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Lecture 5: Multivariate Linear Regression (continued)

1 Inference

For the multiple linear regression model in (?7?), we further assume that € ~ N,,(0,021).
Result 7.4 3 is also the maximum likelihood estimate of 8. In addition, 3 ~ N,,,[8,0%(Z'Z)™!]
and is independent of the residuals e =Y — Z B Let 62 be the maximum likelihood estimate

of 0. Then,

Proof. Follows what we discussed before for the MLE of multivariate model random sample.
Q.E.D.
Note that the MLE 62 of 02 is €€/n, which is different from the LSE of 62.

Result 7.5. For the Gaussian MLR model, a 100(1 — «) percent confidence region for 3 is
given by R R

(B-B)Z'Z(B-8) < (r+1)s’Friinr(a),
where s> = € €/(n—r—1) is the LSE of . Also, simultaneous 100(1 — &) percent confidence
intervals for the 3; are

B’i + \/ Var(Bz)\/(r + 1)Fr‘+1,nfr71(a)7 1= 07 17 e T

where Var(3;) is the diagonal element of s*(Z'Z)~" corresponding to 3;.

Proof. Consider the vector V' = (Z'Z)'/%(8 — 3), which is normally distributed with mean
zero and covariance matrix o?I. Consequently, V'V ~ o?x2, . In addition, (n —r —1)s* =
€'€ is distributed as o%x?_,_; and is independent of V. The result then follows. Q.E.D.

Remark: The R command for MLR is Im, which stands for linear model.
Likelihood ratio tests for the regression parameters: Consider

Hy,:Byy1=Bp2=-=03=0, vs H,:3#0 forsome ¢g+1<i<r.

Under H,, the model is
Y - Zl/Bl + €. (1>



Under H,, the model is
Y =Z.8,+ Z58, + ¢, (2)

where

B,
Result 7.6. Let Z have full rank r + 1 and € ~ N, (0,0%I). The likelihood ratio test for
the null hypothesis H, : B, = 0 is
[9Sres(Z1) — SSres(Z2)]/(r — q)
52

where SS,.s(Z1) and SS,es(Z2) are the sum of squares of the models in (1) and (2), respec-
tively.

A AR [ﬁll.

~ Lyr—gn—r—1,

Proof: Under the model in (2), the maximized likelihood function is

PN 1
A2\ —n/2
L(B,5°) = 7(27?)"/26"6 :

where 3 = (Z'Z)"'Z'Y and 62 = (Y — ZB)'(Y — ZB)/n. On the other hand, under the
submodel in (1), the maximized likelihood function is

~ 1
L<IBI7&%) = ein/27

(2m)/267
where 3, = (Z/,Z,)'Z)Y and 62 = (Y — Z:3,) (Y — Z,3,)/n. Thus, the likelihood ratio
is
L(By,63) (637 L+ 63— 52\ "
LB, \o*) 62 ’

which gives rise to the test statistic

n(&% - 62)/<T - Q> (SSres(Zl) - SSres(Z>>/<T — Q)

= ~Y

no?/(n—r—1) 2 roanered

This completes the proof.

Alternatively, one can construct a matrix C' such that the null hypothesis becomes H, :
C3 = 0. In this way, CB ~ N,_,(CB,0°C(Z'Z)"'C"), which can be used to perform the
test.

2 Inferences from the fitted model
Consider a specific point of interest, say z, = (1, 21, ..., 20,)’, in the design-matrix space.
Then, the model says

E(Yo|20) = 2,8,

2



and the LSE of this expectation is z,3. In addition, Var(z.8) = 022,(Z'Z)'z,. Conse-
quently, under the normality assumption, a 100(1 — a))% confidence interval for z/ 3 is

2Bty 1(a)2)\2(Z'Z) 1 2,52

Forecasting: The point prediction of Y at z, is z’oﬁ, which is an unbiased estimator. Since
Y, = 2,8+ ¢€,, the variance of the forecast is 0°(1+4 2/,(Z'Z) " 2z,), where we use the property
B and €, are uncorrelated. Therefore, a 100(1 — )% prediction interval for Y, is

2B+t (/20521 + 2,(Z'Z) 1 2,).

3 Model checking

Studentized residuals: From € = [I — H]Y, we have Cov(€) = o*[I — H]. In particular,
Var(é;) = 0%(1 — hy;), for j = 1,...,n. The studentized residuals are

€ = #, jg=1...,n.

s*(1 — hyj)

If the fitted regression model is adequate,we expected the studentized residuals to look like
independent draws from an N(0,1).

3.1 Residual plots

The residuals €; or studentized residuals €} are used to obtain various residual plots for model
checking:

1. Plot €; against the fitted model y; = Zjﬁ, where Z; is the jth row of the design
matrix Z. This plot can be used to check (a) validity of linear model assumption and
(b) constant variance of ¢;.

2. Plot ¢; against individual explanatory variable, e.g. Z;. This is less common when the
number of regressors is large.

3. QQ-plot of €; to check the normality assumption and possible outliers.

4. Time plot of €; to check for serial correlations. This is often accompanied by the
Durbin-Watson statistic
>io(€ — &1)

n ~2
2j=16

DW = ~ 2(1— py),



where p; is the lag-1 autocorrelation function of the residuals defined as

51 Siabs
==
Zj:l €5

The range of DW-statistic is [0,4] with 2 as the ideal value. A DW statistic greater than
2 indicates negative correlation between the residuals. In practice, when the data have
time or spatial characteristics, one should also check higher lags of autocorrelations of
the residuals.

3.2 High leverage points and influential observations
From Y = HY , we have

9 =D hjiyi = hyy; + 3 hjiye.

i=1 i#j

In addition, it can be shown that 0 < hj; < 1 for all j. In fact, 37_, hj; = tr(H) = r + 1,
under the assumption of Z is full rank r + 1. Thus, if h;; is large relatively to other hj; (in
magnitude), then y; will be a major contributor to the fitted value ;. Consequently, h;;
is called the leverage of the linear regression. A large hj; tends to pull the regression line
toward the jth data point.
The leverage h;; has another interpretation. It measures the distance of Z; to the center

of the explantatory variables, where Z; is the jth data point of the design matrix Z. For
instance, consider the simple linear regression y; = By + $12; + €;. It can be shown that

1 2 — 2)?
hjj =~ + 7&—)_2 :
n ie1(zi — %)
Consequently, if the jth data point of the explanatory variables is far away from the center,
then it has a high leverage and pulls the model fit toward itself. It is, therefore, useful in
linear regression analysis to check the high leverage points.

Influential observations of a linear regression model are defined as those points that
significantly affect the inferences drawn from the data. Methods for assessing the influence
are often derived from the change in the LSE B if the observations are removed from the
data. The well-known statistics for assessing influential observations is the Cook’s distance.
The Cook’s distance for the ¢th observation is defined as

(B —B)'(Z2'2) (B — B)

D, =
(r+1)s?

, (3)

where ,@(i) is the LSE of 3 with the ith data point removed, and s* = €€/(n —r — 1) is the
LSE of o2. See Cook (1977, Technometrics). It is the squared distance between B and B(i)



relative to the fixed geometry of Z'Z. A large D; indicates the ith data point is influential,
because removing it from the data leads to a substantial change in the parameter estimates.
It can be shown that
1 €ihii 1 hii .
D; = = (&)
T+182(1—hii)2 7"+11—h“

where € is the studentized residual.

This expression leads to several interpretations for the Cook’s distance. For instance, h;;/(1—
hi;) is a monotonic function of the leverage h;; and € is large for an outlying observation.
Thus, D; is the product of a random deviation and a leverage measure. In addition, h; /(1 —
hii) = Var(Y;)/Var(é). It can also be shown that 2{(Z(yZw) " zi = hii/(1 = hy). Finally,

hi Z?:l Var(z}é(i)) - ?:1 Var(z;»,é)
1-— h“ N 0'2 ’

Thus, h;/(1 — hy;) is proportional to the total change in the variance of prediction at
Z1,...,%2, When z; is deleted.

4 Variable selection

Problem: Select a “best” submodel of
Yi= 0o+ 61Za + -+ BrZir + €

There are 2" possible submodels, including the one with constant only.
Several methods are available.

1. Stepwise (forward selection and backward elimination)

e Forward selection: Simple to complex

e Backward elimination: Complex to simple

2. Mallow’s C),

Let SSR,(M) be the residual sum of squares for the submodel M, where p is the
number of explanatory variables in M, and SSR,.(F') be the residual sum of squares
of the full model. Then,
SSR,(M)
=220 (- 2p).
One selects the submodel that is close to the 45° line of the scatter-plot of (p, C)).

3. AIC: Akaike (1974). For a submodel M with p explanatory variables,
M
AIC(M) =nln <M> + 2p.
n

One selects the submodel with minimum AIC value.



4. BIC: Scharwtz (1978, Ann. Statistics.). For a submodel M with p explanatory vari-
ables,

BIC(m) = n'n (M) + pln(n).

5. Stochastic search variable selection: George and McCulloch (1993, JASA).

For each coefficient (3;, introduce an indicator variable 7; such that
ﬁi’%’ ~ (1 - %’)N(O? 7-1'2) + %N(O’ C?Tf),

where 7; and ¢; are selected in such a way that if 3; ~ N(0,7;), then it is safe to treat
f3; as zero, whereas ¢; > 1 is chosen such that if 8; ~ N(0, c?7?), then 3; has a non-zero
estimate.

The augmented variable 7; is Binomial such that P(y; = 0) =1 — P(y; = 1) = p;.
Markov chain Monte Carlo (MCMC) method is used to estimate the model. The
posterior distribution of (71, ...,,) provides information about the model selection.

What happen when 7 is really large and n is not large? For instance, » = 3000 and n = 100.

1. Boosting: Biihlmann, P. (2006). Boosting for high-dimensional linear models. Annals
of Statistics, 34, 559-583.

Biihlmann and Yu (2003). Boosting with the L2-loss: regression and classification.
Journal of the American Statistical Association, 98, 324-339.

L2 Boosting: For simplicity, assume that the data are mean-corrected so that there is
no constant term in the linear regression. Boosting is an iterated procedure as follows.

Let m = 0. Define ?(0) =0.

(a) Construct the residuals of the mth iteration as R —vy_-v™

(b) Fit 1 Simple linear regression
RA m) 7
z( /éj ij €ij

and compute the resulting sum of squares of residuals.

(c) Let j,, be the explanatory variable that has the smallest sum of squares of resid-
uals, i.e. the maximum R? among the r simple linear regression. Compute the
fitted value of this simple linear regression Y (j,,) = 0;,.Z,,.-

d) Update the fit as ?(mﬂ) = ?(
(d) Up

(e) Advance m by 1 and go to Step 1.

m)+v?(jm), where v € (0, 1] is a tuning parameter.

The iteration is stopped by some information criteria such as AIC. A smaller v requires
longer iteration, but limited experience shows that it works better. For example,
v = 0.05 has been used.



2. LASSO: Tibshirani (1996). Regression shrinkage and selection via the lasso. Journal
of the Royal Statistical Society, Series B, 58, 267-288.

The LASSO estimate of 3, denoted by Bl, is obtained by

=1

2
B = argminﬁ Z (Y; —Bo— Z Zz'jﬁj) )
i=1 j=1

T
subject to Y _ |5 <'s,
=1

where s is a tuning parameter. In practice, s can be chosen by cross-validation. Typi-
cally, a 10-fold cross-validation is used.

5 Omitted variables

Suppose that the true model is
Y = 2,8 + 2,8 + ¢,

where the dimension of Z; is ¢+ 1 < r 4+ 1. Suppose that the investigator unknowingly fits
the model

Y = Zlﬁ(l) + e
The LSE of B8 is

(1)

B =(Z\Z,)"'Z\Y.

In this case,

= (Z)2)7'Z\E(Y)=(2/2,)"'2,(Z,BY + Z,8% + E(e))
BY + (2,2, Z,Z,8%.

Consequently, B(l) is a biased estimate of B unless Z\Z, = 0.

6 Multivariate Multiple Linear Regression



