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Solutions to Midterm

1. This question can be answered following the lecture note or textbook.

(a) Using the square-root matrix >Y2 such that & = Y222 we can take the
transformation
2y = 212Z3 4+ =712,

Rewrite the above equation as
Y* - Z*,B + €,

where €, = X7/2¢ such that Cov(e,) = I, the identity matrix. Then, the estimate
of B is X
B=(Z.Z2,)'ZY,= (222 (Z5'Y).

The residuals in this case is
e=Y-Y=Y-23=(I-H,Y,

where H, = Z'(Z'S7'Z)'ZX™!. It is easy to show that E(e) = 0 and Cov(e)
=X~ Z(Z'¥2"'Z)7'Z'. Hence, ¢; is normally distributed with mean zero and
variance ~;;, where ~;; is the ith diagonal element of Cov(e).

(b) No, they are typically correlated with Cov(é;, €;) = —h;;02, where h;; is the (4, j)th
element of H.

~l ~l
(c) Ye=pZ'e =0, because Z'¢ = 0.
2. Note that X = CZ, where
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(a) X ~ No(Cpu,CIC'), taht is, X ~ Ny(p,, X,), where
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(b) X ~ Na(p,,3,) because Z3 and X are independent.

(c) X1~ N(3,2).

(d) Using Y = (1,1,—1)W, where W = (X', Z3) which is multivariate normal with
mean (3,5,3) and covariance matrix diag(%,, 1), we obtain Y ~ N(5,7).



3. X, is an MA(1) process. It is easy to obtain that Cov(X;) = X +0X0', T'; = —0%,
I, =-36 and T, =0 for |k| > 1.

(a) B(X,) = E(ZL, X)) =2, B(X) =c

(b) Cov(vnX,) = +Cov(¥f, X;) = £[nLo+ (n — 1)T'y + (n — 1)I'_y].
(c) Taking the limit of part (b), we have 'y + Ty +T_; = ¥ — 036" — 6% — 26’

4. Use the attache doutput.

(a) (96.46,42.91,35.37,14.51,25.63,9.57,9.71)’ and (99.34, 43.74, 39.31, 14.66, 30.00, 9.66, 9.37)".

(b) Based on the S-Plus output, the two means are significantly different at the 5%
level.

(c) Based on the maximization lemma, the linear combination is given by the vector
a in Matlab output. That is, (.006,.151, —.854,.268, —.383, —2.187,2.971)’.

(d) You may use the t-dist as in Section 6.5 to construct the simultaneous C.I. as

2 X S
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where d; is the ith element of the mean difference and s;; is the (,7)th element of
the pooled covariance estimate given in the Matlab output. The

(e) Normality, independent samples, and equal covariance matrices.



