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Lecture 3: Comparisions between several multivariate means

Key concepts:
1. Paired comparison & repeated measures
2. Comparing means of two populations
3. Comparing means of several populations: One-way multivariate analysis of variance
4. Testing for equality of covariance matrices
5. Two-way multivariate analysis of variance
6. Profile analysis
7. Growth curves

Key assumption: Normality or large sample sizes.

1 Paired comparison

A procedure to eliminate the influence of extraneous unit-to-unit variation. Measures are
taken on the same or identical units for different treatments.

Recall the univariate paired t-test. Let X;; and Xj, be the response of unit j to treatment
1 and 2, respectively, where j =1,...,n. Let D; = Xj; — Xj» be the difference between the
treatments. This is so because both responses are from the same or idential unit.

Assume D; ~ N(6,03). Consider the testing problem with H, : 6 = 0 versus H, : § # 0.
The paried t-test is -

2

s/

where D = L3 |\ D; and s7 = -5 Y7 (D; — D)?. One rejects H, if and only if [¢] >
tn—1(/2). The corresponding 100(1 — )% confidence interval for the mean difference § =

E(XJ — ij) is

t
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Generalization: Suppose that p measurements are taken from each unit so that the re-
sponses are X1;; and Xyj;, where X ; is the measure of the ¢th variable of j unit for treatment



1, and Xyj; is the measure of the ith variable of j unit for treatment 2. The difference is
then Dji = lei — X2ji and Dj = (Djh c. ,Djp)/.

Assume that E(D;) = § = (61,...,0,)" and cov(D;) = X, If we further assume D; ~
N,(8,%,), then we can make inference about § using the Hotelling’s T? statistic

T2 = n(D — 8YS7(D — 8),

where | . .
D:—ZD] and S(?:— (D]—D)(D]—D)
n i3 n—1:

Result 6.1. Let the differences Dy, ..., D, be a random sample from an N,(d, %,) popu-
lation. Then,

T2 = n(D - 8YS;Y(D - 9)

is distributed as an [(n — 1)p/(n — p)]Fpn—, random variable. If n and n — p are both large,
T? is approximately distributed as x7 random variable.

Inference: Suppose the random sample consists of dy, . . ., d,, and the population is N, (9, 2,).
Then, reject H, : § = 0 in favor of H, : § # 0 if
13 —1Lp
1 —ndssids "y
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A 100(1 — )% confidence region for ¢ is
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A 100(1 — «)% simultaneous confidence intervals for the individual mean differences ¢; are

_ —1 2
d, + \/qum_p(a) Sdz’
n—op n

where d; is the ith element of d and s3 is the (i,4)th element of S,;. The Bonferroni
100(1 — a)% simultaneous confidence intervals for the individual mean differences are

d; & tn_l(a/(Qp))\/%.

Finally, if n and n — p are sufficiently large, then the normality assumption can be dropped,
and the simultaneous C.Ls can be obtained by replacing [(n—1)p/(n—p)|F,n—p(a) by x2(a).
Remark: The R programs of Chapter 5 can be used to perform paired comparison.
Example: Consider the data on Table 6.1 of the text.



> x=read.table("T6-1.DAT")

> di1=x[,1]1-x[,3]
> d2=x[,2]-x[,4]
> d=cbind(d1,d2)

> source(’Hotelling.txt’)
> hotelling(d,rep(0,2))

[,1]
Hoteliing-T2 13.63931214
p.value 0.02082779

> source("r-cregion.txt")
> confreg(d)
[1] "C.R. based on T"2"

[,1] [,2]
[1,] -22.453272 3.726000
[2,] -5.700119 32.245574
[1] "CR based on individual t"

[,1] [,2]

[1,] -18.8467298 0.1194570
[2,] -0.4725958 27.0180504
[1] "CR based on Bonferroni"

[,1] [,2]
[1,] -20.573107 1.845835
[2,] -2.974903 29.520358
[1] "Asymp. simu. CR"

[,1] [,2]
[1,] -19.781395 1.054122
[2,] -1.827351 28.372806

Constrast matrix.

Definition: A p-dimensional vector is called a contrast vector if its elements sume to zero.
By definition, constrast vectors are orthogonal to the vector of ones. A m X k matrix is
called a contrast matriz if all its rows are contrast vectors. For example, ¢ = (1,0, —1,0)’ is
a contrast vector.

The above paired comparisons can be achieved by using contrast matrix. For example,
consider the effluent data of Example 6.1. Instead of computing the differenced data, we can
directly use the observations in Table 6.1. The observation for Sample 1 is &, = (6, 27, 25.15)".
Construct the contrast matrix

e=[30 7 1) o



Clearly, the differenced data are d; = Czx; for j = 1,...,n. Furthermore, d = CZ and
S, = CSC', where S is the sample covariance matrix of the data. The T2 statistic then
becomes

T° =nx'C'(CSC') 'C'z.
Consequently, there is no need to calculate the differenced data d.
This idea is particularly useful in analyzing repeated measures in which different treatments
are applied the each unit once over successive periods of time. Suppose there are ¢ treatments,
then the observation for the jth unit is

Xj = (lean2,~->qu),v 7=1...,n.

Let p = X. To test the hypothesis that all treatments have the same effect is equivalent to
test all elements of p are equal. To this end, we can construct the contrast matrix C as

P — fh2 1 -1 0 - 0 th
R e A R
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or Cy as
M1 — H2 1 -1 0 --0 0 H1
S e N e R
p—me ) Lo 001 ],

The problem then is to test Cipu = 0 or Cop = 0. [Other contrast matrices are available. ]
This results in using the T2 test statistic as

T2 = n(CX)(CSC')'CX.

Remark. The 77 statistic does not depend on the choice of contrast matrix C. This is
because rank(C') = rank(Cs) = ¢ — 1 and each row of C; are orthogonal to the vector
of ones. Consequently, the rows of C; and the rows of Cs span the (¢ — 1)-dimensional
subspace that is orthogonal to 1,. Thus, there exists a non-singular matrix B ,_1)x(4-1)
such that Cy = BC. For instance, for the C'; and C5, matrices given above, we have

100 0 --- 0
1100 ---0
B:lllO"'O
1111 -1

It is then easy to show that C; and C, give the same T2 statistic.



Based on the prior discussion, we can test the equality of treatments in a repeated measures
case by using the result below.
Consider an N,(uX) population. Let C be a contrast matrix. An a-level test of H, : Cpu =0
versus H, : Cp # 0 is to reject H, if
n—1)(qg—1

1% =n(Cz)(CSC')"'CZ > (n_)q(i_l)Fq—l,n—q-i-l(O‘)>
where & and S are the sample mean and covariance matrix. A confidence region for the
contrasts C'p is

_ / =1/ (n—-1(g-1)
n(Cx — Cu)(CSC") " (Cz —Cu) < Th—g+1

qul,nqurl'

Consequently, simultaneous 100(1 — «)% confidence intervals for the single contrasts ¢/C' for
any contrast vectors of interest are

¢F+ \/ wﬂ,mﬂ(a)\/ c¢Se.

n—q+1 n

Example. Consider the Sleeping-dog data in Table 6.2. There are 19 observations and four
treatments. To analyze the data, a R program called r-contrast.txt is developed. The
analysis is given below:

> x=read.table("T6-2.DAT")
> dim(x)

[1] 19 4

> x

Vi V2 V3 V4
426 609 556 600
253 236 392 395
359 433 349 357
432 431 522 600
405 426 513 513
324 438 507 539
310 312 410 456
326 326 350 504
375 447 547 548
286 286 403 422
349 382 473 497
429 410 488 547
348 377 447 514
412 473 472 446
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15 347 326 455 468
16 434 458 637 524
17 364 367 432 469
18 420 395 508 531
19 397 556 645 625
> source("r-contrast.txt")
> cmtx=matrix(c(-1,1,1,-1,-1,-1,1,1,-1,1,-1,1),3,4)
> cmtx
(,11 [,2] [,3] [,4]
[1,] -1 -1 1 1
[2,] 1 -1 1 -1
[3,] 1 -1 -1 1
> contrast(x,cmtx)
[1] "Hotelling Tsq statistics & p-value"
[1] 1.160163e+02 3.317767e-07
[1] "Simultaneous C.I. for each contrast"
[,1] [,2]
[1,] 135.65030 282.98128
[2,] -114.72708 -5.37818
[3,] -78.72858 53.14964

2 Comparing mean vectors of two populations

The setup

1. X141, X12,...,X4,, are p-dimensional random sample of size n; from a population
with mean g, and covariance matrix ;.

2. Xo1,X99,...,X2,, are p-dimensional random sample of size n, from a population
with mean p, and covariance matrix 3.

3. The two random samples are independent.
If ny and ns are small, some additional assumptions are needed. They are

1. both populations are normal,
2. 3, =3,=3.

Problem of interest: H, : p; — py = 0, versus H, : py — o # 9.

Denote the sample mean and covariance of the random samples by &, and S; and &, and
S, respectively. Under the assumption that 3; = 3,, we can obtain a pooled estimate of
the covariance matrix

n1—1 n2—1

Spool = S2-

ny+ng — 2 ! ny +ng — 2
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This pooled estimate is consistent as E(S,o) = X. Note that E(X; — X3) = py — py

and Cov(X; — X3) = Cov(X,;) + Cov(X,) = n%E + %22, which can be estimated by

(i + 75) Spool-

The following result holds.

Result 6.2. If X1, X19,..., X1, form arandom sample from N,(p;,3) and X1, X oo, ..., Xop,

forms a random sample from N,(p,, ¥) and the two random samples are independent, then

T? =[X1 — Xo— (p; — o)) [(nil + n%) Spooz]l (X1 — X — (py — po)]

is distributed as
(ny +mng —2)p

(ng+nyg—p—1)

Epnytny—p-1-

Consequently,
Pr(T* <) =1-a,

2 _ _(nitna—2)p
where ¢ = nitnz—p-1) p7n1+n2_p_1(04).

Proof: (1) X1 — Xy ~ Ny(py — po, [(1/m1) + (1/n2)]X), (2) (m — 1)S1 ~ Wyy—1(2)
and (ny — 1)Sy ~ W,,,1(X), and (3) (n; — 1)S; and (ny — 1)S;, are independent so that
(n1 — 1)51 -+ (ng — 1)52 ~ Wn1+n2—2(2)'

Result 6.3. Let ¢* = %Fp,nﬁnzw—l(a}. With probability 1 — a,

_ _ 1 1
a(X;— X, + c\/a’ ( + ) S pool@

ny U

will cover a’(py — py) for all a. Thus, the simultaneous confidence intervals for piq; — pg; is

- > 1 1 ,
(X1 — Xoi) £ c\/<— + —) Siipools = 1,...,D.

ny ng

THe Bonferroni 100(1 — )% simultaneous C.I. for py; — po; are

(T1; — Toi) £ tn1+n2—2(a/(2p))\/(1 + 1) 843, pool

ny U

Case: i # 35. In this case, there is no pooling in covariance matrix estimation and
we typically require that ny — p and ny — p are sufficiently large. One can then replace
(r% + n%) S pool DY H%S 1+ %252 and F-distribution by ij distribution.



When n; = ny = n, then

1 1
—81+—8; =
ny ng

* %) <<n —(711)_&?— RO —(q)_jz?— 1))

1) (n—1)81+(n—-1)8,
_|__
n+n-—2

n
1
— | Spoot-
+n> poct

Thus, where n; = ns, the large sample procedure is essentially the same as the one using
pooled covariance matrix. The impact of unequal covariance matrices is, therefore, least
when the sample sizes are equal. The impact would be greater if either n; < ny or ny < ny.

The Behrens-Fisher Problem.

Test H, : py — py = 0 versus H, : p; — py 7# 0, where the two populations are normally
distributed, but have different covariance matrices, and the sample sizes are not large. [Of
course, nq > p and ny > p are needed.|

The key issue is the distribution of

T? =[X1— Xy — (1 — o)) [nisl + isz]_l (X1 — X — (1 — py)]

when ny — p and ny — p are small.

This problem has been widely studied in the literature; see, for instance, Krishnamoorthy
and Yu (2004, Statistics € Probability Letters) and Nel and Van der Merwe (1986, Commu-
nations in Statistics - Theory and Methods). A recommended method is to approximate the
distribution of T? as

vp
T2 = 1Fp,v7p+17

v—p+
where

p+p°

stk (25 s 9 ) |+ (o[ (2si+ 1) 7))

where min(ny, ng) < v < ny + no.

Remark: A R script Behrens.txt is available to perform the test. See course web. For
illustration, consider the efluent data on Table 6.1. The paired comparison rejects the null
hypothesis of equal means. The result of using Behrens-Fisher approach is given below.

v =

Y

> x=read.table("T6-1.DAT")
> dim(x)



[1] 11 4

> x1=x[,1:2]

> x2=x[,3:4]

> source("Behrens.txt")

> Behrens(x1,x2)

[1] "Estimate of v: "

[1] 18.7012

[1] "Test result:"
[,1]

Test-T2 12.66480498

p.value 0.01028599

It also rejects the null hypothesis.

3 Comparing mean vectors of several populations

Setup: g populations, and n, observations for population £.

1. {X1,X02,...,Xp,} is arandom sample pf size n, from a population with mean p,,
where £ =1,...,¢g. The random samples from different populations are independent.

2. All populations have a common covariance matrix 3, which is positive definite.
3. Each population is multivariate normal, assuming dimension p.

The condition 3 can be relaxed when the sample size is sufficiently large.

Hypothesis of interest H, : py = py = --- = p, versus H, : p; # p; for some 1 <4,5 < g
and 7 # j.

Univariate case: Recall the case of p = 1. The null hypothesis of 3 = o = --- = py can
be written as 7 = 73 = --- = 7, = 0, where 7; is the deviation of y; from the ovserall mean

Wy le., = pu+7j.
The model can then be written as

Xyj=p+10+ e, C=1,...,g;5=1,... ny,
where e, ; ~ N(0,02). For unique identification of parameters, it is commonly assumed that

22:1 NeTy = 0
For the data, ananalogous decomposition is

Tej =T+ (T — T) + (z05 — 7o),

where T = (327, 7%, w5)/n with n = 0_ ng, 2¢ = (7%, 245)/ne. Here T is an estimate
of p, (Zo — ) is an estimate of 7, and (xy; — Z,) is an estimate of the error term ey ;.



Subtracting z from the prior equation, taking squares, and summing, we have the identity
ZZ Tej— ZW (7, — 1) +ZZ T — Te)”. (2)
{=1j=1 {=1j=1

The cross-product term drops because it is zero, indicating the terms are orthogonal to each
other. This identity is often thought of as

< Sum of Squares ) B < Sum of Squares ) ( Sum of Squares )

of Total Variations of Treatments of Residuals

In addition, the number of independent quantities in each term of the above identity is
related by

9 9
Yng—1=(g—-1)+> (n,—1).
=1 =1

This is known as the degrees of freedom for each term.
The univariate Analysis of Variance Table (ANOVA) is a summary of the aboev results.

Source Degrees of
of variation Sum of Squares freedom
Treatments SSi = 30_ 1 ne(Ty — T)* g—1

Residuals ~ SSyes = Y0 255 (24 — T)% S mg—

The usual F-test rejects the null hypothesis H, : 7y = 7 = --- = 7, = 0 at the « level if

SSuw/(g —1)
F, .
Ssres/ (ZZ:I Ny — g) = g-1,% ni—g

The rational for the F-test is as follows. Z, is an estimate of p, so that the numerator is
a weighted measure of the variation of z, between the g populations, where the weights
depend on the sample size of each population. The issue then is to judge the magnitude
of this variation. The denominator provides a reference measure of the variation because
it is an estimate of the random variation (i.e., 02) of the data. If the variation between
the populations is large with respect to the random noises, then the means are said to be
different.

F =

Remark: The R command for univariate analysis of variance is aov. For illustration,
consider the data in Example 6.7 of the text. The R analysis corresponding to that of
Example 6.8 is as follows.

10



> x=c(1,1,1,2,2,3,3,3)
> y=¢(9,6,9,0,2,3,1,2)
> gl=factor(x)
> gl
[1] 11122333
Levels: 1 2 3
> help(aov)
> ml=aov(y~gl)
> ml
Call:
aov(formula = y = gl)

Terms:

gl Residuals
Sum of Squares 78 10
Deg. of Freedom 2 5

Residual standard error: 1.414214
Estimated effects may be unbalanced
> summary (m1)
Df Sum Sq Mean Sq F value Pr(>F)
gl 2 78 39 19.5 0.004353 *x*
Residuals 5 10 2

Multivariate case. When p > 1, the model becomes
Xyj=p+1i+ey  j=1,...,n5 L=1,...,9g
where e;; ~ N,(0,X). As before, p is the overall mean vector, and 7, denotes the (th
treatment effect satisfying >>9_; ny7, = 0.
The data can be decomposed as
ng =+ (Cig — i) + (CB&J‘ — fg).

Subtracting & from the prior equation, post-multiplying by its own transpose and summing,
we obtain

ZZ xo; — &) (T — an Ty—)(Ty—T) —i—ZZ xoj — To)(Toj — Ty)',
{=1j=1 (=1j=1

where, as in the univariate case, the cross-product term sums to zero. For ease in notation,
we define

W = ZZ 33473 :I,'gj—ilfg)

/=1j=1
= (n1—1)51+(n2—1)52+—I—(ng—l)Sg,

11



to represent the within population sum of squares and cross products matrix, and

g
B=> n(x, — )& —x)
=1
to denote the between population sum of squares and cross-products matrix. The hypothesis
of no treatment effects, H, : 71 = 73 = --- = 7, = 0, is tested by considering the relative
sizes of the treatment and residual sums of squares and cross-products.
The multivariate analysis of variance (MANOVA) table is given by

Source Matrix of sum of squares Degrees of
of variation and cross-products freedom
Treatment B=Y7 n(x—x)(& — ) g—1

Residuals W = 2221 Z?il (aﬁg,j — iﬁg)(mgd — ig)/ 2221 Neg — @

Total B+W =30 Y0 (2 —Z)(xey; — &) Y n—g

The test then involves generalized variances, i.e. determinant of the covariance matrix.
Specifically, one rejects H, if

PO L S0 S (e — &) (g — &)|
[B+WI[ |20, 50 (w0 — &) (a0, — B

is too small. This test statistics was proposed by Wilks and is commonly referred to as
Wilk’s lambda. The distribution of of A* is given in Table 6.3 of the text for some special
cases (p. 303). For other cases and large sample sizes, a modification of A* due to Bartlett
(1938) can be used. Specifically, if H, is true and >, n, = n is large,

has approximately a chi-square distribution with p(g — 1) degrees of freedom.

Remark. The R command for multivariate analysis of variance is manova. Below are some
examples.

> help(manova)
> help(summary.manova)

**x Example 6.9 of the text on Page 304 and 305.

> x=matrix(c(1,1,1,2,2,3,3,3,9,6,9,0,2,3,1,2,3,2,7,4,0,8,9,7),8,3)
> X

12



(11 [,2] [,3]
[1,] 1 9
[2,]
[3,]
(4,]
[5,]
(6,]
[7,]
[8,] 3 2
> facl=factor(x[,1])
> xx=x[,2:3]

W W NN - =
= W N O OO®

3
2
7
£
0
8
9
7
]

> m2=manova(xx~facl)
> m2
Call:

manova(xx ~ facl)

Terms:

facl Residuals
resp 1 78 10
resp 2 48 24
Deg. of Freedom 2 5

Residual standard error: 1.414214 2.190890
Estimated effects may be unbalanced

> summary (m2)

Df Pillai approx F num Df den Df Pr(>F)
facl 2 1.5408 8.3882 4 10 0.003096 *x*
Residuals b5

> summary (m2,test=’Wilks’)

Df Wilks approx F num Df den Df Pr(>F)
facl 2 0.0385 8.1989 4 8 0.006234 *x
Residuals b

** Another example *x*
> help(gl) Y% generates factors
> da=read.table("t6-9.dat")

13



> dim(da)

[1] 48 4
> y=cbind(dal[,1],dal[,2],dal,3])
> gen=factor(gl(2,24))
> gen

] 1111111111111 11111111111
[25] 222222222222222222222222
Levels: 1 2
> ml=manova(y~gen)
> ml
Call:

manova(y ~ gen)

Terms:

gen Residuals
resp 1 6165.333 13576.583
resp 2 2451.021 5100.792
resp 3 1541.333 1747.917
Deg. of Freedom 1 46

Residual standard error: 17.17973 10.53028 6.164267
Estimated effects may be unbalanced

> summary (ml,test="Wilks")

Df Wilks approx F num Df den Df Pr (>F)
gen 1 0.3886 23.0782 3 44 3.967e-09 *x*x
Residuals 46

Signif. codes: O ’**xx’> 0.001 ’*x’ 0.01 ’%’ 0.05 ’.” 0.1 > 7> 1

If the null hypothesis of equal mean vectors are rejected, then one can use simulataneous
confidence intervals between the components of mean vectors to study the differences between
the means. Or equivalently, consider the components of the treatment-effect vectors .
Consider the difference between the ith component of the treatment vectors 7, and 7, i.e.
Tki — Tri- The sample estimate is 7y; — 70 = (Tps — Ti) — (Toy — Ti) = Ty — oy Since
random samples are independent between populations, we have

_ _ 1 1
Var(7y,; — 7)) = Var(Xy,; — Xy;) = (n_ + n_g) Oii,
k

Wi

where 0;; is the (4,7)th element of 3. In addition, 65 = -* 2 where w;; is the (7,7)th element

of W and n = Y7_; ny. For g populations with p dimensional data, there are p variables
and g(g—1)/2 pairwise differences so that the Bonferroni critical value if ¢,,_,(a/(2m)) with

14



m = pg(g — 1)/2. Consequently, with probability at least 1 — a, 73,; — 7¢,; belongs to

Q Wi; 1 1
Tpi — Tog) £ tn = <—+—>
(@ ) J (pg(g - 1)) \/n —g \np ng

for all i = 1,...p and all differences ¢ <k =1,...,9.

4 Testing for equality of covariance matrices

The setup: ¢ populations and p variables. The covariance matrix of population j is X;,
which is positive definite.

H,: 3 =3%y=---=3,=3 versus H, : 3; # X, for some 1 <i # j < g.

The most commonly used test statistic is the Box’s M test. It is a likelihood-ratio type of
test. Under the normality assumption, the likelihood ratio statistic fof testing equality in

covariance matrix is
|S | (ng—1)/2
H |S pooll

where n, is the sample size of the ¢th population, S, is the sample covariance matrix of /th
population and

1

S ool — =g /4~
poct Zg:l(nf —1)

(1 —1)S1+ (ne—1)S2+---+(ng — 1)8],

is the pooled sample covariance matrix. Box’s test is based on a x? approximation to the
sampling distribution of —21In(A). Specifically,

g

M= -2In(A) = [Z(nz - 1)] (]S poot|) — i [(ne — 1) In(]Se))]-
=1

l=1

Under H,, S, are not expected to differ too much so that they should be close to S,,. In
this case, the ratio of determinants should be close to 1 and the M-statistic will be small.
Box’s test. Let

J 1 2p? +3p — 1
o L; (ne—1) X (ne— 1)] [6(p+ 1)(g - 1)] ’

where p is the number of variables and g is the number of populations. Then
g9 g9
C=(1—-uM = (1—u){[2(n5—1)1 0(|Spoot|) — D _[(ne — 1) In( \Sg\)]}
=1

(=1

has an approximate x? distribution with v = %p(pjL 1)(g—1) degrees of freedom. One rejects
Ho i C> X 41)(g-1)/2(0)-
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Remark: A simple R script, called Box-M.txt is written to perform the Box-M test for
equal covariance matrices. For illustration, consider the data in Table 6.1. The null hy-
pothesis cannot be rejected at the 5% level. The program requires two input variables: (a)
data set and (b) a vector of (nq,ng,...,n,) of sample sizes. The data set are arranged in
population ordering that matches the sample size vector.

> source("Box-M.txt")
> mm=Box.M(y,nv)
[1] "Test result:"
[,1]
Box.M-C 4.0572053
p.value 0.2553529
> names (mm)
[1] "Box.M" "Test.Stat" "p.value"

5 Two-way multivariate analysis of variance

Univariate case: The model is
X@kr:,u—i_TZ_'—ﬂk_'_fka_'—efkr; 62177.9; k:177b7 7’:17...771

where 3070 = X0 B = S0 vk = Yo Ve = 0 and eg,. ~ N(0,0%). Here p is the
overall mean, representing the general leve of response, 7y is the fixed effect of factor 1, 3y is
the fixed effect of factor 2, and 7y is the interaction between factor 1 and factor 2.

For the data, the corresponding decomposition is

Tppr =T+ (Tp. = %) + (Tg — T) + (Top — To. — T + T) + (Torr — Tor),
. - 1 b - 1
where 7 is the overall sample mean, T, = - 2201 >0 Tokr, Th = o S0 > | Tk, and

LS 2u,. Subtracting #, squaring and summing, we have the identity

Tek = o,

g b n g
SN (o — ) = D bn(z, —7)° +Zgnmk—x

(=1 k=1r=1 =1
g g b n
+ Zzn(ijk — Ty, —f,k+j)2+zzz xékr _xﬁk
(=1k=1 =1 k=1r=1

This identity is commonly expressed as
SStot = SSfact + SStaca + SSint + S Sres.
The corresponding degrees of freedom is
gn—1=(g—1)+(b-1)+(g—1)(b—1)+gb(n—1).

The univariate analysis of variance table is simply the summary of the prior two equations.
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Univariate Two-Way Analysis of Variance Table

Source Sum of Degrees of Mean F-
of variation Squares Freedom Squares ratio
SStac MSyac
Factor 1 SStact g—1 MStoe = s%il L M%éEl
Factor 2 SSfac2 b—1 MSjaen = 75552 Y

Interaction  SS;;  (g—1)(b—1) MS; = (gij?ﬁi . ]\]\4/[%5
Residuals SSyes gb(n —1) MSE = gbs(n:ei)

Total S'Stot gbn — 1

In the table, mean squares are defined as the sum of squares divided by its degrees of freedom.
For instance, MSE = m S S S (we — Tar)?, which is an estimate of o2,

The hypothesis of no interation, H, : v4 = 0 for all £ and k versus H, : v # 0 for some
¢ and k, can be tested by the F-ratio F' = J‘](fgg ~ Fly_1)(b-1),gb(n—1)- Similar tests can be
done for the factor effects.

Multivariate case. The multivariate version of the model is
kar:ll/+7€+/3k+7ek+eékra gzl,...,g; ]{7:1,...,(); Tzl,...,n,

where eg, ~ N,(0,%), and Y0_, 70 = Y4y By, = S0y Yo = Sher Yo, = 0.
The corresponding decomposition for the data is

Topr =T+ (T —Z)+ (X —Z)+ (B — T — T+ T) + (Togr — Tine-

This leads to the identity

b

i Z i(wfkr - a‘:)(azm — :ﬁ)/ =

{=1k=1r=1

n(z, — x)(Te. — &) + l; gn(Zp — Z) (T — )

M=

)
X

n(i:gk — Cﬁg. — CE,]@ -+ CE)(.’E@]C — 3_3@ — 3_3.]6 -+ 3_3)/

_l’_
M=
M=

~
Il
—
£
Il
—

(Tokr — ZTor) (Tegr — Tor)'-

+
MQ
M=
WE

1

~
Il
—
e
Il
i
S
Il

Denote the identity as
SSPtot = SSPfacl + SSPfacQ + SSPmt + SSPT‘687

where SSP stands for sum of squares and cross-products. The identity for the degrees of
freedom remains the same as the univariate case. Similarly, we can construct a multivariate
Two-Way Analysis of Variance table as the univariate case. However, the tests are conducted
based on the generalized variances.
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A test of no interaction,
H,:~vy =0 foral ¢k vs H,:v, #0 some /k

is the likelihood ratio statistic

B |SSPes|
B |SS-Pmt + SSP’/‘65| .

A*

Using Bartlett’s approximation, one reject H, at the « level if

Cptl—(g-DB-1)

— |gb(n —1) 9 In(A*) > X?g—l)(b—l)p(a)'
The main effect of factor 1 is tested by
Hy:my=719=-=7,=0 vs H,:7;,#0 forsome /.

The test statistic is
|SSPres|

S8 Pper + SSPes|’

The correspoding Bartlett’s approximation is

A*

p+1l—(9—1) :
—lgb(n—1) — 5 In(A*) ~ X%gfl)p
Similarly, the main effect of factor 2 is tested by
H,:B,=8,=---=08,=0 vs H,:8,#0 forsome k.

The test statistic is
|SSP,es|

|89 Paez + SSP|

The correspoding Bartlett’s approximation is

A*

B gb(n_l)_p+1—(b—1)

In(A%) ~ X%b—l)p'

When a null hypothesis is rejected, one can consider the simultaneous confidence intervals
(based on Bonferroni method) to conduct further study.

*xx Third example *x** Two factors
> da=read.table("T6-4.dat")
> da
Vviv2 V3 V4 Vb
1 0 06.5 9.564.4
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2 0 06.2 9.96.4
3 0 05.8 9.6 3.0
4 0 06.5 9.64.1
5 0 06.5 9.20.8
6 0 16.9 9.15.7
7 0 17.210.0 2.0
8 0 16.9 9.9 3.9
9 0 16.1 9.51.9
10 0 16.3 9.45.7
11 1 06.7 9.1 2.8
12 1 06.6 9.3 4.1
131 07.2 8.3 3.8
14 1 07.1 8.41.6
15 1 06.8 8.5 3.4
16 1 1 7.1 9.2 8.4
17 1 1 7.0 8.8 5.2
18 1 17.2 9.7 6.9
19 1 17.510.1 2.7

20 1 1 7.6 9.2 1.9
> y=cbind(dal[,3],dal,4],dal,5])
> facl=factor(dal,1])
> facl
11 000000000011 11111
Levels: 0 1
> fac2=factor(dal,2])

**k*xx Analyze individual response variab
> y1=x[,3]
> ml=aov(yl~facl+fac2+facl*fac2)
> summary (m1)

Df Sum Sq Mean Sq F value
facl 1 1.74050 1.74050 15.7868
fac2 1 0.76050 0.76050 6.8980
facl:fac2 1 0.00050 0.00050 0.0045
Residuals 16 1.76400 0.11025

> y2=x[,4]
> m2=aov(y2~facl+fac2+facl*fac2)
> summary (m2)
Df Sum Sq Mean Sq F value
facl 1 1.30050 1.30050 7.9178
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les *k%xx

Pr (>F)
0.001092 **
0.018330 x*
0.947143

Pr (>F)
0.01248 x



fac2 1 0.61250 0.61250 3.7291 0.07139 .
facl:fac2 1 0.54450 0.54450 3.3151 0.08740 .
Residuals 16 2.62800 0.16425

> y3=x[,5]
> m3=aov(y3~facl+fac2+facl*fac2)
> summary (m3)

Df Sum Sq Mean Sq F value Pr(>F)
facl 1 0.421 0.421 0.1036 0.7517
fac2 1 4.901 4.901 1.2077 0.2881
facl:fac2 1 3.961 3.961 0.9760 0.3379
Residuals 16 64.924 4.058

*kkk Joint analysis *kkk
> m2=manova(y~facl+fac2+facl*fac2)
> m2
Call:
manova(y ~ facl + fac2 + facl * fac2)

Terms:

facl fac2 facl:fac2 Residuals
resp 1 1.7405 0.7605 0.0005 1.7640
resp 2 1.3005 0.6125 0.5445 2.6280
resp 3 0.4205 4.9005 3.9605 64.9240
Deg. of Freedom 1 1 1 16

Residual standard error: 0.3320392 0.4052777 2.014386
Estimated effects may be unbalanced
> summary (m2,test="Wilks")

Df Wilks approx F num Df den Df Pr(>F)

facl 1 0.3819  7.5543 3 14 0.003034 x*x
fac2 1 0.5230 4.2556 3 14 0.024745 *
facl:fac2 1 0.7771 1.3385 3 14 0.301782

Residuals 16

Signif. codes: O ’*%x’ 0.001 ’*x’ 0.01 ’%’ 0.05 ’.” 0.1’ 7> 1

> summary (m2,test="Pillai")

Df Pillai approx F num Df den Df Pr(>F)
facl 1 0.6181  7.5543 3 14 0.003034 *x*
fac2 1 0.4770 4.2556 3 14 0.024745 *

20



facl:fac2 1 0.2229 1.3385 3 14 0.301782
Residuals 16

Signif. codes: O ’**xx’ 0.001 ’*x’ 0.01 ’x’ 0.05 ’.” 0.1 > > 1

6 Profile analysis

Profile analysis pertains to situations in which a battery of p treatments are administered
totwo or more groups of subjects, All responses must be expressed in similar units and the
responses for the different groups are assumed to be independent of one another. In profile
analysis, the question of equality of mean vectors is divided into several specific possibilities.
For example, consider the case of two groups. The mean vectors are p; = (1, fliz, - - -, fhip)’,
where © = 1,2. The questions of interest in profile analysis are

1. Are the profile parallel? Equivalently, is Hyy @ pt1j — p1,j—1 = floj — Mo j—1 for j =
2,3,...,p, acceptable?

2. Assuming that the profile are parallel, are the profile coincident? Equivalently, is
Hyy : pi1j = poj for j =1,2,...,p, acceptable?

3. Assuming that the profile are coincident, are the profiles level? That is, are all means
equal to the same values? Equivalently, is Hy3 : pt11 = ptig = -+ = flip = Ho1 = oo =
-+ lgp acceptable?

The null hypothesis H,; can be written as
Hy : Cpy = Cpy,

where C' is a contrast matrix

—1 1 00 0 0
0O -1 1 0 0 0

C(p—l)Xp = :
0O 00O -1 1

The data can then be transfomed to obtain the samples {Cxy;}72; and {Cx,;}72,, where n,
and ny are the sample sizes of the two groups, respectively. Consequently,to test for parallel
profiles for two normal populations, one rejects H,, : Cuy; = Cpu, at the level «v if

-1
T° = (B, — &) C’ Ki + i) CSpoolC’] C (%, — Ty) > &,

ni ng

where
o (m+ny—2)(p—1)

= Fo 1 tn.—nlQ).
n_|_1_|_n2_p P171+2p()
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When the profiles are parallel, then either py; > pg; or py; < po; for all 7. Under this
condition, the profiles will be coincident only if Y-8 | puy; = 38 poy, 6. Uy = utwil’ p,,
where 1 is the p-dimensional vector of 1’s. Therefore, the second stage of the test is H,s :
1'py = 1'py. One can transform the data and apply the usual two-sample ¢-test. Specifically,
to test for coincident profiles, given that the profiles are parallel, one rejects H,o at the level
a if

1 1 -1
T° = 1(x, — Z) [( + > ’Spooll} 1(z — &)
nq No
2
(2 — &)
— > t12’Ll+n2—2(a/2)'

VG ) 18

The next step is to check whether all variables have the same mean so that the common
profile is level. When H, and H,, hold, the common mean vector p is estimated by

_ ny o _ ng  _
T = T + XTs.
ni + N n1 + Na
If the common profile is level, then p; = pe = -+ = p, and the third null hypothesis is

H,3 : Cp = 0, where C' is defined in the step 1. Thus, to test for level profiles, given that
profiels are coincident, one rejects H,3 at level « if

(n1 +ny)@' C'[CSC'|'Cx >

where S is the sample covariance matrix based on all ny + ny observations and

o (m+n—1)(p—1)
¢ = g tng—prt(@).
ny+ns —p+1 p1,1+2p+1()
Remark: A R script r-profile.txt is available on the course web to perform the three profile
tests discussed. For illustration, consider the data on Table 6.14 of the textbook. The results

are given below:

> source("r-profile.txt")

> cbind(x1,x2)
Vi v2 Vv3 v4 Vv

2 3 5 5

<

W w0 0N
<

0 ~NOoO O W N -~

W w wd o

AW W W o ol

1S3 NN IS RN

(@2 BT~ & 2 BN @ 2 TSN & 2 QYN

I TR O O O GNP

(@2 I 2 BTN & 2 I & 2 I @ 2 I & 2 BN &2 N V)
<

[© 2 BT ST S 2 TG 2 & 2 B & 2 IO 2 TSN
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9 4 5 5 5 4 4 5 4
10 4 4 3 3 3 4 4 4
11 4 4 5 5 4 5 5 5
12 5 5 4 4 5 5 5 5
13 4 4 4 4 4 4 5 5
14 4 3 5 5 4 4 4 4
15 4 4 5 5 4 4 5 5
16 3 3 4 5 3 4 4 4
17 4 5 4 4 5 5 5 5
18 5 5 56 5 4 5 4 4
19 5 5 4 4 3 4 4 4
20 4 4 4 4 5 3 4 4
21 4 4 4 4 5 3 4 4
22 4 4 4 4 4 5 4 4
23 3 4 5 5 2 5 5 b
24 5 3 5 5 3 4 5 5
25 5 5 3 3 4 3 5 b
26 3 3 4 4 4 4 4 4
2r 4 4 4 4 4 4 5 5
28 3 3 5 5 3 4 4 4
29 4 4 3 3 4 4 5 4
30 4 4 5 5 4 4 5 b

> profile(x1,x2)
[1] "Are the profiles parallel?"

[,1]
Test-T2 8.01617
p.value 0.06256
[1] "Are the profiles coincident?"

[,1] [,2]
Test-T2 8.01617 1.5328
p.value 0.06256 0.2207
[1] "Are the profiles level?"

[,1] [,2] [,3]
Test-T2 8.01617 1.5328 2.482e+01
p.value 0.06256 0.2207 1.554e-04

[,1] [,2] [,3]

Test-T2 8.01617132 1.5327696 2.482071e+01
p.value 0.06255945 0.2206853 1.554491e-04
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7 Growth curves

Growth curve is a special case of the repeated measure problem. Here a single treatment
is applied to each subject and a single characteristic is observed over a period of time. For
example, we could measure the weight of each puppy at birth and then once a month for
a period of time. The weight curve of a dog that is of interest and, hence, is referred to as
growth curve.

Consider the example of Potthoff-Roy model for quadratic growth. Here p measurements on

all subjects are taken at times ¢y, %9, ...,t,, and the model is
X1 Bo + Bit1 + Bol}
E(X) = E ).(2 _ 50‘1‘51?5.24'5275% ’
Xp Bo + Pty + Bat)

where the 7th mean p; is the quagratic expression evaluated at ;.

When several groups of subjects are involved, one likes to compare the growth curve among
the groups. Assume that g groups of subjects are involved and for group ¢, the random
sample consists of X, ..., Xy, ng, where ny, > 0 is the sample size.

Assumption: All of the £5 are independent and have the same covariance matrix . Under
the quadratic growth model, the mean vectors are

1t t2

1ty 3] |00 ]
ElXyl=|. . . Ba | = BB,

Ly | Lo

The model can easily be generalized to the gth-order polynomial.
Under the assumption of multivariate normality, the MLE of the 3, are

B, = (B'S,.,B)"'B'S, X, (=12,...4q,

where
1 1

m[(”l —1)S1 4+ (ny —1)S,] = N—g

with N = >>9_, ny is the pooled estimator of the common covariance matrix 3. The estimate
covariances of the MLE are

S pool — %%

o
COV(BZ:E(B,S;OIOZB)_17 gzl)"'aga

where k = (N —g)(N —g—1)/(N —g—p+¢q)(N —g—p+q+1). The covariance between
B; and B, are 0 for i # j.
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To test that a gth-order polynomial is adequate, the model is fit without restrictions. That
is, one fits the model separately to each group. The sum of squares and cross-product matrix
then becomes

W, = > 3(X; - BB)(X,; — BB,
/=1j=1
which has N —g+p—q—1 degrees of freedom. The likelihood ratio test of the null hypothesis
that the gth-order polynomial is adequate can be based on the Wilk’s lambda
W]
Wl

A=

The difference in the numbe rof parameters between the null and alternative hypothesis is
g(p —q—1) so that

1 *
(N = 5= g+ 9) () ~ iy

when n, are sufficiently large.

Remark: A R script for growth curve anaylysis, called r-growth.txt, is available on the
course web. For demonstration, consider the data on Tables 6.5 and 6.6.

> source("r-growth.txt")
> growth(x,nv,pv,2)
[1] "Growth curve model"

[1] "Order: "

[1] 2

[1] "Beta-hat: "
[,1] [,2]

[1,] 73.070 70.139
[2,] 3.644 4.090
[3,] -2.027 -1.853
[1] "Standard errors: "
[,1] [,2]
[1,] 2.5830 2.5010
[2,] 0.8278 0.8015
[3,] 0.2813 0.2724
[1] nwu
Vi V2 V3 V4
V1 2762 2661 2369 2336
V2 2661 2756 2344 2328
V3 2369 2344 2302 2099
V4 2336 2328 2099 2277
[1] "wq"
Vi V2 V3 V4
V1 2781 2699 2363 2362
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V2 2699 2832 2331 2381

V3 2363 2331 2304 2090

V4 2362 2381 2090 2314

[1] "Lambda:"

[1] 0.7627123

[1] "Test result:"
[,1]

LR-stat 7.85536

p.value 0.01969
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