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1 Introduction

e In these TNs I introduce the notation and some terminology.

o I won't explain all the details, and you can read TN#0 for
the technical assumptions and so on.

o I will only expand on the necessary concepts to understand
what is going on.

« Results from probability theory are recalled here and there.
They are also all nicely collected in TN#0.

o In the first section, I introduce the canonical model of security
prices. I will review some of the standard terminology by
appealing to a simple, discrete time example.

2 A Model of Security Prices

« Fix a complete probability space (€2, F, P) and a time interval
0,T].

- §2 = set of states of nature [e.g. 2 = {w1,..,ws}];

- F = 0— algebra on Q) [e.g. F = 2 = set of all subset
of Q;

— P = Probability measure on €2 le.g. p ={p1, ..., ps} such
that p; > 0 and 320, p; = 1],

— Complete = technical requirement. It means that all the
subsets of sets with zero probability are part of F;

o Let {F;} be a filtration on (§2, F), that is, a family of sub-
o—algebras such that F; C F;if s < t.
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— Intuitively, the “filtration” describes the evolution of in-
formation over time (think about learning).

« Example: Q = {wy,...,ws}. Then a filtration could

be
fO - {Q))Q}
fl — {Q))Q) {wl,wg},{W3,W4}}
Fy = 2"

« In this example, at time ¢ = 0 there is no informa-
tion, at time ¢t = 1 we know whether {w1, ws} realized
or {ws,wy} realized. At time ¢t = 2 we have perfect
information.

+« This is the information evolution typical of a binomial
tree. For instance, let

wi = {1,1},w, = {1, -1}
wy = {—1,1},wy = {-1,-1}

« where {—1, 1} are the possible realizations of a process

{B:}:

By=1— wy

B1:1—>{w1,w2} B2:—1—>w2

B1:—1—>{w3,w4} B2:1—>w3

By=—-1— wy
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e The pair {B;, Fi} has a special property: For every value
B that B; can take at ¢ (that is, B = 1 or -1), the set

{wi . By (w;) = E} e F;.

- E.g at timet =1, {w;: B1 (w;) =1} = {w1,ws} € F,
{w;: By (w;) = =1} = {ws, w4} € F

~ At time t = 2, {w; : By (w;) =1} = {w1,w3} € Fy, and
SO o1,

e B, is said to be measurable with respect to JF;.

o The process { B;} is said to be adapted to the filtration {F;} .

— That is, given our information at time ¢ described by F,
we can fully “observe” the value of B; by observing a
realization in F;.

- If By was instead such that By (w3) = —1land By (wy) =
—2, then by only observing the set {ws, w4} we still can-
not tell what is the value of By if we move down. That
is, we cannot “measure” Bj given our information set
fg = {w?), W4} .

— This has an additional implication: at time £ = 1, suppose
we only know that P ({w1,ws}) = .3 and P ({ws,w4}) =
7. If By is not measurable (B (w3) # By (wy4)) we won't
be able to assign the probabilities to the actual realization
of By (that is, if we observe By = 2, what was the proba-
bility of this event? We cannot tell, given the probability
space).
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o A filtration {F;} is said to be generated by {B;} if it is
exactly {B;} that reveals information (technically, F; is the
smallest o—algebra that makes B; measurable).

— In the tree above, F; was generated by { B;}.

— Another filtration that is not generated by B is, for in-

stance,
F0:297f1:297f2:29

— That is, the agent knows everything from the start.

2.1 Trading Strategies

e Let B = {By, F;} be a standard Brownian motion defined on
this space with {F;} being the filtration generated by {B;};
that is:

1. BO = 0,
2. By — B, is independent of Fy;
3. Bi— By~ N(0,t—s).

— Technical requirement: the filtration JF; must be aug-
mented by the P—null sets.

o A trading strategy 0 = {60} is a process defined on (2, F, P)
that for every w € Q and every ¢ specifies the number 6; (w)
of units of the security to hold.

o It is natural to require that {6;} be adapted to the filtration
{F:}. We denote by L the set of processes adapted to {F;}.
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2.2 Trading Gains

o Assume first that {B;} represents a price process and there
are no dividends.

e Clearly, if 0, = 6 = constant for t € [t;,t,), the gain is

Gain = 60 (Btg — Btl)

« More generally, if the process 6 € L is simple, i.e. piecewise
constant on a partition [tg, .., t,] with ¢, = ¢, we have
n—1

Gain; = Z eti (Bti+1 - Btz)

1=0

« As we increase the number of times rebalancing is allowed in
the interval |0, t], we obtain the convergence (in probability)
of the sum above to the stochastic integral

t
Gaint—/ 0.dB,
0

o We shall assume that 6 € £? = {9 cL: fOT |0|*dt < oo a.s.}.

« Result 1: for any bounded 6 € £2, the stochastic integral
fot 0,dB, is a martingale.

o This is unduly restrictive, and it turns out that fot 0.dB, un-
der weaker assumptions. However, in these T'Ns I will retrict
the attention only to bounded trading strategies for simplicity
(and ease of notation).
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« Definition: An adapted, integrable process X; is

—a martingale if E[X;|F] = X, fort > s;
— a sub-martingale if B [X;|Fs] > X, fort > s;
— a super-martingale if E[X;|Fs] < X, fort > s;

 To generalize the model, let’s introduce Ito processes to de-
scribe the dynamics of security prices.

o Ito processes are of the form

t t
Sy =1+ / pods + / 05dB; (1)
0 0

e Where:

— x is a real number (the initial condition);

—p, € L= {9 cL: fOT\Ht\dt < 0 a.s.};
— oy € L= {9 eL: fOT 10;2dt < oo a.s.} .

e We can write (1) in its “differential form” as a short-hand

dSt = ,Lttdt + O'tdBt (2)
e We have
dFE; [ST]‘ _ s
dr ' t
dVary [S;] 5

l;—t = o7 as.
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« Hence, p, is the conditional expected rate of change of S at
time ¢ and o7 is the rate of change of the conditional variance
of S at time ¢.

« With abuse of notation, we will often write “F; [dS;] = u,dt”
and “Var,[dSy] = o7dt”.

o i, is called “drift” and oy is called “diffusion” term of (2).

o Given an Ito process S as in (1), let

L(S)={0eL:0-pe L andb o€ L’}

o For a given (adapted) trading strategy 8 € L (.5), the trading
gain between 0 and ¢ is

t t t
G, = / 0,dS; = / 041.ds + / 0,0dD,
0 0 0

o In a multidimensional set up, let B = (Bl, ...,Bd) be a
d x 1 Brownian motion in R? and let {F;} be the filtration
generated by it.

e Let S = (S L., sy ) denote the price of NV securities whose
dynamics is described by the Ito process

t t
S; =x+ / pods + / o.dB, (3)
0 0

e Where:

—- x is a N dimensional real vector;
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— 11 is a N dimensional vector of £! processes;
~ o is an N x d matrix, such that o € £2.

« An N—dimensional trading strategy @ = (91, A ) isalx
N vector of adapted processes 6.

o We assume

0. 1 i 2
HEE(S)—{HEE'H peL and -0 € L7 }

where o is the i — th column of o

e Hence, the trading gain process is given by the stochastic
integral

t t t
Gy = / 0.dS; = / 0 dp + / 0. 0.dB;
0 0 0

3 Arbitrage

« A trading strategy 6 = (91, - HN) is self financing if the
value of the position at time ¢ equals the value of the initial
position plus any trading gains:

0,-S, = 0y So+G,
t

= 90-30+/ 0.dS,
0

e Let the short rate process be given by an adapted process
r € L' and define the bond price process by

t
B, = Byexp (/0 rsds)
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o We often identify the 8 process with the security process Sp.
o The trading strategy 6 = (91, A ) is an arbitrage if
1. It is self financing; and
2.00:Sg < 0= 07-Sr >00r0y)-Syg <0=—= 07-St > 0.
o A financial market that admits no arbitrage is termed viable.

o The question is “what properties should S to make it a viable
financial market?”

3.1 Change of Numeraire and State Price Deflators

o It is often convenient to change numerarie to exploit some
properties of stochastic processes:

e Let S be given and consider a strictly positive Ito process Y,
which we call deflator.

o Lot
d}/;f = /,Lyﬂfdt + O'YﬂgdBt

e Let’s define
SY =8,

o Numeraire Invariance Theorem: Suppose Y is a deflator.
Then, a trading strategy 0 is self-financing with respect to S
if and only if it is self-financing with respect to S*

— The theorem is intuitively obvious: the properties of a
trading strategy cannot depend on whether I express quan-
tities in apples, dollars or widgets.
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— Formally, the result is immediate from Ito’s Lemma, which
states the following:

e Result: [to’s Lemma: Consider the Ito’ process

dX, = 0,dt + %,dB, (4)

—and let g : [0,T] x R* — RP be a twice continuously
differentiable function. Then, the p—dimensional vector
Y; = g (t,X;) is an [to’s process, whose component num-
ber k is given by

dyF = 8815 (t, X,) dt+za (t,X,) dX]

—~ g i j
1 Z jz = (X0 (A7) (dXt)
e To show the numeraire invariance theorem: Let W; = 64-S; =
00So + G = 0, + [ 0,dS,. Let W)Y = W,Y;. From Ito’s

Lemma

AW} = Y dW, + W,dY; + owol-dt
= Y,0,dS; + 6, - S,dY, + (0, - o5,) 0y ,di
= 0, (Y,dS; + S,dY; + 05,0%,dt)

0,dS)

« Hence, W = 0, - S = HOSY — fo 0. dSY if and only if
W, =0;-S; = 9080+f00 ds,. O
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« Corollary: Animmediate implication is that if Y is deflator,
then a trading strategy is an arbitrage with respect to S if
and only if it is an arbitrage with respect to SY.

« The point is “what is a good deflator”?

e A state-price deflator is a deflator m with the property that
the deflated price processes S™ are martingales.

 The key result will be that there exists a state-price deflator
if and only if there is no arbitrage.

« Before we explore this, we need some restrictions on the ad-
missible trading strategies or wealth processes.

- Example: Doubling Strategies.
~ Let B be a uni-dimensional BM.

- Let S =(3, .5) be the price processes where Sy = 1; 5, =
1 for all ¢ and
dSt == StdBt

— Notice that S is a martingale. However, we can construct
an arbitrage as follows.

~ Let o« > 0 and consider the process ¢ given by ¢, = 0

and
1

do, =
Pt T

d By
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— Finally consider the stopping time

T=inf{t: ¢, =a}

— Since the volatility of ¢ explodes to infinity as t ap-
proaches to T', it can be shown that almost surely 0 <
T <T.

~ Consider now the trading strategy € = (a, b) given by

lg<r)
ST —t

¢
Bonds : a; = —b,S; + / b,dS,
0

Stock : b =

— Notice that 0y - Sy = 0 and that

t
0:-S; = —bS; +/ b,dS, + byS
0

t
= / b,dS,,
0

— Hence, it is self-financing.

— Finally, it is also clear that since 7 < T" almost surely, we
have

T T 1
HT-ST—/budSu—/l S dB,=a>0
0 0o ST —u

— Hence, it is an arbitrage.
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« Why do we have an arbitrage? This is an artifact of the con-
tinuous time nature of the exercise that let you bet infinitely
frequently in any interval of time.

e In the literature there are two ways to eliminate doubling
strategies:

1. Integrability condition: Given a state-price deflator
7 (i.e. such that S™ is a martingale) the only admissible
strategies are those @ €H? (S™), where

T 2
96£:E[<f0 ;- ujd) ] < 00 and for

H*(S™) = o (fOT (915'0'3;)26#) < o

2. Credit constraints: There exists a (negative) constant
k such that @; - ST > k almost surely. Let © (S™) denote
the set of strategies satisfying this bounds.

« The previous strategy does not satisfy either of these condi-
tions.

« We have the following:

Proposition 1: For any state-price deflator 7, there is no arbi-
trage if (a)  is bounded, or (b) § €H*(S™) or © (S7).

o It is instructive to go through the proof (of the first simple

claim. The second is slightly more involved. See Duffie’s
book):

« (a) Suppose 0 is a self-financing bounded strategy. Since S™
is a martingale, Result 1 above implies that also fOT 0.dS] is

all 1
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a martingale and hence £ [ fOT thSf] = 0. Since € must be
self-financing with respect to S™ as well, that is

T
eT-sg_eo-szH/ 0.dST
0

we have

60S; = E [0 - ST

o Hence, 87-S7. > 0 implies 0y-S§ > 0 and likewise 87-S7. > 0
implies 8,S{ > 0.

e Therefore, 8 cannot be an arbitrage for S™ and hence neither
for S. [

3.2 No Arbitrage and Equivalent Martingale Mea-
sures

o Given a measurable space (2, F), a probability measure @ is
equivalent to P, if for every A € F, Q(A) = 0 if and only if
P(A)=0.

« A probability measure () is an equivalent martingale mea-
sure for the price process S if

1. S is a martingale with respect to Q);

2. The Radon-Nikodym derivative d@Q/dP has finite vari-
ance.

e Result: Radon-Nikodym theorem: Let () and P be two
measures with () absolutely continuous with respect to P.
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Then there exists a non-negative random variable & with
ET €] =1 such that

Q(A) = / € () dP ()

for all A € F. In addition, Q) and P are equivalent if and only

if £ is strictly positive. £ is called Radon Nikodym derivative,
and it is often denoted by d@Q/dP.

« Two properties: Let Z be arandom variable such that E9 [|Z|] <
00. Then

1. Change of measure: E€ [Z] = ET [¢Z]
2. Bayes theorem: If G C F,

528

« Examples:

1. () = {Wl, --awn}7 p = {p17 ---apn}7 q = {Q17 s QTL}
— Assume p; > 0and ¢; > 0. Define the Radon Nikodym

derivative g = {517 b gn} by gz - QZ/pz
— It is a random variable. In addition, the properties

above are obviously satisfied:

- First, BV [¢,] = Db =2_;¢ =1

~ Second, we obtain that for every A = {w;} € 2%,
Q(A) = Zj 45 = Zj §;D;-

~ Third, given a random variable z = {z1, .., 2, } we also
have B [2] = 3", qizi = >, pi€;zi = ET [€2].
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— Finally, suppose we learn that either w; or ws is the
true state, with g1 = ¢1/ (q1 + ¢2). Then

Q1z+ q2

1
q1 + 42 q1 + §2
p1&121 + potszo _n + pap1&121 + p26aze

E 2|G] = @21+ Q2o = 29

P&y + P2y p1+p2 D&y + P2y
1§21 + p2boza E" [¢2|G]

P&+ b ET[EG
2. An example of a Radon-Nikodym derivative that will be

used often is

dQ&_ 0 ! 1 ! /
d—P_gt_eXp<_/OHsst_§/00$'est

where 8 = (91, - Hd) € (EQ)d satisfies the condition

1 [T
E [exp (5/ 0, - Hgds)] < 00
0

— If this condition (Novikov’s condition) is satisfied, it
can be shown that €/ is a P—martingale. Indeed,
notice that by Ito’s lemma we have?

¢! = —£16,dB,

— In addition, since 58 = 1 we have

EF 7] =1

2To see it, consider the transformation z; = log (ff ) first.
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— and thus satisfies the condition necessary to define a
Radon-Nikodim derivative.

o We say that a price process S admits an equivalent martin-
gale measure, if such a () exists.

A similar proof the one of proposition 1 also yields the fol-
lowing;:

« Proposition 2: If the price process S admits an equivalent
martingale measure, then there is no arbitrage with bounded

0, or in H*(S) or ©7(S).
— Proof: Let () be an equivalent martingale measure and
let @ be a self financing trading strategy.

~ (a) If @ is bounded, because S is a martingale under @
and hence B9 [ fOT thSt] = 0, we have immediately that

0,Sy = E9[07 - Sy

— This implies that @ cannot be an arbitrage (see argument
in Proposition 1).

~ (b) and (c) are similar, but with more steps. [J
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4 The Market Price of Risk

e Let S be a price (Ito) process. We can write it as

dSt = tht + O'tdBt

« Consider the system of N linear equations

O -1y = My (5)

e where 1, is a d x 1 vector of unknowns.

e From linear algebra, we know that this system admits 0, 1,
or infinite solutions.

o If a solution to (5) exists, the process S is called reducible.

« Any dx 1 vector satisfying (5) is giving a relationship between
the expected return on each security p1; and the risk stemming
from the d Brownian motions (0'“, s O'Zd).

o 1), is called the “market price of risk.”

o Often this is actually referred to a renormalized process.

o Let 7, be an interest rate process and 3, = exp ( fot rudu).

e Define the deflated process Sf =S;/06, = S;exp (— fot rudu).

o Interestingly, we have
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« Result: Suppose that for some deflator Y, S* is not re-

ducible. Then, there are arbitrages even with bounded strate-
gies, or, more generally, in both © (SY) and H? (SY). More-
over, there is no equivalent martingale measure for SY'.

— Proof: See Duffie, Chapter 6.

o This is rather intuitive. The system (5) admits no solutions
in those pathological cases such as the case where d =1 (i.e.
one Brownian motion), N = 2, ! > ¢ but u! = p? = p.

— That is, the system (5) is

1
o H
X =
( o’ ) ! ( z )
— One can then set up a strategy with zero exposure to
Brownian risk and positive return.

o If the system (5) admits multiple solutions (that is, rank(o;) <
d), we can single out a particular solution by defining

~/ -~ ~/ —1/\
Ny = Oy (Uto't) 1y

« where & is obtained by deleting the linearly dependent rows
and u, by deleting the corresponding elements (this is done
w by w)

e Let now

T T
§(S) =exp (— /0 mdBt—% /0 m-nédt) (6)
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« We say that S is L? —reducible if S isreducible, exp (% fOT n, ngdt)

has finite expectation and £ (S) has finite variance.
o We then have the result:

« Theorem: If S is L?—reducible, then there exists an equiva-
lent martingale measure for S. Hence, there is no arbitrage.

o The result is a direct consequence of Girsanov’s Theorem:

e Result: Girsanov’s Theorem: Let 6 € (EQ)d be given and

let
t 1 T
¢ = exp (- / 0.dB, — - / esegds)
0 2 0

be a martingale (Novikov condition suffices). Then a standard
Brownian motion that is a martingale under @ is defined by

t
B! =B, + / 0.ds (7)
0

o This implies immediately:

o Corollary 1: Let X be an Ito process in RY:

t t
X;=x+ / pds + / o dBy (8)
0 0

where o, 1s N X d.

e SUppose vV = (Vl, e VN) is a vector process in £ such that
there exists some @ € (EQ)d such that

O'th = My — Vy (9)
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o Then, if €’ is a martingale, X is also an Ito process with
respect to the probability space (Q, F, Qe) and

t t
Xy =X+ / v.ds + / asng
0 0

e (to see this, just stick dB, = dB’ — 0,dt into (8) and use
(9))

o That is to say, the Girsanov’s Theorem gives us a way to
adjust probability assessments so that a given process can be
rewritten as an Ito process with almost arbitrary drift.

e We can directly apply Girsanov’s theorem to prove the the-
orem: If S is L?—reducible, then Girsanov’s theorem shows
that () is an equivalent martingale measure when defined by

dQ/dP = & (8S)
— The result follows from Proposition 2. [

« Hence, reducibility is necessary and sufficient (when coupled
with integrability conditions) for the absence of arbitrage.

« Notice that if rank(o;) = d, then there is at most one solution
to the system (5).

o [t follows that there is at most one equivalent martingale
measure.
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— If there were more than one, for each one of them we
should have

dQ/dP = £(S)

— where £ (S) is given by (6) (see TN#0, Corollary 2 to
Girsanov’s Theorem)

o This is also the case in which the market is dynamically com-
plete, as we shall see.

5 State Prices and Equivalent Martingale
Measure

« What is the relationship between the equivalent martingale
measure () and the state price deflators w7

o [t turns out that they are basically the same thing.

e Let the N x 1 vector process S be given and let r; be the
short rate process.

o Let SY be the deflated process, where 3, = exp ( fot rudu)

« Suppose that ) is an equivalent martingale measure for S”.

 Define the density process for () by

= £ |17 (10

o« where d@/dP is the Radon-Nikodym derivative of ¢ with
respect to P.
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e From the properties of the Radon-Nikodym derivative, we
then have that for every time ¢ and s > ¢, any F measurable
random variable W with E€ [|[IW]] < oo,

EP [gsW‘Ft] _ EP ESW‘Ft]
Er [gs‘ft] gt

E°[W|F] = (11)

« A state price deflator turns out to be

T =By & (12)

— In fact, from (11), for every t and u > t we have

E [, = Ei[€,8;'S.] = E, [¢.S)]
= gtEtQ [Sg] = gtstﬁ = TSy

— where the third equality stems from (11) and the fourth
equality stems from the fact that () is an equivalent mar-
tingale measure for S”.

— Hence, S™ = 7S is a martingale, and hence 7 defined by
(12) is a state-price deflator.

o Since all the equality and statements are “if and only if,” we
find an equivalence between state-price densities and equiva-
lent martingale measures.
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6 Consumption and Portfolio Selection in
Complete Markets

o Markets are complete if any random variable Y with finite
variance can be obtained as the final value @7 - St of a self-
financing trading strategy.

« We have the following:

« Proposition 3: Suppose that there exists an equivalent
martingale measure for the deflated price S /3. Then, markets
are complete if and only if rank (o) = d almost everywhere.’

 The proof of this proposition is instructive, again to illustrate
the use of Girsanov’s theorem, change of measures and the
like. It is provided in the appendix.

e Define a redundant security given (3,S) a security with
price process Y such that there exists a self-financing strategy

(0°,0) € H?(3,S) with terminal value (65, 67) - (87, St) =
Y.

o Clearly, complete markets imply that every security is redun-
dant.

“Two processes {a;} and {b;} are said to be equal almost ev-

T
0

erywhere if
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7 Optimal Consumption and Portfolio Se-
lection

o We start from the “classic” Merton’s problem.

e As usual, let (€2, F, P) be a complete probability space on
which a d—dimensional Brownian motion B is defined, along
with its augmented filtration {F}.

e Let S be a d—dimensional Ito-process

S, = Ispudt + IgodB,

e where

~ Ig is the d x d diagonal matrix with S! on the #i—th
element:;

— p is a d—dimensional constant vector;

— o is a d X d constant matrix. Assume that o is invertible.
o Hence, markets are complete.

o Assume there exists a constant interest rate r and let the
bond price be given by

dB, = rB,dt with 3, > 0

« Consider a “small” investor endowed with a utility function
U (¢, Z) defined on a stream of consumption ¢ = {¢;}¢ € £
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and final wealth Z, assumed to be a Fr—measurable non-
negative random variable

U(C,Z)—E[/OTU(Ct,t)dt-l—F(Z) (13)

o Assume:

1. ' R, — R is increasing and concave;

2. u: Ry x[0,T] — R is continuous, and for each ¢, it is
increasing and concave in ¢; with u (0,¢) = 0;

3. Either is strictly concave (or both).
o A trading strategy is (90, 0) € L(3,8).
« For ease of notation, let 6 = (90, 6) and S = (8,8S).
e Let w > 0 be the initial wealth.

« A consumption plan (¢, Z) and a trading strategy 0 is bud-
get feasible, denoted (c, Z, 5) € A (w) if they satisfy the
dynamic budget constraint

. . tN . t

0,-S; = w+/ HudSu—/ cudu >0 (14)
0 0

gT.gT _ 7 (15)

e S0, the problem of the consumer/investor is to choose the
controls (c, Z, 5) to maximize U (¢, Z) subject to (14) and
(15).
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e That is:

sup U (¢, Z) (16)
(c,Z,B)

o It is convenient to reformulate the problem in terms of “frac-

tion of wealth invested in each security.”

e This allow us to leave the “prices” out of the control.

 Let the wealth at time £ be denoted by
Wt — b/t : gt

o This is going to be our state variable.

e S0, define the control
gi _ [ OiSH/Wy it Wi #£0
! 0 it W, =0

o Lot
A=pu—rly

e Then, from the budget constraint the process for wealth is
given by

dVVt = [Wt (’1975 : A‘FT) - Ct] dt + Wt’l?tO'dBt (18)

o with initial condition W, = w.

e Remark: Since W; > 0 for all ¢, we have that if W, = 0 for
some s, then ¥, = ¢, =0fort > s.
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7.1 The Bellman Equation

 Let the investor’s indirect utility function for wealth at time
t be

J (W, t) = E, MTu<cu,u)du+F<zT)

o Clearly, it is only a function of the state variable W} (we have
already optimized over ¢, Z and 9 )

o The Hamilton - Jacoby - Bellman equation is given by

supu (¢, t) + DJ (w,t) =0 (19)
(¢, 9)
o Where
DJ(w,t) = Jy(w,t)+ Jy, (w, t) [wdA+wr — ¢
1

= Juw (w, 1) w00’

M

« with boundary condition

J(w, T)=F (w)

o Why this form of the Bellman Equation?

o In discrete time over a time interval A we would have some-
thing like

J(w,t)= max u(c,t) A+ E[J(Wea,t+ A) W = w]
cER,YERT
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e subject to a dynamic budget constraint.
o This implies that

max  u(c,t) A+ Ep[J (Wia, t+A) — J(w,t)] =0
ceERVERI

« Dividing by A and taking the limit as A — 0, heuristically
we have

=0

E; [dJy]
ax u(c,t)+
et 0T g

o Clearly, by Ito’s lemma FE} [dJy| /dt = DJ.

 Assuming strict concavity of the utility functions, we can now
take the First Order Conditions of the maximization in (19).

« With respect to consumption

Ue (¢, t) — Jy (w, 1) =0 (20)

o With respect to 9,
Jo (W, ) XA + Ty (w, t) woe'd, = 0 (21)

e Let Z,, (., t) be the inverse of . (., t), that is, be such that for
every x we have Z,, (u. (z,t) ,t) = z.

o Then (20) implies
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o Similarly, (21) implies
Juw (w, 1)

I /
Vi = WSy (W, 1) (00)

(p—r1lq) (23)

 Notice that the optimal portfolio weights are given by a vector
(o0”)”" (1 — r1,) which multiplies the Arrow-Pratt measure
of relative risk tolerance (reciprocal of relative risk aversion)
of the indirect utility function J (w,t) .

7.1.1 Example 1: Utility from final wealth

o Let F'(w) = “1’17_,: and u (¢, t) = 0.

« Conjecture:
w7

=y

J(w,t) =k (t)

o This form stems from the homogeneity of the utility function
F (w) and the linearity of the expectation operator and the
stochastic integral.

e Define Zp as the optimal level of consumption at time T" when
the initial wealth = 1.

o Consider now another wealth level w.

o It is justified to guess that ZT = w47y, because

1. ZT is budget feasible, bAecause if Zr = QT : §T can be
obtained from 1, then Z7 = wZr = wOr - Sy can be
obtained from w due to the linearity of the stochastic
integral.
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2. In addition, suppose there exists an alternative consump-
tion Z7 that is budget feasible with initial wealth w but
with

(Z)™

1 =7

(’LUZT)l_Fy
1 =7
- Divide through by w~7/ (1 — ) to find

(3
E |~~~ | > F

=y

E; > FE

— Clearly, Z7/w can be financed by the initial 1 because
(again) of the linearity of the stochastic integral.

— But this contradicts that Zp is optimal given Wy = 1.

« Hence, we obtain

e where K = F [Zl_’y].

« By repeating the same argument for all £, we more generally
have
w7

J(fw,t):k(t)l_7

o We can now solve for the optimal portfolio choice: We have
Jo = k({t)w™”
Jow = —k({t)yw 7!
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« Substitute into the formula (23) to find

/ ‘]w (wvt) n—1
9 =~ (oo =1,
= L(oo!) " (- r1y)

~

e Hence, the portfolio holdings are constant and the percent-
age of wealth invested in the risky assets decrease with risk
aversion .

o For d = 1 (only one risky asset) we have the standard formula

« This rule give rise to two asset allocation puzzles:

— First, the fraction invested in stocks is independent of age
t, and thus of remaining life 7" — ¢. This is in contrast
with both empirical evidence, that shows an inverted U
shaped allocation to stocks with respect to age, and the
typical recommendation of portfolio advisors.

— Second, it predicts too high investment in stocks. Using
unconditional averages, u = 7% and o = 16%, we obtain
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Table: Portfolio Allocation

Risk Aversion ~y
2 4 6 8 10
v 136% 68% 45% 34 % 27T %

— In contrast, depending on estimates, typical household
holds betwee 6 % to 20 % in equity. Conditional on par-
ticipating to the stock market, these number increase to
about 40% of financial assets.

« Going back to the solution, note that u = 0 implies (of course)
that ¢ = 0.

o Finally, we obtain an explicit formula for k (¢). Plug back
everything into the Bellman equation and impose equality to
ZETO0.

o That is, impose
0 = ule,t)+ Jp(w, t) + Jy (w, t) [w+wr — ¢
1
+§wa (w, t) w900,

o and we obtain

K (1) ﬁ k() (%)\ (oo') " )\+r) 0

o OI
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e where

1= (1=) (N (00) xir)

« The boundary condition is of course k (7') = 1. Hence

k(t) = e?(T=1)

 which yields
1—
J (’LU, t) — GQ(T—t)w_ﬁy
1=~
« We are not done yet!

o We need to verify that this solution is optimal. That is, we
need to verify that

1. For every admissible control (¢, 1)

E [/OTu(ct,t)dtJrF(WT) < J(w,0)

2. Equality is obtained by using the solution provided.

o To show 1, let (¢, ) be an arbitrary admissible control for ini-
tial wealth w and let {W;} be the process solving the budget
constraint

dVVt = [Wt (’1975 : A‘FT) - Ct] dt + Wt’l?tO'dBt (24)
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« By the Bellman equation (19) we have
u(c,t)+DJ (w,t) <0 (25)

o (it was 0 at its maximum)

« By Ito’s Lemma

T T
JOWeT) = J(w,0)+ / J, (Wi t)di + / T (Wi t) dWW,
0 0

1

T
+5 / Juww (Wi, t) (dW;)?
0

T
= J(w,0)+/ DJ (W, 1) dt
0

T
+ / Jw (Wt, t) Wt’l?tO'dBt
0

T
S J(’LU, 0) "‘/ /BtdBt
0

e where 3, = J, (Wy, t) Wiho, and the inequality is due to
[ DJ (W, t)dt < 0.

o Hence, since we have the boundary condition J (WpT) =
F (Wr) we finally obtain

T
F(Wr) < J(w,0) +/ B,dB;
0
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« Taking expectations on both sides, we find

Ba[F (W) < J w.0)+ o | [ ' 3.8, <7 (0.0

« where the last inequality stems from fOT B3,dB; being a non-
negative local martingale and hence a super-martingale (see

TN#O).

« To show 2, just do again the calculations with u (c,t) +
DJ (w,t) = 0 this time.

o In addition, given the explicit formula for J (w,t) one can
show that

B, = J, (W, t) Who =k (t) w' 190 eH!

o Hence, now Ej [ fOT ,BtdBt] = () because fOT 3,dB; is in fact

a martingale, leaving us with

EF(Wrp)| = J(w,0)

7.1.2 Example 2: Utility from Consumption Stream
with Infinite Horizon

o A second standard example is the case where

Ule)= E [ /O " et (o) dt] (26)
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and -
i
u(cr) = 1 —~
e The Bellman equation is now
supu (¢) — ¢J (w) + DJ (w) =0 (27)

(c9)

e where

1
DJ (w,t) = Jy, (w) [wdA+wr — ¢ +§wa (w) w*oa’?,

o In addition, we do not have a boundary condition anymore.
o Instead, a transversality condition is imposed

Jim B (e T (Wr)|) =0

e Again, the FOC for consumption and portfolio choice are
ue () = Jy (w)
9, = ———— (0‘0")_1 A
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« Hence, ) ) B
¢ =KW, = ¢=K "W,

 As before, the optimal portfolio rule is

1 1
9, =—(oo’) A
t 7( )

« Plug everything back into the Bellman equation
1
0=u(c)—¢J (w)+Jy (w) [wHhA+wr — ct]+§wa (w) w00,

« to find
ol 1=y
0= K72 g
I —7 I —7
1 _
+Kw™ [w—)\’ (o0’ "X wr — Kiw]
8
1 1 _
——yw =N (o0”) D)
2 g

« Deleting terms, we obtain that the constant K must be

K (c/b—(l—v)r B 1—7)\%00,)1)\)”
g 207

« The only thing left to show is that the transversality condition
holds.

o This can be easily done by using the definition of J (Wr) and
[to’s Lemma.
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8 The Martingale Approach

o In the next few classes we shall use the martingale approach
to solve a number of interesting cases.

e It is therefore important to understand the method in the
simplest case (Merton’s problem).

e The idea is to transform the dynamic problem in a static
problem, where we choose a function within a set of feasi-
ble ones to maximize a functional subject to some (static)
constraint.

o Let D be the set of consumption pairs (¢, Z) where ¢ > 0 is
adapted and fOT cdt < oo a.s. and Z > 01s Fp measurable.

 The objective function is

sup  Ulc, Z) (28)
(¢,Z,0)el(w)

w(ent) + F(2)

(c ZH) (¢,Z) € D and
(¢, Z,0) is budget feasible
(e,

F(w)—{
{ )ED:E(foctdt)<oo}
- and E (22) < o0

« Consider first the deflated prices and consumption

AN

S, =e 'S =e"lc,and Z =e "7

)
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e From the Numeraire Invariance Theorem we obtain immedi-
ately that a strategy (c, Z, (90, 9)) is budget feasible with

respect to S if and only if (E, Z : (90, 0)) is budget feasible

with respect to g, which implies

t t
00.1+0,8 — w+/ Hu-dSu—/ Gdu>0 (29)
0 0

HOT + HT'/S\T = Z\ (30)

e Define now the constant

v=0c'(p—rly

o and let .
£ = exp (—I//Bt — 51/’1/)

« Since the Novikov’s condition is trivially satisfied, since v is
a constant, there is an equivalent martingale measure ¢ such
that S is a ()—martingale.

o We then have the first key result, namely, the transformation
of the dynamic budget constraint into a static one (under

Q).
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« Proposition 4: Let w > 0 be given. Then (¢, Z,0) is
budget feasible if and only if

T
E¢ (e”Z+/ e”ctdt) < w (31)
0

o This result, which can be greatly generalized, is the starting
point of the Martingale Solution.

e The proof is in the appendix.

8.1 The Martingale Solution

« The proposition in the previous section leads us to the fol-
lowing maximization problem

sup U (¢, Z) (32)
(¢,Z)eD

T
E¢ (eTTZ+/ e”ctdt) < w
0

o We use the following known result to solve this maximization
problem

e subject to

« Saddle Point Theorem: Let U : X — R be concave on
a convex set X and let g : X — R™ be a convex function.
Consider the program

sup U (z) subject to g (z) <0 (33)
reX
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e Define the Lagrangian function

L(z,A)=U(x) = A-g(z)

1. Suppose there exists € X such that g (x) << 0 (Slater
condition). Then if x solves (33), then there exists \g €
R™ such that for all (z,\) € R x R™

L (35‘7 )‘0) < L (35'07 )‘0) < L (35'07 >\)

(20, \g) is a saddle point]
2. If (g, \g) is a saddle point, then x( solves (33)

o We apply this result to our problem.

« Specifically, we solve

T
sup U (c, Z) — AE@ (eTTZ + / e "eydt — w) (34)
(¢,Z)eD 0

« with the complementary slackness condition
T
E¢ (eTTZ* +/ e”c}kdt) = w
0

o It is convenient to rewrite all the expectations involved under
the same probability measure.

« Let’s choose P as the reference probability measure.
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o We know that if £, is the Radon-Nikodym derivative

_dQ
fT—d—P

« for any random variable Z with E€ [|Z]] < oo we have

E° (2] = El¢rZ)

e Define the state-price deflator

T = e—rtgt

« We then have the following proposition:

« Proposition 5: There is a trading strategy 0° € L (S) such
that (c*, Z*, 6%) solves Merton’s problem (28) (or (32)) if and
only if

1.

T
E (/ mcidt + WTZ*) = w (35)
0

2. there is a constant A* > 0 such that (¢*, Z*) solves

sup L(c, Z; \") (36)
(¢,Z)eD

where
L(c.Z:\) = E ( /O (e t) — Ameldi 4 F () )erZ)
(37)
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 This is direct consequence of the Saddle Point Theorem once
one shows that indeed (35) is equivalent to the constraint in
Merton’s problem (32), that is

T
EY (/ e "eydt + eTTZ) =w (38)
0

« To show it, we need the following result:

e Result: Fubini Theorem: Let X; be a measurable process
defined on a probability space (2, F, P). If

E (/OT\Xt\dt) < 0
E (/OTXtdt) _/OTE[Xt]dt

« That is, we can change the order of integration.

Then

e Then, we have the following equalities

T T
EY (/ e "edt + eTTZ) = (fT (/ e edt + eTTZ))
0

= F / Ere Medt + e TTgTZ)

(Law It. Exp. 4+ Fubini) = E( By (Epe ) dt + eTTfTZ)

T

(¢t known at t) = E
0

TtCtdt + GTTgTZ)
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T
(&, is a martingale) = F ( / e " cpdt + eTTfTZ)
0

T
= F </ WtCtdt+7TTZ)
0

o This proves the proposition.

8.1.1 The Solution to the Maximization Problem

o We are left with solving the (static) optimization problem
(36).

o It turns out that we can simply use standard First Order Con-
ditions as if all the integrals involved are just “finite sums.”

o That is, take the FOC of the Lagrangian function (37) with
respect to ¢ and Z

Ue (¢, t) — Amy = 0
F/<Z)—)\7TT = 0

« We can solve for consumption first, which yields

c; = T, (Amy, t) (39)
Z>l< = IZ ()\ﬂ'T) (40)

e where Z, (., t) and Z4 (., t) denote the inverse of the marginal
utility functions u, (.,t) and F (.).
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o We have still to determine the necessary condition for \*. As
usual, we make use of the budget constraint (35) at this time.

e Define the function

TGN = E ( /0 U Ot ) dt e (AWT)) (11)

 The budget constraint requires

D) = w (42)

o This equation defines the optimal Lagrangian multiplier \*.

« Notice that so far we have only solved for the optimal con-
sumption (c¢*, Z*) for Merton problem.
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« What happened to the optimal investment strategy?

o This is an implication of the assumption of complete mar-
kets.

e Since we know that for any given consumption plan (¢, Z)
there exists a trading strategy that finances it, we have first
solved directly for the optimal consumption plans without
caring about the optimal trading strategy.

e The latter can be found as a residual once we know (c¢*, Z*)
(see below for an example).

8.1.2 Existence and the Inada Conditions

« To ensure the existence of a solution to Merton problem,
we must impose some structure to the functions u (., t) and

F().

« A strictly concave, increasing function F' : R, — 'R that
is differentiable on (0, 0o) satisfies the Inada Conditions if

lim F' () = oo
x|0
hTm F'(z) =0

o If F' satisfies the Inada Conditions, then the inverse Ip of
F'(.) is well defined as a strictly decreasing continuous func-
tion from (0, 00) to (0, c0).

« The following condition is often imposed.
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o Condition A:

1. Either F' = 0 or F'is (i) differentiable on (0, 00), strictly
concave and satisfies the Inada conditions.

2. Either u = 0 or for every ¢, u(.,t) is differentiable on
(0,00), strictly concave and satisfies the Inada condi-
slons.

3. Either w or F' is non zero.
4. For each A\, W (\) < oo

e« Theorem: Under condition A, for every initial wealth w >
0, Merton problem (28) (or (32)) has a solution (c*, Z*, 6%),
where (c¢*, Z*) is given by (39) and (40) for a unique A €
(0, 00)

8.2 Example 1: Utility from Final Wealth
« To see the martingale approach in action, let’s consider again

the case where u = 0 and F (Z) = le__,:

o Clearly, we still have ¢f = 0. In addition, from the first order

conditions we have
1

7" = ()\ﬂ'T)_7 (43)

« where, we recall, we have

1
T =e & = exp (— (r + 51/’1/) t — I//Bt) (44)
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e and
v=0o'(u—rly)

« We can substitute this into the equation for w (A) (41)
G\ = E (m (AWT)—%) (45)

« We can impose the budget constraint condition w (A) = w

w=E (A o 1) —\E ( M) (46)

 which yields
1 =N
AN=<—F
e ()
« Notice that from (44) we have that for every constant [3:
1
E (Wg) — E <exp (—ﬁ (r + 51/:/) T — ﬁl/lBt))
= exp( Oril — [3 v'vT + 3 I/I/T)
1
= exp (—ﬁrT —B(1—=0) §V/I/T)

o Hence, setting § = =% we have

v

11 1 1
) <7TT7 ) = exp (—L (r + —v 1/) T)
g 2
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« which implies
1 1 — 1 i
{52 2))
w 7y 2y
« Substitute back into (43) to obtain

75 = wexp (W — Y (r + %u’u) T) w7 (A7)

Y Y
1 1
= wexp | |(1——)(r+=—vv|T (48)
g 2
1 . 1,
xexp|—|r+-vv|T+—-vByp (49)
g 2 g
1 / 1 / 1 /
= wexp (T + —V'vT — —vvT + —v'Br |(50)
g 2 g

 Noitce that this Brownian motion is under P. Due to Gir-
sanov’s theorem, we can define a Brownian motion under ¢)
as
]§t =B, + vt

« Hence, we can rewrite

1 1 =
7% = we'l exp (——QV/I/T -+ —I//BT)
2 g

o From Novikov’'s theorem, the exponent part of this random
variable is a martingale under ().
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o The last two questions are: (1) How does Z* relates to the
optimal wealth and (2) what is the trading strategy that gen-
erates the optimal consumption level.

« We answer the two questions simultaneously, by making use
(constructively) of the propositions above.

o Let (90, 9) be a trading strategy that finances Z. Since we
know this is budget feasible with respect to (5, S), it is also

budget feasible with respect to (1, §) with S = S /3.
o Hence, we can define the wealth at time ¢ as

Wi=6)+6,-S = E? [e7'T2"] (51)

e with Wy = 60+ 6 - Sp = w (from (38) equation (51) holds at
time 0. A similar proof, as in the one of Proposition 4, shows
it for all ).

o First, we know that

—~

t
0

t
= w +/ 0, 1;o0dB, (53)
0

o where we use the fact that we can rewrite

dS; = TzodB,
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e (Recall that Iz is the diagonal matrix with Si on the 7i—th
S t
clement).

« Second, we also know (see proof of Proposition 4) that under
() the scaled wealth W = W/ is a martingale, which implies

—~

Wt = EtQ [G_TTZ*]

1 J RN
= EtQ [eTTweTT exp (——I//I/T + —I//BT)]

27° gl
0 1 1,
= wky |exp | —czvvI + —v' By
2 g
L, 15
= wexp | —zzvvi+ —vB;
2 g

« By applying Ito’s lemma to both sides, we have

t
_ 1~
W, =w+ / Wu;u’dBu (54)
0

o Comparing (54) with (53) and recalling that v = o~ (u — r1y)
we see that

/Wu% (0'_1 (o — rld))/ = 0,10

o This yields the portfolio weights

156, 1 _
== (ea) (=)

19/
W. v

e These should be confronted with (17).
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8.3 (Generalization

« The approach so far looks rather messy:.

o However, the power of the result is that the existence theorem
and the characterization hold under very general conditions.

e The Bellman equation approach has the problem that one
needs to “guess”’ the form of the value function to obtain
results. Sometimes, it is very hard to guess it if u(Cy,t) is
not power utility.

e Indeed, if we want to study the consumption implications of
habit formation, for instance, under complete markets, we
can readily apply the martingale approach, but it is much
harder to guess the Bellman equation in this case. We will
see applications of this approach later on.

o In addition, when we insert market completeness and portfo-
lio constraints, it turns out that we can use a similar proce-
dure.

« The above result holds under the following much more general
conditions about the security prices.

e Let (3,S) be processes of the form

dB, = rB,dt with 3, > 0 (55)
dS; = piSidt + SioldB; with S} > 0 (56)

e where r, u = (,ul, e ,ud) and o’ are bounded, adapted pro-
cesses.

o Assume again that {o;} is invertible almost everywhere.
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e Define by Ay = p, — 14 the excess return process.

o Let the d x 1 market price of risk process

—1

« satisfy the Novikov’s condition
1 (7
E [exp (5/0 I/Ql/tdt)] < 00

o and finally assume that var (§,) < oo, where

1 t t
£, = exp (——/ v v, du — / I/;dBu)
2 Jo 0

« Notice that these assumptions imply

1. Complete markets (d = N) and o is invertible;

2. No arbitrage (there exists an equivalent martingale mea-

sure Q) defined by &)

e Define the state-price deflator

t
Ty = exp (—/ rudu) &,
0

t 1 t
= exp (—/ (ru + —I/;I/u) du — / I/;dBu)
0 2 0

(57)
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« We then have that the optimal consumption/portfolio choice
can still be reformulated as in proposition 5, where one uses
(57) to formulate the static budget constraint.

« Again, we have that the solution for the optimal consumption
is given by

& = T, (i, t) (58)
Z>l< = IF ()\ﬂ'T) (59)

e where Z,, and Zp are the inverse of the utility functions.

« In addition, by defining again

TGN = E ( /0 i (o) db 4 (AWT)) (60)

o the solution to A* is given by the equality w (\) = w.
« Once again, one also obtains

« Proposition 6: Suppose (3,S) are processes defined by
(55) and (56). Under condition A, for any w > 0 there exists
an optimal consumption policy given by (58) and (59) for a
unique A\.

e The trouble is that we can generally only characterize con-
sumption (up to a constant A), but not the trading strategy.

o There are a few cases where explicit solutions can be found,
but they are rare.
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9 Appendix

« Result: If fot 0.dB; is a martingale, then

T T
var ( / QtdBt) —F ( / efdt)
0 0

— Proof of Proposition &: “IF”. First, we immediately
have that N > d (otherwise rank (o) < d).

— Let Y be any random variable with finite variance. Let
Z =S/ and let @) be an equivalent martingale measure
with respect to Z.

— From [to’s lemma

(02
dZ,; = (—rtZt + %Z) dt + EtdBt

— Since () is an equivalent martingale measure for Z, there
exists B under () such that

iz, = ZLdB, (61)
By

— Since by definition Sy = Z; x (3, Ito’s lemma shows

dS, = rdt + o,dB,

— (This by itself is an interesting result!)

— Consider now the process

M= £ | I
T
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— This is a martingale under (), and hence we can apply
the following result:

- Result: Martingale representation theorem: For any
(local) @ —martingale M;, there exists a d—dimensional

process ) € L (ﬁ) such that
t AN
Mt — MO + / nudBu
0

— Since rank (o) = d, we also have that there exists a
N —dimensional adapted process @ that satisfies the sys-
tem

0; 0= Gy (62)

— Finally, let

t
0 = My + / 0,dZ, — 6,7,
0

— Notice that (90, 9) is self-financing with respect to the
(deflated) price process (1, 7). In fact

t
(9?,@) . (1,Zt) = Mg—l—/ 0.d7Z, — 6,7, + 0,7,
0
t
— (6%,6,) - (1,Z0) + / 0.dZ,
0

— (98,90)-(1,Z0)+/t (65, 6,) (0, dZ,)
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~ Also, by using (61)

T T o. ~
(9%, HT) . (1, ZT) = My—+ / 0.d7, = M, + / Hsﬁ—sst
0 0

T
= M() ‘|‘/ ’r]sst — MT
0
Y Y
Ce[Yim] Y
T Or
— Hence, markets are complete under the deflated price sys-

tem (1,Z). The numeraire invariance theorem implies
that markets are complete under the price system (3, S).

~ “ONLY IF.” Suppose now that it is not true that rank (o) =
d (almost everywhere). Then (62) does not have any so-

AN

lution for some n, € L (B

— It is possible to show that this implies that there exists no
self-financing trading strategy (9?, 9,5) for (1, Z) such that

(09,67)-(1,Zr) = fOT n.dB, and hence no trading strat-
egy with respect to (3, S) yielding (HOT, HT) (B, St) =
o~
ﬁT f() nsst-
~ Define Y = (35 fOT n.dB, and the theorem is shown.[J

 Proof of Proposition 4: ONLY IF. Suppose (¢, Z, 8) is bud-
get feasible. Then, there exists € L <§) satisfying (29)
and (30), that is

T T
90T 14+07-St=w+ / 0.,-dS, — / e e, du
0 0
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o or, from (30)

T T
e 7+ / e Me,du = w + / 0.-dS, (63)
0 0

o It is easy to show that the LHS of (11) has finite expectation
under Q).

e Since S is a martingale under ) we have that M, = w +
fot 0.dS is a local martingale. It is also non-negative by (29),

and hence it is a supermartingale under @ (for this, see TN
0).

o This implies
T AN
EY (w + / HudSu) < w
0

« Hence, from (11) we have

T
E¢ (eTTZ+/ emcudu)
0

T
E© <w+ / Hu-dSu)
0

w

IA

o [F. Suppose (31) is satisfied by (¢, Z) € D. Define the
(Q—martingale by

T
M, = E¥ (eTTZ +/ e”ctdt) (64)
0
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« where we assume My = w without loss of generality.

« Using the martingale representation theorem, we can find a
d-dimensional process 1 such that

t
M, = w+/ 1,dB;
0

« where B; = B; + vt is a Brownian motion under @ (see
Girsanov’s Theorem).

« Notice that using the definition of B and v = o~ (u—r1y)
we have immediately

dS; = Sio'dB,

« Choose now a process {6;} that satisfies

<9t@§t) "0 = 1)

e where ® denotes the element-by-element product. Such a
process can be found because o is invertible.

e Hence

M, = w+/nudB w+2/0282

= w+ / 0,dS, (65)
0
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o Also, let the investment in bonds be the residual:

t
00 =M, —6,-S, — / e e, du
0

o Clearly, we have

t
9? + Ht . St = Mt — / e_mcudu
0

T
— EY (eTTZ+/ emcudu) >0
t

o where we used (64) for M;. In addition, using instead (65)

t
9? + 075 . St = Mt — / e_mcudu
0

t t
= w+/ HudSu—/ e e du
0 0

e and

T
0% +607-Sp = My — / e e du
0

T T
= eTTZ+/ e”ctdt—/ e "e,du
0 0

_ e—TTZ

« where the second equality stems again from the definition of
Mt in (64)
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o This shows that (¢, Z) is budget feasible with respect to

S, which implies the one with respect to S, concluding the
proof.O





