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1 Introduction

• In these TNs I introduce the notation and some terminology.

• I won’t explain all the details, and you can read TN#0 for
the technical assumptions and so on.

• I will only expand on the necessary concepts to understand
what is going on.

• Results from probability theory are recalled here and there.
They are also all nicely collected in TN#0.

• In the first section, I introduce the canonical model of security
prices. I will review some of the standard terminology by
appealing to a simple, discrete time example.

2 A Model of Security Prices

• Fix a complete probability space (Ω,F , P ) and a time interval
[0, T ].

– Ω = set of states of nature [e.g. Ω = {ω1, .., ω4}];

– F = σ− algebra on Ω [e.g. F = 2Ω = set of all subset
of Ω];

– P = Probability measure on Ω [e.g. p ={p1, ..., p4} such
that pi ≥ 0 and

∑4
i=1 pi = 1].

– Complete = technical requirement. It means that all the
subsets of sets with zero probability are part of F ;

• Let {Ft} be a filtration on (Ω,F), that is, a family of sub-
σ−algebras such that Fs ⊆ Ft if s ≤ t.
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– Intuitively, the “filtration” describes the evolution of in-
formation over time (think about learning).

∗ Example: Ω = {ω1, ..., ω4}. Then a filtration could

be

F0 = {∅, Ω}
F1 = {∅, Ω, {ω1, ω2} , {ω3, ω4}}
F2 = 2Ω

∗ In this example, at time t = 0 there is no informa-
tion, at time t = 1 we know whether {ω1, ω2} realized
or {ω3, ω4} realized. At time t = 2 we have perfect
information.

∗ This is the information evolution typical of a binomial

tree. For instance, let

ω1 = {1, 1} , ω2 = {1,−1}
ω3 = {−1, 1} , ω4 = {−1,−1}

∗ where {−1, 1} are the possible realizations of a process
{Bt}:

t = 0 t = 1 t = 2

B2 = 1 −→ ω1

B1 = 1 −→ {ω1, ω2} B2 = −1 −→ ω2

B0 = 0

B1 = −1 −→ {ω3, ω4} B2 = 1 −→ ω3

B2 = −1 −→ ω4



Pietro Veronesi Topics in Dynamic Asset Pricing Spring 2005 TN#1, page: 4

• The pair {Bt,Ft} has a special property: For every value

B̃ that Bt can take at t (that is, B̃ = 1 or -1), the set{
ωi : Bt (ωi) = B̃

}
∈ Ft.

– E.g. at time t = 1, {ωi : B1 (ωi) = 1} = {ω1, ω2} ∈ F1,
{ωi : B1 (ωi) = −1} = {ω3, ω4} ∈ F1

– At time t = 2, {ωi : B2 (ωi) = 1} = {ω1, ω3} ∈ F2, and
so on.

• Bt is said to be measurable with respect to Ft.

• The process {Bt} is said to be adapted to the filtration {Ft} .

– That is, given our information at time t described by Ft,
we can fully “observe” the value of Bt by observing a
realization in Ft.

– If B1 was instead such that B1 (ω3) = −1 and B1 (ω4) =
−2, then by only observing the set {ω3, ω4} we still can-
not tell what is the value of B1 if we move down. That
is, we cannot “measure” B1 given our information set
F2 = {ω3, ω4} .

– This has an additional implication: at time t = 1, suppose
we only know that P ({ω1, ω2}) = .3 and P ({ω3, ω4}) =
.7. If B1 is not measurable (B1 (ω3) 	= B1 (ω4)) we won’t
be able to assign the probabilities to the actual realization
of B1 (that is, if we observe B1 = 2, what was the proba-
bility of this event? We cannot tell, given the probability
space).
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• A filtration {Ft} is said to be generated by {Bt} if it is
exactly {Bt} that reveals information (technically, Ft is the
smallest σ−algebra that makes Bt measurable).

– In the tree above, Ft was generated by {Bt}.

– Another filtration that is not generated by Bt is, for in-

stance,

F0 = 2Ω,F1 = 2Ω,F2 = 2Ω

– That is, the agent knows everything from the start.

2.1 Trading Strategies

• Let B = {Bt,Ft} be a standard Brownian motion defined on
this space with {Ft} being the filtration generated by {Bt};
that is:

1. B0 = 0;

2. Bt − Bs is independent of Fs;

3. Bt − Bs ∼ N (0, t− s) .

– Technical requirement: the filtration Ft must be aug-
mented by the P−null sets.

• A trading strategy θ = {θt} is a process defined on (Ω,F , P )
that for every ω ∈ Ω and every t specifies the number θt (ω)
of units of the security to hold.

• It is natural to require that {θt} be adapted to the filtration
{Ft}. We denote by L the set of processes adapted to {Ft}.
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2.2 Trading Gains

• Assume first that {Bt} represents a price process and there
are no dividends.

• Clearly, if θt = θ = constant for t ∈ [t1, t2), the gain is

Gain = θ (Bt2 − Bt1)

• More generally, if the process θ ∈ L is simple, i.e. piecewise

constant on a partition [t0, .., tn] with tn = t, we have

Gaint =

n−1∑
i=0

θti

(
Bti+1 − Bti

)
• As we increase the number of times rebalancing is allowed in

the interval [0, t], we obtain the convergence (in probability)

of the sum above to the stochastic integral

Gaint =

∫ t

0

θsdBs

• We shall assume that θ ∈ L2 =
{

θ ∈ L :
∫ T

0
|θt|2dt < ∞ a.s.

}
.

• Result 1: for any bounded θ ∈ L2, the stochastic integral∫ t

0 θsdBs is a martingale.

• This is unduly restrictive, and it turns out that
∫ t

0 θsdBs un-
der weaker assumptions. However, in these TNs I will retrict
the attention only to bounded trading strategies for simplicity
(and ease of notation).
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• Definition: An adapted, integrable process Xt is

– a martingale if E [Xt|Fs] = Xs for t ≥ s;

– a sub-martingale if E [Xt|Fs] ≥ Xs for t ≥ s;

– a super-martingale if E [Xt|Fs] ≤ Xs for t ≥ s;

• To generalize the model, let’s introduce Ito processes to de-
scribe the dynamics of security prices.

• Ito processes are of the form

St = x +

∫ t

0

μsds +

∫ t

0

σsdBs (1)

• where:

– x is a real number (the initial condition);

– μs ∈ L1 =
{
θ ∈ L :

∫ T

0
|θt|dt < ∞ a.s.

}
;

– σs ∈ L2 =
{

θ ∈ L :
∫ T

0 |θt|2dt < ∞ a.s.
}

.

• We can write (1) in its “differential form” as a short-hand

dSt = μtdt + σtdBt (2)

• We have

dEt [Sτ ]

dτ
|τ=t = μt a.s.

dV art [Sτ ]

dτ
|τ=t = σ2

t a.s.
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• Hence, μt is the conditional expected rate of change of S at
time t and σ2

t is the rate of change of the conditional variance
of S at time t.

• With abuse of notation, we will often write “Et [dSt] = μtdt”
and “V art [dSt] = σ2

t dt”.

• μt is called “drift” and σt is called “diffusion” term of (2).

• Given an Ito process S as in (1), let

L (S) =
{
θ ∈ L : θ · μ ∈ L1 and θ · σ ∈ L2

}
• For a given (adapted) trading strategy θ ∈ L (S), the trading

gain between 0 and t is

Gt ≡
∫ t

0

θsdSt =

∫ t

0

θsμsds +

∫ t

0

θsσsdBs

• In a multidimensional set up, let B =
(
B1, ..., Bd

)
be a

d × 1 Brownian motion in Rd and let {Ft} be the filtration
generated by it.

• Let S =
(
S1, .., SN

)
denote the price of N securities whose

dynamics is described by the Ito process

St = x +

∫ t

0

μsds +

∫ t

0

σsdBs (3)

• where:

– x is a N dimensional real vector;
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– μ is a N dimensional vector of L1 processes;

– σ is an N × d matrix, such that σij ∈ L2.

• An N−dimensional trading strategy θ =
(
θ1, ..., θN

)
is a 1×

N vector of adapted processes θi.

• We assume

θ ∈ L (S) =

{
θ ∈L : θ · μ ∈ L1 and θ · σi ∈ L2,

where σi is the i − th column of σ

}

• Hence, the trading gain process is given by the stochastic

integral

Gt =

∫ t

0

θτdSτ =

∫ t

0

θτdμτ +

∫ t

0

θτ · στdBτ

3 Arbitrage

• A trading strategy θ =
(
θ1, ..., θN

)
is self financing if the

value of the position at time t equals the value of the initial

position plus any trading gains:

θt · St = θ0 · S0 + Gt

= θ0 · S0 +

∫ t

0

θτdSτ

• Let the short rate process be given by an adapted process

r ∈ L1 and define the bond price process by

βt = β0 exp

(∫ t

0

rsds

)
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• We often identify the β process with the security process S0.

• The trading strategy θ =
(
θ1, ..., θN

)
is an arbitrage if

1. It is self financing; and

2. θ0·S0 < 0 =⇒ θT ·ST ≥ 0 or θ0·S0 ≤ 0 =⇒ θT ·ST > 0.

• A financial market that admits no arbitrage is termed viable.

• The question is “what properties should S to make it a viable
financial market?”

3.1 Change of Numeraire and State Price Deflators

• It is often convenient to change numerarie to exploit some
properties of stochastic processes;

• Let S be given and consider a strictly positive Ito process Y ,
which we call deflator.

• Let

dYt = μY,tdt + σY,tdBt

• Let’s define

SY
t = StYt

• Numeraire Invariance Theorem: Suppose Y is a deflator.
Then, a trading strategy θ is self-financing with respect to S
if and only if it is self-financing with respect to SY

– The theorem is intuitively obvious: the properties of a
trading strategy cannot depend on whether I express quan-
tities in apples, dollars or widgets.
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– Formally, the result is immediate from Ito’s Lemma, which
states the following:

• Result: Ito’s Lemma: Consider the Ito’ process

dXt = θtdt + ΣtdBt (4)

– and let g : [0, T ] × Rd −→ Rp be a twice continuously

differentiable function. Then, the p−dimensional vector

Yt = g (t,Xt) is an Ito’s process, whose component num-

ber k is given by

dY k
t =

∂gk

∂t
(t,Xt) dt +

n∑
i=1

∂gk

∂Xi
(t,Xt) dXi

t

+
1

2

n∑
i=1

n∑
j=1

∂2gk

∂Xi∂Xj
(t,Xt)

(
dXi

t

)(
dXj

t

)
• To show the numeraire invariance theorem: Let Wt = θt·St =

θ0S0 + Gt = θ0S0 +
∫ t

0 θτdSτ . Let WY
t = WtYt. From Ito’s

Lemma

dWY
t = YtdWt + WtdYt + σWσ′

Y dt

= YtθtdSt + θt · StdYt + (θt · σS,t) σ′
Y,tdt

= θt

(
YtdSt + StdYt + σS,tσ

′
Y,tdt

)
= θtdS

Y
t

• Hence, WY
t = θt · SY

t = θ0S
Y
0 +

∫ t

0 θτdS
Y
τ if and only if

Wt = θt · St = θ0S0 +
∫ t

0 θτdSτ . �
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• Corollary: An immediate implication is that if Y is deflator,
then a trading strategy is an arbitrage with respect to S if
and only if it is an arbitrage with respect to SY .

• The point is “what is a good deflator”?

• A state-price deflator is a deflator π with the property that
the deflated price processes Sπ are martingales.

• The key result will be that there exists a state-price deflator
if and only if there is no arbitrage.

• Before we explore this, we need some restrictions on the ad-
missible trading strategies or wealth processes.

– Example: Doubling Strategies.

– Let B be a uni-dimensional BM.

– Let S = (β, S) be the price processes where S0 = 1; βt =

1 for all t and

dSt = StdBt

– Notice that S is a martingale. However, we can construct
an arbitrage as follows.

– Let α > 0 and consider the process ϕ given by ϕ0 = 0

and

dϕt =
1√

T − t
dBt
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– Finally consider the stopping time

τ = inf {t : ϕt = α}

– Since the volatility of ϕ explodes to infinity as t ap-
proaches to T , it can be shown that almost surely 0 <
τ < T.

– Consider now the trading strategy θ = (a, b) given by

Stock : bt =
1{t≤τ}

St

√
T − t

Bonds : at = −btSt +

∫ t

0

budSu

– Notice that θ0 · S0 = 0 and that

θt · St = −btSt +

∫ t

0

budSu + btSt

=

∫ t

0

budSu

– Hence, it is self-financing.

– Finally, it is also clear that since τ < T almost surely, we

have

θτ · Sτ =

∫ τ

0

budSu =

∫ τ

0

1{t≤τ}
1√

T − u
dBu = α > 0

– Hence, it is an arbitrage.
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• Why do we have an arbitrage? This is an artifact of the con-
tinuous time nature of the exercise that let you bet infinitely
frequently in any interval of time.

• In the literature there are two ways to eliminate doubling
strategies:

1. Integrability condition: Given a state-price deflator

π (i.e. such that Sπ is a martingale) the only admissible

strategies are those θ ∈H2 (Sπ), where

H2 (Sπ) =

⎧⎪⎨⎪⎩ θ ∈L : E

[(∫ T

0 θt · μπ
t dt

)2
]

< ∞ and for all i

E
(∫ T

0

(
θt·σi

t

)2
dt
)

< ∞

⎫⎪⎬⎪⎭
2. Credit constraints: There exists a (negative) constant

k such that θt · Sπ
t ≥ k almost surely. Let Θ (Sπ) denote

the set of strategies satisfying this bounds.

• The previous strategy does not satisfy either of these condi-
tions.

• We have the following:

Proposition 1: For any state-price deflator π, there is no arbi-
trage if (a) θ is bounded, or (b) θ ∈H2 (Sπ) or Θ (Sπ) .

• It is instructive to go through the proof (of the first simple
claim. The second is slightly more involved. See Duffie’s
book):

• (a) Suppose θ is a self-financing bounded strategy. Since Sπ

is a martingale, Result 1 above implies that also
∫ T

0 θtdS
π
t is
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a martingale and hence E
[∫ T

0
θtdS

π
t

]
= 0. Since θ must be

self-financing with respect to Sπ as well, that is

θT · Sπ
T = θ0 · Sπ

0 +

∫ T

0

θτdS
π
τ

we have

θ0S
π
0 = E [θT · Sπ

T ]

• Hence, θT ·Sπ
T ≥ 0 implies θ0·Sπ

0 ≥ 0 and likewise θT ·Sπ
T > 0

implies θ0S
π
0 > 0.

• Therefore, θ cannot be an arbitrage for Sπ and hence neither
for S. �

3.2 No Arbitrage and Equivalent Martingale Mea-

sures

• Given a measurable space (Ω,F), a probability measure Q is
equivalent to P , if for every A ∈ F , Q(A) = 0 if and only if
P (A) = 0.

• A probability measure Q is an equivalent martingale mea-
sure for the price process S if

1. S is a martingale with respect to Q;

2. The Radon-Nikodym derivative dQ/dP has finite vari-
ance.

• Result: Radon-Nikodym theorem: Let Q and P be two

measures with Q absolutely continuous with respect to P .
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Then there exists a non-negative random variable ξ with

EP [ξ] = 1 such that

Q (A) =

∫
A

ξ (ω) dP (ω)

for all A ∈ F . In addition, Q and P are equivalent if and only
if ξ is strictly positive. ξ is called Radon Nikodym derivative,
and it is often denoted by dQ/dP.

• Two properties: Let Z be a random variable such that EQ [|Z|] <
∞. Then

1. Change of measure: EQ [Z] = EP [ξZ]

2. Bayes theorem: If G ⊂ F ,

EQ [Z|G] =
EP [ξZ|G]

EP [ξ|G]

• Examples:

1. Ω = {ω1, .., ωn}, p = {p1, ..., pn}, q = {q1, .., qn}.

– Assume pi > 0 and qi > 0. Define the Radon Nikodym
derivative ξ = {ξ1, .., ξn} by ξi = qi/pi.

– It is a random variable. In addition, the properties
above are obviously satisfied:

– First, EP [ξi] =
∑

i piξi =
∑

i qi = 1.

– Second, we obtain that for every A = {ωj} ∈ 2Ω,
Q (A) =

∑
j qj =

∑
j ξjpj .

– Third, given a random variable z = {z1, .., zn} we also
have EQ [z] =

∑
i qizi =

∑
i piξizi = EP [ξz].



Pietro Veronesi Topics in Dynamic Asset Pricing Spring 2005 TN#1, page: 17

– Finally, suppose we learn that either ω1 or ω2 is the

true state, with q̃1 = q1/ (q1 + q2). Then

EQ [z|G] = q̃1z1 + q̃2z2 =
q1

q1 + q2
z1 +

q2

q1 + q2
z2

=
p1ξ1z1 + p2ξ2z2

p1ξ1 + p2ξ2

=
p1 + p2

p1 + p2

p1ξ1z1 + p2ξ2z2

p1ξ1 + p2ξ2

=
p̃1ξ1z1 + p̃2ξ2z2

p̃1ξ1 + p̃2ξ2

=
EP [ξz|G]

EP [ξ|G]

2. An example of a Radon-Nikodym derivative that will be

used often is

dQθ

dP
= ξθ

t = exp

(
−
∫ t

0

θsdBs − 1

2

∫ t

0

θs · θ′
sds

)
where θ =

(
θ1, ..., θd

) ∈ (L2
)d

satisfies the condition

E

[
exp

(
1

2

∫ T

0

θs · θ′
sds

)]
< ∞

– If this condition (Novikov’s condition) is satisfied, it

can be shown that ξθ
t is a P−martingale. Indeed,

notice that by Ito’s lemma we have2

dξθ
t = −ξθ

tθsdBs

– In addition, since ξθ
0 = 1 we have

EP
[
ξθ

T

]
= 1

2To see it, consider the transformation xt = log
(
ξθ

t

)
first.
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– and thus satisfies the condition necessary to define a
Radon-Nikodim derivative.

• We say that a price process S admits an equivalent martin-
gale measure, if such a Q exists.

• A similar proof the one of proposition 1 also yields the fol-
lowing:

• Proposition 2: If the price process S admits an equivalent
martingale measure, then there is no arbitrage with bounded
θ, or in H2 (S) or Θ2 (S).

– Proof : Let Q be an equivalent martingale measure and
let θ be a self financing trading strategy.

– (a) If θ is bounded, because S is a martingale under Q

and hence EQ
[∫ T

0
θtdSt

]
= 0, we have immediately that

θ0S0 = EQ [θT · ST ]

– This implies that θ cannot be an arbitrage (see argument
in Proposition 1).

– (b) and (c) are similar, but with more steps. �
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4 The Market Price of Risk

• Let S be a price (Ito) process. We can write it as

dSt = μtdt + σtdBt

• Consider the system of N linear equations

σt · ηt = μt (5)

• where ηt is a d × 1 vector of unknowns.

• From linear algebra, we know that this system admits 0, 1,
or infinite solutions.

• If a solution to (5) exists, the process S is called reducible.

• Any d×1 vector satisfying (5) is giving a relationship between
the expected return on each security μi and the risk stemming
from the d Brownian motions

(
σi1, ..., σid

)
.

• ηt is called the “market price of risk.”

• Often this is actually referred to a renormalized process.

• Let rt be an interest rate process and βt = exp
(∫ t

0
rudu

)
.

• Define the deflated process Sβ
t = St/βt = St exp

(
− ∫ t

0 rudu
)

.

• Interestingly, we have
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• Result: Suppose that for some deflator Y , SY is not re-
ducible. Then, there are arbitrages even with bounded strate-
gies, or, more generally, in both Θ

(
SY

)
and H2

(
SY

)
. More-

over, there is no equivalent martingale measure for SY .

– Proof: See Duffie, Chapter 6.

• This is rather intuitive. The system (5) admits no solutions
in those pathological cases such as the case where d = 1 (i.e.
one Brownian motion), N = 2, σ1 > σ2 but μ1 = μ2 = μ.

– That is, the system (5) is(
σ1

σ2

)
× η =

(
μ

μ

)
– One can then set up a strategy with zero exposure to

Brownian risk and positive return.

• If the system (5) admits multiple solutions (that is, rank(σt) <

d), we can single out a particular solution by defining

ηt = σ̂′
t

(
σ̂tσ̂

′
t

)−1
μ̂t

• where σ̂t is obtained by deleting the linearly dependent rows
and μ̂t by deleting the corresponding elements (this is done
ω by ω)

• Let now

ξ (S) = exp

(
−
∫ T

0

ηtdBt − 1

2

∫ T

0

ηt · η′
tdt

)
(6)
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• We say that S is L2−reducible if S is reducible, exp
(

1
2

∫ T

0
ηt · η′

tdt
)

has finite expectation and ξ (S) has finite variance.

• We then have the result:

• Theorem: If S is L2−reducible, then there exists an equiva-
lent martingale measure for S. Hence, there is no arbitrage.

• The result is a direct consequence of Girsanov’s Theorem:

• Result: Girsanov’s Theorem: Let θ ∈ (L2
)d

be given and

let

ξθ
t = exp

(
−
∫ t

0

θsdBs − 1

2

∫ T

0

θsθ
′
sds

)
be a martingale (Novikov condition suffices). Then a standard

Brownian motion that is a martingale under Qθ is defined by

Bθ
t = Bt +

∫ t

0

θsds (7)

• This implies immediately:

• Corollary 1: Let X be an Ito process in RN :

Xt = x +

∫ t

0

μsds +

∫ t

0

σsdBs (8)

where σs is N × d.

• Suppose ν =
(
ν1, ..., νN

)
is a vector process in L1 such that

there exists some θ ∈ (L2
)d

such that

σtθt = μt − νt (9)
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• Then, if ξθ is a martingale, X is also an Ito process with

respect to the probability space
(
Ω,F , Qθ

)
and

Xt = x +

∫ t

0

νsds +

∫ t

0

σsdB
θ
s

• (to see this, just stick dBs = dBθ
s − θsdt into (8) and use

(9))

• That is to say, the Girsanov’s Theorem gives us a way to
adjust probability assessments so that a given process can be
rewritten as an Ito process with almost arbitrary drift.

• We can directly apply Girsanov’s theorem to prove the the-

orem: If S is L2−reducible, then Girsanov’s theorem shows

that Q is an equivalent martingale measure when defined by

dQ/dP = ξ (S)

– The result follows from Proposition 2. �

• Hence, reducibility is necessary and sufficient (when coupled
with integrability conditions) for the absence of arbitrage.

• Notice that if rank(σt) = d, then there is at most one solution
to the system (5).

• It follows that there is at most one equivalent martingale
measure.
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– If there were more than one, for each one of them we

should have

dQ/dP = ξ (S)

– where ξ (S) is given by (6) (see TN#0, Corollary 2 to
Girsanov’s Theorem)

• This is also the case in which the market is dynamically com-
plete, as we shall see.

5 State Prices and Equivalent Martingale
Measure

• What is the relationship between the equivalent martingale
measure Q and the state price deflators π?

• It turns out that they are basically the same thing.

• Let the N × 1 vector process S be given and let rt be the
short rate process.

• Let Sβ be the deflated process, where βt = exp
(∫ t

0
rudu

)
• Suppose that Q is an equivalent martingale measure for Sβ.

• Define the density process for Q by

ξt = E

[
dQ

dP
|Ft

]
(10)

• where dQ/dP is the Radon-Nikodym derivative of Q with
respect to P .
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• From the properties of the Radon-Nikodym derivative, we

then have that for every time t and s > t, any Fs measurable

random variable W with EQ [|W |] < ∞,

EQ [W |Ft] =
EP [ξsW |Ft]

EP [ξs|Ft]
=

EP [ξsW |Ft]

ξt

(11)

• A state price deflator turns out to be

πt = β−1
t ξt (12)

– In fact, from (11), for every t and u > t we have

Et [πuSu] = Et

[
ξuβ

−1
t Su

]
= Et

[
ξuS

β
u

]
= ξtE

Q
t

[
Sβ

u

]
= ξtS

β
t = πtSt

– where the third equality stems from (11) and the fourth
equality stems from the fact that Q is an equivalent mar-
tingale measure for Sβ.

– Hence, Sπ = πS is a martingale, and hence π defined by
(12) is a state-price deflator.

• Since all the equality and statements are “if and only if,” we

find an equivalence between state-price densities and equiva-

lent martingale measures.
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6 Consumption and Portfolio Selection in
Complete Markets

• Markets are complete if any random variable Y with finite
variance can be obtained as the final value θT · ST of a self-
financing trading strategy.

• We have the following:

• Proposition 3: Suppose that there exists an equivalent
martingale measure for the deflated price S/β. Then, markets
are complete if and only if rank (σ) = d almost everywhere.3

• The proof of this proposition is instructive, again to illustrate
the use of Girsanov’s theorem, change of measures and the
like. It is provided in the appendix.

• Define a redundant security given (β,S) a security with
price process Y such that there exists a self-financing strategy(
θ0, θ

) ∈ H2 (β,S) with terminal value
(
θ0

T , θT

)·(βT ,ST ) =
YT .

• Clearly, complete markets imply that every security is redun-
dant.

3Two processes {at} and {bt} are said to be equal almost ev-

erywhere if

E

[∫ T

0

|at − bt|dt

]
= 0.
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7 Optimal Consumption and Portfolio Se-
lection

• We start from the “classic” Merton’s problem.

• As usual, let (Ω,F , P ) be a complete probability space on
which a d−dimensional Brownian motion B is defined, along
with its augmented filtration {Ft}.

• Let S be a d−dimensional Ito-process

dSt = ISμdt + ISσdBt

• where

– IS is the d × d diagonal matrix with Si
t on the ii−th

element;

– μ is a d−dimensional constant vector;

– σ is a d×d constant matrix. Assume that σ is invertible.

• Hence, markets are complete.

• Assume there exists a constant interest rate r and let the

bond price be given by

dβt = rβtdt with β0 > 0

• Consider a “small” investor endowed with a utility function

U (c, Z) defined on a stream of consumption c = {ct}T
0 ∈ L1
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and final wealth Z, assumed to be a FT−measurable non-

negative random variable

U (c, Z) = E

[∫ T

0

u (ct, t) dt + F (Z)

]
(13)

• Assume:

1. F : R+ −→ R is increasing and concave;

2. u : R+ × [0, T ] −→ R is continuous, and for each t, it is
increasing and concave in ct with u (0, t) = 0;

3. Either is strictly concave (or both).

• A trading strategy is
(
θ0, θ

) ∈ L (β,S).

• For ease of notation, let θ̃ =
(
θ0, θ

)
and S̃ = (β,S).

• Let w > 0 be the initial wealth.

• A consumption plan (c, Z) and a trading strategy θ̃ is bud-

get feasible, denoted
(
c, Z, θ̃

)
∈ Λ (w) if they satisfy the

dynamic budget constraint

θ̃t · S̃t = w +

∫ t

0

θ̃udS̃u −
∫ t

0

cudu ≥ 0 (14)

θ̃T · S̃T = Z (15)

• So, the problem of the consumer/investor is to choose the

controls
(
c, Z, θ̃

)
to maximize U (c, Z) subject to (14) and

(15).
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• That is:

sup
(c,Z,θ̃)

U (c, Z) (16)

• It is convenient to reformulate the problem in terms of “frac-
tion of wealth invested in each security.”

• This allow us to leave the “prices” out of the control.

• Let the wealth at time t be denoted by

Wt = θ̃t · S̃t

• This is going to be our state variable.

• So, define the control

ϑi
t =

{
θi

tS
i
t/Wt if Wt 	= 0

0 if Wt = 0
(17)

• Let

λ = μ − r1d

• Then, from the budget constraint the process for wealth is

given by

dWt = [Wt (ϑt · λ+r) − ct] dt + WtϑtσdBt (18)

• with initial condition W0 = w.

• Remark: Since Wt ≥ 0 for all t, we have that if Ws = 0 for
some s, then ϑt = ct = 0 for t ≥ s.
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7.1 The Bellman Equation

• Let the investor’s indirect utility function for wealth at time

t be

J (Wt, t) = Et

[∫ T

t

u (cu, u) du + F (ZT )

]
• Clearly, it is only a function of the state variable Wt (we have

already optimized over c, Z and ϑ )

• The Hamilton - Jacoby - Bellman equation is given by

sup
(c,ϑ)

u (c, t) + DJ (w, t) = 0 (19)

• where

DJ (w, t) = Jt (w, t) + Jw (w, t) [wϑtλ+wr − ct]

+
1

2
Jww (w, t) w2ϑtσσ′ϑ′

t

• with boundary condition

J (w, T ) = F (w)

• Why this form of the Bellman Equation?

• In discrete time over a time interval Δ we would have some-

thing like

J (w, t) = max
c∈R,ϑ∈Rd

u (c, t) Δ + E [J (Wt+Δ, t + Δ) |Wt = w]
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• subject to a dynamic budget constraint.

• This implies that

max
c∈R,ϑ∈Rd

u (c, t) Δ + Et [J (Wt+Δ, t + Δ) − J (w, t)] = 0

• Dividing by Δ and taking the limit as Δ −→ 0, heuristically

we have

max
c∈R,ϑ∈Rd

u (c, t) +
Et [dJt]

dt
= 0

• Clearly, by Ito’s lemma Et [dJt] /dt = DJ .

• Assuming strict concavity of the utility functions, we can now
take the First Order Conditions of the maximization in (19).

• With respect to consumption

uc (ct, t) − Jw (w, t) = 0 (20)

• With respect to ϑt

Jw (w, t) λ + Jww (w, t) wσσ′ϑ′
t = 0 (21)

• Let Iu (., t) be the inverse of uc (., t), that is, be such that for
every x we have Iu (uc (x, t) , t) = x.

• Then (20) implies

c∗t = Iu (Jw (w, t) , t) (22)
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• Similarly, (21) implies

ϑ′
t = − Jw (w, t)

wJww (w, t)
(σσ′)−1

(μ − r1d) (23)

• Notice that the optimal portfolio weights are given by a vector
(σσ′)−1 (μ − r1d) which multiplies the Arrow-Pratt measure
of relative risk tolerance (reciprocal of relative risk aversion)
of the indirect utility function J (w, t) .

7.1.1 Example 1: Utility from final wealth

• Let F (w) = w1−γ

1−γ
and u (ct, t) = 0.

• Conjecture:

J (w, t) = k (t)
w1−γ

1 − γ

• This form stems from the homogeneity of the utility function
F (w) and the linearity of the expectation operator and the
stochastic integral.

• Define ZT as the optimal level of consumption at time T when
the initial wealth = 1.

• Consider now another wealth level w.

• It is justified to guess that ẐT = wZT , because

1. ẐT is budget feasible, because if ZT = θ̃T · S̃T can be
obtained from 1, then ẐT = wZT = wθ̃T · S̃T can be
obtained from w due to the linearity of the stochastic
integral.
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2. In addition, suppose there exists an alternative consump-

tion Z∗
T that is budget feasible with initial wealth w but

with

Et

[
(Z∗

T )1−γ

1 − γ

]
> Et

[
(wZT )1−γ

1 − γ

]
– Divide through by w1−γ/ (1 − γ) to find

Et

⎡⎢⎣
(

Z∗
T

w

)1−γ

1 − γ

⎤⎥⎦ > Et

[
(ZT )1−γ

1 − γ

]

– Clearly, Z∗
T/w can be financed by the initial 1 because

(again) of the linearity of the stochastic integral.

– But this contradicts that ZT is optimal given W 0 = 1.

• Hence, we obtain

J (w, 0) = E

[
(wZ)1−γ

1 − γ

]
= K

w1−γ

1 − γ

• where K = E
[
Z1−γ

]
.

• By repeating the same argument for all t, we more generally

have

J (w, t) = k (t)
w1−γ

1 − γ

• We can now solve for the optimal portfolio choice: We have

Jw = k (t) w−γ

Jww = −k (t) γw−γ−1
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• Substitute into the formula (23) to find

ϑ′
t = − Jw (w, t)

wJww (w, t)
(σσ′)−1

(μ − r1d)

=
1

γ
(σσ′)−1

(μ − r1d)

• Hence, the portfolio holdings are constant and the percent-
age of wealth invested in the risky assets decrease with risk
aversion γ.

• For d = 1 (only one risky asset) we have the standard formula

ϑt =
μ − r

γσ2

• This rule give rise to two asset allocation puzzles:

– First, the fraction invested in stocks is independent of age
t, and thus of remaining life T − t. This is in contrast
with both empirical evidence, that shows an inverted U
shaped allocation to stocks with respect to age, and the
typical recommendation of portfolio advisors.

– Second, it predicts too high investment in stocks. Using

unconditional averages, μ = 7% and σ = 16%, we obtain
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Table: Portfolio Allocation

Risk Aversion γ

2 4 6 8 10

ϑ 136% 68% 45% 34 % 27 %

– In contrast, depending on estimates, typical household
holds betwee 6 % to 20 % in equity. Conditional on par-
ticipating to the stock market, these number increase to
about 40% of financial assets.

• Going back to the solution, note that u = 0 implies (of course)
that c∗t = 0.

• Finally, we obtain an explicit formula for k (t). Plug back
everything into the Bellman equation and impose equality to
zero.

• That is, impose

0 = u (c, t) + Jt (w, t) + Jw (w, t) [wϑtλ+wr − ct]

+
1

2
Jww (w, t) w2ϑtσσ′ϑ′

t

• and we obtain

k′ (t)
1

1 − γ
+ k (t)

(
1

2γ
λ′ (σσ′)−1

λ+r

)
=0

• or

k′ (t) = −qk (t)
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• where

q = (1 − γ)

(
1

2γ
λ′ (σσ′)−1

λ+r

)

• The boundary condition is of course k (T ) = 1. Hence

k (t) = eq(T−t)

• which yields

J (w, t) = eq(T−t) w
1−γ

1 − γ

• We are not done yet!

• We need to verify that this solution is optimal. That is, we
need to verify that

1. For every admissible control (c, ϑ)

E

[∫ T

0

u (ct, t) dt + F (WT )

]
≤ J (w, 0)

2. Equality is obtained by using the solution provided.

• To show 1, let (c, ϑ) be an arbitrary admissible control for ini-

tial wealth w and let {Wt} be the process solving the budget

constraint

dWt = [Wt (ϑt · λ+r) − ct] dt + WtϑtσdBt (24)
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• By the Bellman equation (19) we have

u (c, t) + DJ (w, t) ≤ 0 (25)

• (it was 0 at its maximum)

• By Ito’s Lemma

J (WT,T ) = J (w, 0) +

∫ T

0

Jt (Wt, t) dt +

∫ T

0

Jw (Wt, t) dWt

+
1

2

∫ T

0

Jww (Wt, t) (dWt)
2

= J (w, 0) +

∫ T

0

DJ (Wt, t) dt

+

∫ T

0

Jw (Wt, t) WtϑtσdBt

≤ J (w, 0) +

∫ T

0

βtdBt

• where βt = Jw (Wt, t) Wtϑtσ, and the inequality is due to∫ T

0
DJ (Wt, t) dt ≤ 0.

• Hence, since we have the boundary condition J (WT,T ) =

F (WT ) we finally obtain

F (WT ) ≤ J (w, 0) +

∫ T

0

βtdBt
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• Taking expectations on both sides, we find

E0 [F (WT )] ≤ J (w, 0) + E0

[∫ T

0

βtdBt

]
≤ J (w, 0)

• where the last inequality stems from
∫ T

0
βtdBt being a non-

negative local martingale and hence a super-martingale (see
TN#0).

• To show 2, just do again the calculations with u (c, t) +
DJ (w, t) = 0 this time.

• In addition, given the explicit formula for J (w, t) one can

show that

βt = Jw (Wt, t) Wtϑtσ =k (t) w1−γϑtσ ∈H1

• Hence, now E0

[∫ T

0 βtdBt

]
= 0 because

∫ T

0 βtdBt is in fact

a martingale, leaving us with

E [F (WT )] = J (w, 0)

7.1.2 Example 2: Utility from Consumption Stream

with Infinite Horizon

• A second standard example is the case where

U (c) = E

[∫ ∞

0

e−φtu (ct) dt

]
(26)
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and

u (ct) =
c1−γ
t

1 − γ

• The Bellman equation is now

sup
(c,ϑ)

u (c) − φJ (w) + DJ (w) = 0 (27)

• where

DJ (w, t) = Jw (w) [wϑtλ+wr − ct]+
1

2
Jww (w) w2ϑtσσ′ϑ′

t

• In addition, we do not have a boundary condition anymore.

• Instead, a transversality condition is imposed

lim
T−→∞

E
(
e−φT |J (WT ) |) = 0

• Again, the FOC for consumption and portfolio choice are

uc (c) = Jw (w)

ϑ′
t = − Jw (w)

wJww (w)
(σσ′)−1

λ

• Similar arguments as before lead us to conjecture

J (w) = K
w1−γ

1 − γ
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• Hence,

c−γ
t = KW−γ

t =⇒ ct = K− 1
γ Wt

• As before, the optimal portfolio rule is

ϑ′
t =

1

γ
(σσ′)−1

λ

• Plug everything back into the Bellman equation

0 = u (c)−φJ (w)+Jw (w) [wϑtλ+wr − ct]+
1

2
Jww (w) w2ϑtσσ′ϑ′

t

• to find

0 = K−1−γ
γ

w1−γ

1 − γ
− φK

w1−γ

1 − γ

+Kw−γ

[
w

1

γ
λ′ (σσ′)−1

λ+wr − K− 1
γw

]
−1

2
γw−γ−1w2 1

γ2
λ′ (σσ′)−1

λ

• Deleting terms, we obtain that the constant K must be

K =

(
φ − (1 − γ) r

γ
− 1 − γ

2γ2
λ′ (σσ′)−1

λ

)−γ

• The only thing left to show is that the transversality condition
holds.

• This can be easily done by using the definition of J (WT ) and
Ito’s Lemma.



Pietro Veronesi Topics in Dynamic Asset Pricing Spring 2005 TN#1, page: 40

8 The Martingale Approach

• In the next few classes we shall use the martingale approach
to solve a number of interesting cases.

• It is therefore important to understand the method in the
simplest case (Merton’s problem).

• The idea is to transform the dynamic problem in a static
problem, where we choose a function within a set of feasi-
ble ones to maximize a functional subject to some (static)
constraint.

• Let D be the set of consumption pairs (c, Z) where c ≥ 0 is

adapted and
∫ T

0 ctdt < ∞ a.s. and Z ≥ 0 is FT measurable.

• The objective function is

sup
(c,Z,θ)∈Γ(w)

U (c, Z) (28)

• where

U (c, Z) = E

[∫ T

0

u (ct, t) + F (Z)

]
Γ (w) =

{
(c, Z, θ) : (c, Z) ∈ D̂ and

(c, Z, θ) is budget feasible

}
D̂ =

{
(c, Z) ∈ D : E

(∫ T

0 c2
t dt

)
< ∞

and E
(
Z2
)

< ∞

}

• Consider first the deflated prices and consumption

Ŝt = e−rtSt; ĉt = e−rtct and Ẑ = e−rtZ
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• From the Numeraire Invariance Theorem we obtain immedi-

ately that a strategy
(
c, Z,

(
θ0, θ

))
is budget feasible with

respect to S if and only if
(
ĉ, Ẑ,

(
θ0, θ

))
is budget feasible

with respect to Ŝ, which implies

θ0
t · 1 + θt·Ŝt = w +

∫ t

0

θu·dŜu −
∫ t

0

ĉudu ≥ 0 (29)

θ0
T + θT ·ŜT = Ẑ (30)

• Define now the constant

ν = σ−1 (μ − r1d)

• and let

ξt = exp

(
−ν ′Bt − t

2
ν ′ν

)

• Since the Novikov’s condition is trivially satisfied, since ν is
a constant, there is an equivalent martingale measure Q such
that Ŝ is a Q−martingale.

• We then have the first key result, namely, the transformation
of the dynamic budget constraint into a static one (under
Q).
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• Proposition 4: Let w > 0 be given. Then (c, Z, θ) is

budget feasible if and only if

EQ

(
e−rtZ +

∫ T

0

e−rtctdt

)
≤ w (31)

• This result, which can be greatly generalized, is the starting
point of the Martingale Solution.

• The proof is in the appendix.

8.1 The Martingale Solution

• The proposition in the previous section leads us to the fol-

lowing maximization problem

sup
(c,Z)∈D̂

U (c, Z) (32)

• subject to

EQ

(
e−rTZ +

∫ T

0

e−rtctdt

)
≤ w

• We use the following known result to solve this maximization
problem

• Saddle Point Theorem: Let U : X −→ R be concave on

a convex set X and let g : X −→ Rm be a convex function.

Consider the program

sup
x∈X

U (x) subject to g (x) ≤ 0 (33)
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• Define the Lagrangian function

L (x, λ) = U (x) − λ · g (x)

1. Suppose there exists x ∈ X such that g (x) << 0 (Slater

condition). Then if x0 solves (33), then there exists λ0 ∈
Rm such that for all (x, λ) ∈ R×Rm

L (x, λ0) ≤ L (x0, λ0) ≤ L (x0, λ)

[(x0, λ0) is a saddle point ]

2. If (x0, λ0) is a saddle point, then x0 solves (33)

• We apply this result to our problem.

• Specifically, we solve

sup
(c,Z)∈D̂

U (c, Z) − λEQ

(
e−rTZ +

∫ T

0

e−rtctdt − w

)
(34)

• with the complementary slackness condition

EQ

(
e−rTZ∗ +

∫ T

0

e−rtc∗t dt

)
= w

• It is convenient to rewrite all the expectations involved under
the same probability measure.

• Let’s choose P as the reference probability measure.
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• We know that if ξT is the Radon-Nikodym derivative

ξT =
dQ

dP

• for any random variable Z with EQ [|Z|] < ∞ we have

EQ [Z] = E [ξTZ]

• Define the state-price deflator

πt = e−rtξt

• We then have the following proposition:

• Proposition 5: There is a trading strategy θ∗ ∈ L (S) such
that (c∗, Z∗, θ∗) solves Merton’s problem (28) (or (32)) if and
only if

1.

E

(∫ T

0

πtc
∗
t dt + πTZ∗

)
= w (35)

2. there is a constant λ∗ > 0 such that (c∗, Z∗) solves

sup
(c,Z)∈D̂

L (c, Z; λ∗) (36)

where

L (c, Z; λ∗) = E

(∫ T

0

[u (ct, t) − λπtct] dt + F (Z) − λπTZ

)
(37)
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• This is direct consequence of the Saddle Point Theorem once

one shows that indeed (35) is equivalent to the constraint in

Merton’s problem (32), that is

EQ

(∫ T

0

e−rtctdt + e−rTZ

)
= w (38)

• To show it, we need the following result:

• Result: Fubini Theorem: Let Xt be a measurable process

defined on a probability space (Ω,F , P ). If

E

(∫ T

0

|Xt|dt

)
< ∞

Then

E

(∫ T

0

Xtdt

)
=

∫ T

0

E [Xt] dt

• That is, we can change the order of integration.

• Then, we have the following equalities

EQ

(∫ T

0

e−rtctdt + e−rTZ

)
= E

(
ξT

(∫ T

0

e−rtctdt + e−rTZ

))
= E

(∫ T

0

ξT e−rtctdt + e−rT ξTZ

)
(Law It. Exp. + Fubini) = E

(∫ T

0

Et

(
ξTe−rtct

)
dt + e−rT ξTZ

)
(ct known at t) = E

(∫ T

0

Et (ξT ) e−rtctdt + e−rT ξTZ

)
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(ξt is a martingale) = E

(∫ T

0

e−rtξtctdt + e−rT ξTZ

)
= E

(∫ T

0

πtctdt + πTZ

)

• This proves the proposition.

8.1.1 The Solution to the Maximization Problem

• We are left with solving the (static) optimization problem
(36).

• It turns out that we can simply use standard First Order Con-
ditions as if all the integrals involved are just “finite sums.”

• That is, take the FOC of the Lagrangian function (37) with

respect to c and Z

uc (c∗t , t) − λπt = 0

F ′ (Z) − λπT = 0

• We can solve for consumption first, which yields

c∗t = Iu (λπt, t) (39)

Z∗ = IZ (λπT ) (40)

• where Iu (., t) and IZ (., t) denote the inverse of the marginal
utility functions uc (., t) and F (.).
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• We have still to determine the necessary condition for λ∗. As
usual, we make use of the budget constraint (35) at this time.

• Define the function

ŵ (λ) = E

(∫ T

0

πtIu (λπt, t) dt + πTIZ (λπT )

)
(41)

• The budget constraint requires

ŵ (λ) = w (42)

• This equation defines the optimal Lagrangian multiplier λ∗.

• Notice that so far we have only solved for the optimal con-

sumption (c∗, Z∗) for Merton problem.
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• What happened to the optimal investment strategy?

• This is an implication of the assumption of complete mar-
kets.

• Since we know that for any given consumption plan (c, Z)
there exists a trading strategy that finances it, we have first
solved directly for the optimal consumption plans without
caring about the optimal trading strategy.

• The latter can be found as a residual once we know (c∗, Z∗)
(see below for an example).

8.1.2 Existence and the Inada Conditions

• To ensure the existence of a solution to Merton problem,
we must impose some structure to the functions u (., t) and
F (.).

• A strictly concave, increasing function F : R+ −→ R that

is differentiable on (0,∞) satisfies the Inada Conditions if

lim
x↓0

F ′ (x) = ∞
lim
x↑∞

F ′ (x) = 0

• If F satisfies the Inada Conditions, then the inverse IF of
F ′ (.) is well defined as a strictly decreasing continuous func-
tion from (0,∞) to (0,∞).

• The following condition is often imposed.
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• Condition A:

1. Either F = 0 or F is (i) differentiable on (0,∞), strictly
concave and satisfies the Inada conditions.

2. Either u = 0 or for every t, u (., t) is differentiable on
(0,∞), strictly concave and satisfies the Inada condi-
sions.

3. Either u or F is non zero.

4. For each λ, ŵ (λ) < ∞
• Theorem: Under condition A, for every initial wealth w >

0, Merton problem (28) (or (32)) has a solution (c∗, Z∗, θ∗),
where (c∗, Z∗) is given by (39) and (40) for a unique λ ∈
(0,∞)

8.2 Example 1: Utility from Final Wealth

• To see the martingale approach in action, let’s consider again

the case where u = 0 and F (Z) = Z1−γ

1−γ

• Clearly, we still have c∗t = 0. In addition, from the first order

conditions we have

Z∗ = (λπT )−
1
γ (43)

• where, we recall, we have

πt = e−rtξt = exp

(
−
(

r +
1

2
ν ′ν

)
t − ν ′Bt

)
(44)
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• and

ν = σ−1 (μ − r1d)

• We can substitute this into the equation for ŵ (λ) (41)

ŵ (λ) = E
(
πT (λπT )−

1
γ

)
(45)

• We can impose the budget constraint condition ŵ (λ) = w

w = E

(
λ− 1

γ π
1− 1

γ

T

)
= λ− 1

γE

(
π

γ−1
γ

T

)
(46)

• which yields

λ∗ =

{
1

w
E

(
π

γ−1
γ

T

)}γ

• Notice that from (44) we have that for every constant β:

E
(
πβ

T

)
= E

(
exp

(
−β

(
r +

1

2
ν ′ν

)
T − βν ′Bt

))
= exp

(
−βrT − β

1

2
ν ′νT + β21

2
ν ′νT

)
= exp

(
−βrT − β (1 − β)

1

2
ν ′νT

)

• Hence, setting β = γ−1
γ

we have

E

(
π

γ−1
γ

T

)
= exp

(
−γ − 1

γ

(
r +

1

2γ
ν ′ν

)
T

)
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• which implies

λ∗ =

{
1

w
exp

(
(1 − γ)

γ

(
r +

1

2γ
ν ′ν

)
T

)}γ

• Substitute back into (43) to obtain

Z∗ = w exp

(
(γ − 1)

γ

(
r +

1

2γ
ν ′ν

)
T

)
π
− 1

γ

T (47)

= w exp

((
1 − 1

γ

)(
r +

1

2γ
ν ′ν

)
T

)
(48)

× exp

(
1

γ

(
r +

1

2
ν ′ν

)
T +

1

γ
ν ′BT

)
(49)

= w exp

(
rT +

1

γ
ν ′νT − 1

2γ2
ν ′νT +

1

γ
ν ′BT

)
(50)

• Noitce that this Brownian motion is under P . Due to Gir-

sanov’s theorem, we can define a Brownian motion under Q

as

B̂t = Bt + νt

• Hence, we can rewrite

Z∗ = werT exp

(
− 1

2γ2
ν ′νT +

1

γ
ν ′B̂T

)

• From Novikov’s theorem, the exponent part of this random
variable is a martingale under Q.
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• The last two questions are: (1) How does Z∗ relates to the
optimal wealth and (2) what is the trading strategy that gen-
erates the optimal consumption level.

• We answer the two questions simultaneously, by making use
(constructively) of the propositions above.

• Let
(
θ0, θ

)
be a trading strategy that finances Z. Since we

know this is budget feasible with respect to (β,S), it is also

budget feasible with respect to
(
1, Ŝ

)
with Ŝ = S/β.

• Hence, we can define the wealth at time t as

Ŵt = θ0
t + θt · Ŝt = EQ

t

[
e−rTZ∗] (51)

• with W0 = θ0
0 + θ0 · Ŝ0 = w (from (38) equation (51) holds at

time 0. A similar proof, as in the one of Proposition 4, shows
it for all t).

• First, we know that

Ŵt = θ0
t + θt · Ŝt = w +

∫ t

0

θudŜu (52)

= w +

∫ t

0

θu · IŜσdB̂u (53)

• where we use the fact that we can rewrite

dŜt = IŜσdB̂t
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• (Recall that IŜ is the diagonal matrix with Ŝi
t on the ii−th

element).

• Second, we also know (see proof of Proposition 4) that under

Q the scaled wealth Ŵ = W/β is a martingale, which implies

Ŵt = EQ
t

[
e−rTZ∗]

= EQ
t

[
e−rTwerT exp

(
− 1

2γ2
ν ′νT +

1

γ
ν ′B̂T

)]
= wEQ

t

[
exp

(
− 1

2γ2
ν ′νT +

1

γ
ν ′B̂T

)]
= w exp

(
− 1

2γ2
ν ′νt +

1

γ
ν ′B̂t

)

• By applying Ito’s lemma to both sides, we have

Ŵt = w +

∫ t

0

Ŵu
1

γ
ν ′dB̂u (54)

• Comparing (54) with (53) and recalling that ν = σ−1 (μ − r1d)

we see that

Ŵu
1

γ

(
σ−1 (μ − r1d)

)′
= θuIŜσ

• This yields the portfolio weights

ϑ′ =
ISθ′

u

Wu
=

1

γ
(σσ′)−1

(μ − r1d)

• These should be confronted with (17).



Pietro Veronesi Topics in Dynamic Asset Pricing Spring 2005 TN#1, page: 54

8.3 Generalization

• The approach so far looks rather messy.

• However, the power of the result is that the existence theorem
and the characterization hold under very general conditions.

• The Bellman equation approach has the problem that one
needs to “guess” the form of the value function to obtain
results. Sometimes, it is very hard to guess it if u(Ct, t) is
not power utility.

• Indeed, if we want to study the consumption implications of
habit formation, for instance, under complete markets, we
can readily apply the martingale approach, but it is much
harder to guess the Bellman equation in this case. We will
see applications of this approach later on.

• In addition, when we insert market completeness and portfo-
lio constraints, it turns out that we can use a similar proce-
dure.

• The above result holds under the following much more general
conditions about the security prices.

• Let (β,S) be processes of the form

dβt = rtβtdt with β0 > 0 (55)

dSi
t = μi

tS
i
tdt + Si

tσ
i
tdBt with Si

0 > 0 (56)

• where r, μ =
(
μ1, ..., μd

)
and σi are bounded, adapted pro-

cesses.

• Assume again that {σt} is invertible almost everywhere.
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• Define by λt = μt − rt1d the excess return process.

• Let the d × 1 market price of risk process

νt = σ−1
t λt

• satisfy the Novikov’s condition

E

[
exp

(
1

2

∫ T

0

ν ′
tν tdt

)]
< ∞

• and finally assume that var (ξT ) < ∞, where

ξt = exp

(
−1

2

∫ t

0

ν ′
uνudu −

∫ t

0

ν ′
udBu

)

• Notice that these assumptions imply

1. Complete markets (d = N) and σ is invertible;

2. No arbitrage (there exists an equivalent martingale mea-
sure Q defined by ξT )

• Define the state-price deflator

πt = exp

(
−
∫ t

0

rudu

)
ξt (57)

= exp

(
−
∫ t

0

(
ru +

1

2
ν ′

uνu

)
du −

∫ t

0

ν ′
udBu

)
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• We then have that the optimal consumption/portfolio choice
can still be reformulated as in proposition 5, where one uses
(57) to formulate the static budget constraint.

• Again, we have that the solution for the optimal consumption

is given by

c∗t = Iu (λπt, t) (58)

Z∗ = IF (λπT ) (59)

• where Iu and IF are the inverse of the utility functions.

• In addition, by defining again

ŵ (λ) = E

(∫ T

0

πtIu (λπt, t) dt + πTIZ (λπT )

)
(60)

• the solution to λ∗ is given by the equality ŵ (λ) = w.

• Once again, one also obtains

• Proposition 6: Suppose (β,S) are processes defined by
(55) and (56). Under condition A, for any w > 0 there exists
an optimal consumption policy given by (58) and (59) for a
unique λ.

• The trouble is that we can generally only characterize con-
sumption (up to a constant λ), but not the trading strategy.

• There are a few cases where explicit solutions can be found,

but they are rare.
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9 Appendix

• Result: If
∫ t

0
θsdBs is a martingale, then

var

(∫ T

0

θtdBt

)
= E

(∫ T

0

θ2
t dt

)

– Proof of Proposition 3 : “IF”. First, we immediately
have that N ≥ d (otherwise rank (σ) < d).

– Let Y be any random variable with finite variance. Let
Z = S/β and let Q be an equivalent martingale measure
with respect to Z.

– From Ito’s lemma

dZt =

(
−rtZt +

μt

βt

)
dt +

σt

βt

dBt

– Since Q is an equivalent martingale measure for Z, there

exists B̂ under Q such that

dZt =
σt

βt

dB̂t (61)

– Since by definition St = Zt × βt, Ito’s lemma shows

dSt = rtdt + σtdB̂t

– (This by itself is an interesting result!)

– Consider now the process

Mt = EQ

[
Y

βT

|Ft

]
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– This is a martingale under Q, and hence we can apply
the following result:

– Result: Martingale representation theorem: For any

(local) Q−martingale Mt, there exists a d−dimensional

process η ∈ L
(
B̂
)

such that

Mt = M0 +

∫ t

0

ηudB̂u

– Since rank (σ) = d, we also have that there exists a

N−dimensional adapted process θ that satisfies the sys-

tem

θt · σt = βtηt (62)

– Finally, let

θ0
t = M0 +

∫ t

0

θsdZs − θtZt

– Notice that
(
θ0, θ

)
is self-financing with respect to the

(deflated) price process (1,Z). In fact(
θ0

t , θt

) · (1,Zt) = M0 +

∫ t

0

θsdZs − θtZt + θtZt

=
(
θ0

0, θ0

) · (1,Z0) +

∫ t

0

θsdZs

=
(
θ0

0, θ0

) · (1,Z0) +

∫ t

0

(
θ0

s, θs

)
(0, dZs)
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– Also, by using (61)(
θ0

T , θT

) · (1,ZT ) = M0 +

∫ T

0

θsdZs = M0 +

∫ T

0

θs
σs

βs

dB̂s

= M0 +

∫ T

0

ηsdB̂s = MT

= E

[
Y

βT

|FT

]
=

Y

βT

– Hence, markets are complete under the deflated price sys-
tem (1,Z) . The numeraire invariance theorem implies
that markets are complete under the price system (β,S).

– “ONLY IF.” Suppose now that it is not true that rank (σ) =
d (almost everywhere). Then (62) does not have any so-

lution for some ηt ∈ L
(
B̂
)

.

– It is possible to show that this implies that there exists no
self-financing trading strategy

(
θ0

t , θt

)
for (1,Z) such that(

θ0
T , θT

)·(1,ZT ) =
∫ T

0 ηsdB̂s and hence no trading strat-

egy with respect to (β,S) yielding
(
θ0

T , θT

) · (βT ,ST ) =

βT

∫ T

0 ηsdB̂s.

– Define Y = βT

∫ T

0 ηsdB̂s and the theorem is shown.�

• Proof of Proposition 4 : ONLY IF. Suppose (c, Z, θ) is bud-

get feasible. Then, there exists θ ∈ L
(
Ŝ
)

satisfying (29)

and (30), that is

θ0
T · 1 + θT ·ŜT = w +

∫ T

0

θu·dŜu −
∫ T

0

e−rucudu
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• or, from (30)

e−rTZ +

∫ T

0

e−rucudu = w +

∫ T

0

θu·dŜu (63)

• It is easy to show that the LHS of (11) has finite expectation
under Q.

• Since Ŝ is a martingale under Q we have that Mt = w +∫ t

0
θsdŜ is a local martingale. It is also non-negative by (29),

and hence it is a supermartingale under Q (for this, see TN
0).

• This implies

EQ

(
w +

∫ T

0

θudŜu

)
≤ w

• Hence, from (11) we have

EQ

(
e−rTZ +

∫ T

0

e−rucudu

)
= EQ

(
w +

∫ T

0

θu·dŜu

)
≤ w

• IF. Suppose (31) is satisfied by (c, Z) ∈ D̂. Define the

Q−martingale by

Mt = EQ
t

(
e−rTZ +

∫ T

0

e−rtctdt

)
(64)
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• where we assume M0 = w without loss of generality.

• Using the martingale representation theorem, we can find a

d-dimensional process η such that

Mt = w +

∫ t

0

ηsdB̂s

• where B̂t = Bt + νt is a Brownian motion under Q (see
Girsanov’s Theorem).

• Notice that using the definition of B̂ and ν = σ−1 (μ−r1d)

we have immediately

dŜi
t = Ŝi

tσ
idB̂t

• Choose now a process {θt} that satisfies(
θt � Ŝt

)
· σ = ηt

• where � denotes the element-by-element product. Such a
process can be found because σ is invertible.

• Hence

Mt = w +

∫ t

0

ηudB̂u = w +
d∑

i=1

∫ t

0

θi
uŜ

i
uσ

idB̂u

= w +

∫ t

0

θudŜu (65)
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• Also, let the investment in bonds be the residual:

θ0
t = Mt − θt · Ŝt −

∫ t

0

e−rucudu

• Clearly, we have

θ0
t + θt · Ŝt = Mt −

∫ t

0

e−rucudu

= EQ
t

(
e−rTZ +

∫ T

t

e−rucudu

)
≥ 0

• where we used (64) for Mt. In addition, using instead (65)

θ0
t + θt · Ŝt = Mt −

∫ t

0

e−rucudu

= w +

∫ t

0

θudŜu −
∫ t

0

e−rucudu

• and

θ0
T + θT · ŜT = MT −

∫ T

0

e−rucudu

= e−rTZ +

∫ T

0

e−rtctdt −
∫ T

0

e−rucudu

= e−rTZ

• where the second equality stems again from the definition of
Mt in (64).
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• This shows that (c, Z) is budget feasible with respect to

Ŝ, which implies the one with respect to S, concluding the
proof.�




