Hfrq1 Uhy1/ Mxqh 4<<7/ ;7+6,/ s8;70981

^:` E1 Hlfkhqjuhhq/ 4<5< dqg 4<;: � Sdudoohov dqg Frqwudvwv/ lq �Fudvkhv dqg Sdqlfv= wkh

Ohvvrqv iurp Klvwru|� +H1 Zklwh/ Hg1,/ ss1 57707:/ Grz Mrqhv0Luzlq/ Krphzrrg/ LO/

4<<31

^;` J1 Jhqqrwwh dqg K1 Ohodqg/ Pdunhw Oltxlglw|/ Khgjlqj/ dqg Fudvkhv/ Dphu1 Hfrq1

Uhy1/ +4<<3,/ <<<043541

^<` V1 Jurvvpdq/ Ixuwkhu Uhvxowv rq wkh Lqirupdwlrqdo H!flhqf| ri Frpshwlwlyh Vwrfn

Pdunhwv/ M1 Hfrq1 Wkhru|/ +4<:;,/ ;404341

^43` V1 Jurvvpdq dqg M1 Vwljolw}/ Rq wkh Lpsrvvlelolw| ri Lqirupdwlrqdoo| H!flhqw Pdunhwv/

Dphu1 Hfrq1 Uhy1/ +4<;3,/ 6<6073;1

^44` F1 Mdfnolq/ D1 Nohlgrq dqg S1 S hlghuhu/ Xqghuhvwlpdwlrq ri Sruwirolr Lqvxudqfh dqg

wkh Fudvk ri Rfwrehu 4<;:/ Uhy1 Ilqdq1 Vwxg1/ +4<<5,/ 680961



^45` D1 Nudxv dqg P1 Vplwk/ Pdunhw Fuhdwhg Ulvn/ M1 Ilqdqfh/ +4<;<,/ 88:089<1

^46` D1 N|oh/ Frqwlqxrxv Dxfwlrqv dqg Lqvlghu Wudglqj/ Hfrqrphwulfd/ +4<;8,/ 46480681

^47` M1 Od�rqw dqg H1 Pdvnlq/ Wkh H!flhqw Pdunhw K|srwkhvlv dqg Lqvlghu Wudglqj rq wkh

Vwrfn Pdunhw/ M1 Srolw1 Hfrqrp|/ +4<<3,/ :30<61

^48` L1 Ohh/ Pdunhw Fudvkhv dqg Lqirupdwlrqdo Dydodqfkhv Uhy1 Hfrq1 Vwxg1/ +4<<;,/ :740

:8<1

^49` Y1 Pdguljdo dqg M1 Vfkhlqnpdq/ Sulfh Fudvkhv/ Lqirupdwlrq Djjuhjdwlrq/ dqg Pdunhw0

Pdnlqj/ M1 Hfrq1 Wkhru|/ +4<<:,/ 490961

^4:` G1 Urphu/ Udwlrqdo Dvvhw0Sulfh Pryhphqwv Zlwkrxw Qhzv/ Dphu1 Hfrq1 Uhy1/ +4<<6,/

44450631

^4;` M1 Urvvhu/ �Iurp Fdwdvwurskh Wkhru| wr Fkdrv= d Jhqhudo Wkhru| ri Hfrqrplf Glv0

frqwlqxlwlhv/� Noxzhu Dfdghplf Sxeolvkhuv/ Qruzhoo/ Pdvvdfkxvhwwv/ 4<<51

^4<` M1 Vwhlq dqg K1 Krqj/ Gl�huhqfhv ri Rslqlrq/ Udwlrqdo Duelwudjh/ dqg Pdunhw Fudvkhv/

Zrunlqj Sdshu/ Vwdqirug Xqlyhuvlw|/ 4<<<1

^53` M1 Zdqj/ D Prgho ri Lqwhuwhpsrudo Dvvhw Sulfhv xqghu Dv|pphwulf Lqirupdwlrq/ Uhy1

Hfrq1 Vwxg1/ +4<<6,/ 57<0;51

^54` H1 Zklwh/ Duh Wkhuh Dq| Ohvvrqv iurp Klvwru|B/ lq �Fudvkhv dqg Sdqlfv= wkh Ohvvrqv

iurp Klvwru|� +H1 Zklwh/ Hg1,/ ss1 568073/ Grz Mrqhv0Luzlq/ Krphzrrg/ LO/ 4<<31

^55` F1 Zlovrq/ Htxloleulxp dqg Dgyhuvh Vhohfwlrq� Dphu1 Hfrq1 Uhy1/ Pd| 4<:</ 9<+5,/

s64604:1

^56` F1 Zlovrq/ Wkh Qdwxuh ri Htxloleulxp lq Pdunhwv zlwk Dgyhuvh Vhohfwlrq� Ehoo M1

Hfrq1/ Vsulqj 4<;3/ 44+4,/ s43;0631

^57` H1 Z|dww/ Wkh Uroh ri Pxwxdo Ixqg Lqyhvwruv/ Qhz \run Wlphv/ Rfwrehu 4</ 4<<:/

Vhfw1 6/ s1 71



^58` M1 ]hlud/ Lqirupdwlrqdo Ryhuvkrrwlqj/ Errpv/ dqg Fudvkhv/ M1 Prqhw1 Hfrq1/ +4<<<,/

56:08:1



 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Conjectured Demand and Associated Market Clearing Prices 
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Figure 2: Constructing an Equilibrium Price Function 
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Figure 3: The Set of Equilibrium Price Functions 
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