THE UNIVERSITY OF CHICAGO
Graduate School of Business
Business 41914, Spring Quarter 2005, Mr. Ruey S. Tsay

Lecture 9: State-Space Models and Kalman Filters

The state-space model provides a flexible approach to time series analysis, especially for ease in
estimation and in handling missing values. In this chapter, we discuss the relationship between the
state-space model and the ARIMA model, the Kalman filter algorithm, various smoothing methods,
and some applications. We begin with a simple model that shows the basic ideas of state-space
approach to time series analysis before introducing the general state-space model.

This handout is based on Chapter 11 of Tsay (2005, Wiley). It is intended for use in my lecture
only. Don’t distributed without a written permission from the publisher John Wiley and Sons, Inc.

9.1 Local Trend Model

Consider the univariate time series y; satisfying

v = p+e, e~ N(0,02) (9.1)
peyr = pe+ne, o ne~ N(O, 03) (9.2)
where {e;} and {n;} are two independent Gaussian white noise series and t = 1,---,T. The initial

value p; is either given or follows a known distribution, and it is independent of {e;} and {n;} for
t > 0. Here p; is a pure random walk with initial value p1 and g is an observed version of u; with
added noise a;. In the literature, u; is referred to as the trend of the series, which is not directly
observable, and 4, is the observed data with observational noise e;. The dynamic dependence of y;
is governed by that of p; because {e;} is not serially correlated.

Example 1. To illustrate the ideas of the state-space model and Kalman filter, we consider
the intra-daily realized volatility of Alcoa stock from January 2, 2003 to May 7, 2004 for 340
observations. The daily realized volatility used is the sum of squares of intraday 10-minute log
returns measured in percentage. No overnight returns or the first 10-minute intraday returns are
used. The series used in the demonstration is the logarithm of the daily realized volatility.

Figure 9.1 shows the time plot of the logarithms of the realized volatility of Alcoa stock from
January 02, 2003 to May 7, 2004. The transactions data are obtained from the TAQ database of
NYSE. If ARIMA models are entertained, we obtain an ARIMA(0,1,1) model

(1— B)y = (1—0.855B)a;, 6, =0.5184 (9.3)

where g, is the log realized volatility, and the standard error of 6 is 0.029. The residuals show Q(12)
= 12.4 with p-value 0.33, indicating that there is no significant serial correlation in the residuals.
Similarly, the squared residuals give (12) = 8.2 with p-value 0.77, suggesting no ARCH effects in
the series.
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Figure 9.1: Time plot of the logarithms of intra-daily realized volatility of the Alcoa stock from
January 2, 2003 to May 7, 2004. The realized volatility is computed from the intraday 10-minute
log returns mesured in percentage.

Since 6 is positve, we can transform the ARIMA(0,1,1) model into a local trend model in Egs.
(9.1)-(9.2). The maximum likelihood estimates of the two parameters are &, = 0.0735 and &,
= 0.4803. The measurement errors have a larger variance than the state innovations, confirming
that intraday high-frequency returns are subject to measurement errors. Details of estimation will
be discussed in Subsection 9.1.6. Here we treat the two estimates as given and use the model to
demonstrate the application of Kalman filter.

9.1.1 Statistical Inference

Return to the state-space model in Egs. (9.1)-(9.2). The object of the analysis is to infer properties
of the state y; from the data {y;|t = 1,---, T} and the model. Three types of inference are commonly
discussed in the literature. They are filtering, prediction, and smoothing. Let Fy = {y1,---,y:} be
the information available at time t (inclusive) and assume that the model is known, including all
parameters. The three types of inference can be briefly described as follows:

e filtering: Filtering means to recover the state variable u; given Fj, i.e. to remove the mea-
surement errors from the data.

e Prediction: Prediction means to forecast pyipn or y4pn for h > 0 given F;, where ¢ is the
forecast origin.

e Smoothing: Smoothing is to estimate pu; given Fr, where T > t.

To describe the inference more precisely, we introduce some notation. Let p,; = E(u|F;) be the
conditional expectation of y; given the data Fj, and X;; = Var(u|F;) be the conditional variance
of py given Fj. Similarly, y,; denotes the conditional mean of y; given Fj. Furthermore, let
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v =Yt — Yge—1 and Vi = Var(v|F;—1) be the one-step ahead forecast error and its variance of y;
given F;_1. Note that the forecast error v; is independent of F; 1 so that the conditional variance
is the same as the unconditional variance, that is, Var(v:|F;_1) = Var(v). From Eq. (9.1),

Ytjt—1 = E(yelFr-1) = E(pe + et Fr—1) = E(ue Fr—1) = pepe—1-

Consequently,
Ve =Yt — Yjt—1 = Yt — Hejt—1 (9.4)

and

Vi = Var(yr — pyp—1|Fi-1) = Var(ue + et — pype—1|Fi-1)
= Var(u — pyje—1|Fi—1) + Var(e | Fy—1) = Xy + ol (9.5)

It is also easy to see that
E(v) = E[E(ve|Fi-1)] = E[E(y — yt|t—1|Ft71)] = E[yt\t—l - yt|t—1] =0,

Cov(v, yj) = E(viy;) = BlE(vyjlFi-1)] = Ely; E(v|F-1)] =0, j <t

Thus, as expected, the one-step ahead forecast error is uncorrelated (hence, independent) with y;
for j < t. Furthermore, for the linear model in Eqs. (9.1)-(9.2), pyy = E(ue|Fy) = E(pe|Fi-1,vt)
and ¥, = Var(u|Fy) = Var(u|F;—1,v¢). In other words, the information set F; can be written as
Fy = {thlayt} = {thlavt}-

The following properties of multivariate normal distribution are useful in studying Kalman filter
under normality. They can be shown via multivariate linear regression method or factorization of
the joint density.

Theorem 1 Suppose that x,y, and z are three random vectors such that their joint distribution
is multivariate normal with mean F(w) = p,, and covariance matrix 3,,,, = Cov(m,w), where
w and m are z,y, and z. In addition, assume that the diagonal block covariance matrix 3., is
non-singular for w = z,y, 2, and 3. = 0. Then,

L E(xly) = p, + S0y By, (Y — py)-
2. Var(zly) = Tpo— B2e Dy, Sya-
3. E(xly, z) = E(x|y) + .. 2. (z — ).

4. Var(a:\y,z) = Var(a:\y) - Exzzz_zlzzx-

9.1.2 Kalman Filter

The goal of Kalman filter is to update the knowledge of the state variable recursively when a new
data point becomes available. That is, we like to obtain the conditional distribution of p; given F}
based on the new data y; and the conditional distribution of u; given F;_;. Since F; = {F;_1, v},
giving y; and F;_; is equivalent to giving v; and F;_;. Consequently, to derive Kalman filter, it
suffices to consider the joint conditional distribution of (pt, v¢)" given Fy_; before applying Theorem
1.



The conditional distribution of v; given F;_1 is normal with mean zero and variance given in Eq.
(9.5), and that of y; given Fi_; is also normal with mean 4, and variance ¥;;,_;. Furthermore,
the joint distribution of (u¢, v¢)" given Fy_j is also normal. Thus, what remains to be solved is the
conditional covariance between p; and v; given Fy_1. From the definition,

Cov(p, ve|Fr-1) = E(mvelFio1) = Elpe(ye — pae—1)[Fr-1] - [by Eq.(9.4)]
= Elu(pe + et — pyge—1) | Fr-1]
= Elu(pe — page—1)[Fi1] + EQuued| Fr-1)
= El(pe — pee—1)°|Fr—1] = Var(u| F_1) = Sy, (9.6)

where we have used the fact that Efu;—1 (e — prep—1)|Fi—1] = 0. Putting the results together, we

have that
Mt ~N Hjt—1 Zt|t71 Et\tfl '
v |, 0 T By Vi
t—1

By Theorem 1, the conditional distribution of p; given F} is normal with mean and variance as

Et|t—1vt

Het = Hefe—1 T v piji—1 + Koy (9.7)
21

Ygp = D1t = g—1(1 — Kt), (9-8)

where K; = ¥;,_1/V; is commonly referred to as the Kalman gain, which is the regression coefficient
of py on v;. In Kalman filter, Kalman gain is the factor that governs the contribution of the new
shock v; to the state variable pis41.

Next, one can make use of the knowledge of p; given F; to predict p;4+1 via Eq. (9.2). Specifically,
we have

pogie = Bl +melFr) = E(ue| Fr) = pges (9.9)
Sipe = Var(uepar|Fy) = Var(ue| Fy) + Var(ng) = Sy + 0727. (9.10)

Once the new data ;41 is observed, one can repeat the above procedure to update the knowledge
of piz41. This is the famous Kalman Filter algorithm; see Kalman (1960).
In summary, putting Eqs. (9.4)-(9.10) together and given the initial condition that u is distributed
as N(p1)0,X1)0), the Kalman filter for the local trend model is as follows:

Ut = Y Hife—1

Vi = S+ o?

Ky = Et|t—1/Vt (9'11>
Perie = -1 + Ko
Sevip = Sy (1—Ky) 402, t=1,---,T.

There are many ways to derive the Kalman filter. We use Theorem 1, which describes some
properties of multivariate normal distribution, for its simplicity. In practice, the choice of initial
values ;|9 and g9 requires some attention. For the local-trend model in Egs. (9.1)-(9.2), the two
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Figure 9.2: Time plots of the output of Kalman filter applied to the daily realized log volatility
of Alcoa stock based on the local-trend state-space model: (a) The filtered state ji,; and (b) the
one-step ahead forecast error v;.

parameters o, and o, can be estimated via maximum likelihood method. Again, Kalman filter is
useful in evaluating the likelihood function of the data in estimation. We shall discuss estimation
in Subsection 9.1.6.

Example 1 (Continued). To illustrate the application of Kalman filter, we use the fitted state-
space model for daily realized volatility of Alcoa stock returns and apply the Kalman filter algorithm
to the data with ¥,y = oo and j;p = 0. Figure 9.2(a) shows the time plot of the filtered state
variable p;; and Figure 9.2(b) is the time plot of the one-step ahead forecast error v;. Compared
with Figure 9.1, the filtered states are smoother. The forecast errors appear to be stable and center
around zero. These forecast errors are out-of-sample one-step ahead prediction errors.

9.1.3 Properties of Forecast error

The one-step ahead forecast errors {v;} are useful in many ways, and it pays to study their proper-
ties. Given the initial values X)g and py)9, which are independent of y;. The Kalman filter enables

us to compute vy recursively as a linear function of {y1,---, 5} and p)9. Specifically, by repeated
substitutions,

V1 = Y1 — Hio

vy = Y2 — Hop = Y2 — fijo — K1(y1 — pap)

U3 = Y3 — M3]2 =Y3 — H1)o _KQ(?JQ_NHO) — Ki(1 - K3)(n —M1|0)a

and so on. In matrix form, the prior transformation is
v =K(y — lru), (9.12)
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where v = (v1,---,vr), y = (y1,- -, yr)’, 17 is the T-dimensional vector of ones, and K is a lower
triangular matrix defined as

1 0 o --- 0
kop 1 0 0
K=| kan ks 1 0],
ki kr2 kps --- 1
where k‘i’ifl = —nN;_1 and kij = —(1 - Kz;l)(l - Kl',g) ce (1 - KjJrl)Kj for i = 2, tee ,T and

J=1,---,i—2. Also, from the definition, K; does not depend on f)y or the data {y1, -,y }; it
depends on Y|y and o2 and 0'72,.

The transformation in Eq. (9.12) has several important implications. First, {v;} are mutually
independent under the normality assumption. To show this, consider the joint probability density
function of the data

T
pyr, - ur) = p(y) [ oy Fi-1)-
j=2
Eq. (9.12) indicates that the transformation from y; to v; has a unity Jacobian so that p(v) = p(y).
Furthermore, since 1|y is given, p(v1) = p(y1). Consequently, the joint probability density function
of v is

p(v) = p(y) = p(y1) H p(y;|Fj-1) = p(v1) Hp(vj) = H p(vj)-

This shows that {v;} are mutually independent.

Second, the Kalman filter provides a Cholesky decomposition of the covariance matrix of y. To
see this, let @ = Cov(y). Eq. (9.12) shows that Cov(v) = KQK'. On the other hand, {v:}
are mutually independent with Var(v;) = V;. Therefore, KQK' = diag{Vi,---,Vr}, which is
precisely a Cholesky decomposition of £2. The elements k;; of the matrix K thus have some nice
interpretations.

State error recursion
Turn to the estimation error of state variable p;. Define

Tt = [t — Hge—1

as the forecast error of the state variable u; given data F;_;. From Subsection 9.1.1, Var(x|F;—1)
= Yy4—1- From the Kalman filter in Eq. (9.11),

Vg =Y — Heje—1 = Pt € — -1 = T¢ + €y,
and
Tip1r = fa1 — Peprfe = et e — (ee—1 + Kor)
= xp+m — Kwp = 20+ — Ke(wy + ) = Lywy + e — Kyey,
where Ly =1 - Ky =1-3%;,_1/V; = 02 /V;. Consequently, for the state errors, we have
v=xr+ e, w1 = L+ — Kyey, t=1,---,T, (9.13)

where z1 = p1 — pyj0.- Eq. (9.13) is in the form of a time-varying state-space model with z; as the
state variable and v; as the observation.



9.1.4 State Smoothing

Next we consider the estimation of the state variables {u1,---,ur} given the data Fr and the
model. That is, given the state-space model in Egs. (9.1)-(9.2), we wish to obtain the conditional
distribution p|Fr for all . To this end, we first recall some facts available about the model:

(a) All distributions involved are normal so that we can write the conditional distribution of p
given Fr as N(uyr, Xyr), where t <T. We refer to pyr as the smoothed state at time ¢ and
Yy as the smoothed state variance.

(b) Based on the properties of {v;} discussed in Subsection 9.1.3, {vy,---, vy} are mutually in-
dependent and are linear functions of {yi,---,yr}.

(¢) If yq,- -,y are fixed, then F;_q and {v,---,vp} are fixed, and vice versa.

(d) {vt,---,vr} are independent of Fy_; with mean zero and variance Var(v;) = V; for j > t.

Applying Theorem 1(3) to the conditional joint distribution of (u, v, -+, vr) given Fy_1, we have

pyr = E(ul|Fr) = E(u|F—1,ve, - or)
= E(u|Fi—1) + Covluy, (v, - -, vr) |Cov[(ve, - -, vp) ] vg, -+, op)

Cov(put, vt) "Tvi 0 - 0 ! v
Cov (g, vev1) 0 Vigr -+ 0 Vi1
= Hgjt—1 t+ . : : )
Cov (e, vr) 0 0o - Vp v
T
= o1+ Z Cov(put, vj)Vj_lvj. (9.14)
j=t

From the definition and independence of {v}, Cov(pus,vj) = Cov(zy,vj) for j=t¢,---,T, and

Cov(wy,v)) = Elzg(ze +er)] = Var(my) = Xy
COV(.%’t,UH_l) = E[mt(xt“ + €t+1)] = E[:L‘t(LtI‘t + e — Ktet)] = Et|t—1Lt-

Similarly, we have

Cov(zt,vi2) = Elrg(@e2 +ero)] = = Eyp_1 Le L

T-1
Cov(zi,vr) = Eln(zr +er)] ==Xy H L;.
j=t

Consequently, Eq.(9.14) becomes

Ut V41 Vt4-2
pyr = -1+ Z1t|t—17lt + Zt\t—lLtm + Zt\t—lLtLt—Hm +e

= fg)e—1 T Ygpe—14t—1,



where

T-1
Q-1 = %+Lt%+LtLt+l%+'”+ (]]_;[t Lj) % (9.15)
is a weighted linear combination of the innovations {vy,---,vr}. This weighted sum satisfies
oy = Yp v vwe (Trf L.) vr
Vi Vit Vito s Ve
= % + Leqe.-

Therefore, using the initial value ¢ = 0, we have the backward recursion
Ut
qt—lzv‘f‘LtQt, t=T,T—-1,---,1. (9.16)
t

Putting Eqs.(9.14)-(9.16) together, we have a backward recursive algorithm to compute the smoothed
state variables:

Q-1 =V oo Luqe, poyr = fage—r + Seporqeo1, t=T,--, 1 (9.17)

where ¢gr = 0, and 4,1, Xy, and L; are available from the Kalman filter in Eq. (9.11).

Smoothed state variance
The variance of the smoothed state variable p; 7 can be derived in a similar manner via Theorem
1(4). Specifically, letting v] = (v, ---,vr)’, we have

Syr = Var(u|Fr) = Var(u|F—1,v¢, -+, vr)

= Var(u|Fy—1) — Covlus, (v] )'|Cov[(v})'] "' Covlpu, (v] )]
T

= N1+ Z[COV(Mth)]QVj_17 (9.18)
j=t

where Cov(p,v;) =Cov(ze,v;) are given earlier after Eq. (9.14). Thus,

2 1 2 2 1 2 a1
Et|T = Zt\t—l - Z1t|t—17lt - Zt\t—lLt Vit - Etlt—l H Lj VT
j=t
= Yygjeo1 — Eat,lMt—l, (9.19)
where
1 1 1 = 1
My =— 4L+ L2032 —— 4+ L3 —,
AT Vi AT jl;[t i vy

is a weighted linear combination of the inverses of variances of the one-step ahead forecast errors
after time ¢t — 1. Let M7 = 0 because no one-step ahead forecast error is available after time index
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T. The statistic M;_1 can be written as

1 1
> L2
Vier | Vi, (H )VT

j=t+1

1
Mt—l = V + Lt
t

_ LM, t=T,T—1,-- 1.
‘/;‘/_’_ t ty ) ) )

Note that from the independence of {v;} and Eq. (9.15), we have

1 1
Var(q—1) = v +Lt Vi (H LQ) " = M;_,.
Jj=t

Combining the results, variances the smoothed state variables can be computed efficiently via the
backward recursion

My =V, + LiMy, Syp = Sy — S5 My, t=T,---,1, (9.20)
where M7 = 0.

Example 1 (Continued). Applying the Kalman filter and state-smoothing algorithms in Egs.
(9.17) and (9.20) to the daily realized volatility of Alcoa stock using the fitted state-space model, we
can easily cumpute the filtered state ji;; and the smoothed state ;7 and their associated variances.
Figure 9.3 shows the filtered state variable and its 95% pointwise confidence interval whereas
Figure 9.4 provides the time plot of smoothed state variable and its 95% pointwise confidence
interval. As expected, the smoothed state variable is smoother than the filtered state variable. The
confidence intervals for the smoothed state variable are also narrower than those of the filtered
state variables. Note that the width of the 95% confidence interval of p|; depends on the initial
value Xy o.

9.1.5 Missing Values

An advantage of state-space model is handling missing values. Suppose that the observations at
t=4+1,---,0+ h are missing, where h > 1 and 1 < ¢ < T. There are several ways to handle
missing values in state-space formulation. Here we discuss a method that keeps the original time
scale and model form. From Eq. (9.2), we have that for t € {£{ +1,---, £+ h},

t—1

Mt = -1 + Me—1 = fe+1 + Z U
J=t+1

where it is understood that the summation term is zero if its lower limit is greater than its upper
limit. Therefore,

E(u|Fi-1) = E(ulFe) = poyape,
Var(pe| Fy—1) = Var(u|Fy) = Sppqpe + (. — £ — 1)02

for £ +1 <t < ¢+ h. Consequently, we have
Ptft—1 = Hi—1jt—2,  2gft—1 = 2p—1|¢—2 T 0'37 (9.21)

9



Filtered state variable

value
15 2.0 25

1.0

0.5

0.0

(0] 100 200 300
day

Figure 9.3: Filtered state variable p;; and its 95% pointwise confidence interval for the daily log
realized volatility of Alcoa stock returns based on the fitted local-trend state-space model.
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Figure 9.4: Smoothed state variable yi,7 and its 95% pointwise confidence interval for the daily log
realized volatility of Alcoa stock returns based on the fitted local-trend state-space model.
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fort =£4+1,---,f+h. These results show that we can continue to apply the Kalman filter algorithm
in Eq. (9.11) by taking vy =0 and Ky =0 for t = ¢+ 1,---,¢ 4+ h. This is rather natural because
when y; is missing, there is no new innovation or new Kalman gain so that vy = 0 and K; = 0.

9.1.6 Estimation

In this subsection, we consider the estimation of o, and o, of the local trend model in Egs. (9.1)-
(9.2). Based on properties of forecast errors discussed in Subsection 9.1.3, the Kalman filter provides
an efficient way to evaluate the likelihood function of the data for estimation. Specifically, the
likelihood function under normality is

T
p(ylv T 7yT|067 017) = p(yl’UE) Un) H(yt’Ft—lu Oe, Un)
t=2
T
= p(yl ’067 UT]) H(Ut‘Ft—lv Oec, U”])a
t=2
where y1 ~ N (410, V1) and v = y — 1,1 is normally distributed with mean zero and variance
V;. Consequently, assuming )9 and X9 are known, and taking the logs, we have

T 1 &

112
In[L(oe, 0y)] = -5 In(27) — 3 > lln(Vt) + Vt] . (9.22)
t=1 ¢

Therefore, the log-likihood function, including cases with missing values, can be evaluated recur-
sively via Kalman filter. Many software packages perform state-space model estimation via Kalman
filter algorithm. In this chapter, we use the SsfPack program developed by Koopman, Shephard,
and Doornik (1999) and available in S-Plus.

For the daily realized volatility of Alcoa stock returns, the fitted local trend model is adequate
based on residual analysis. Specifically, given the parameter estimates, we use Kalman filter to
obtain the one-step ahead forecast error v; and its variance V;. We then compute the standardized
forecast error v; = v;/+/V; and check the serial correlations and ARCH effects of {0;}. We found
that Q(25) = 23.37(0.56) for the standardized forecast errors and the LM test statistic for ARCH
effect is 18.48(0.82) for 25 lags, where the number in parentheses denotes p-value.

9.2 Linear state-space Models

We now extend the local trend model to a general state-space model. Many dynamic time se-
ries models in economics and finance can be represented in state-space form. Examples include
the ARIMA models, dynamic linear models with unobserved components, time-varying regression
models, and stochastic volatility models. A general Gaussian linear state-space model assumes the
form

St+1 = dt + TtSt + Rmt (923)
Y = at+Zisite (9.24)
where s; = (S1¢,"++, Smt)’ 18 an m-dimensional state vector, y, = (y1¢, -, ygt)" is a k-dimensional

observation vector, d; and ¢; are m- and k-dimensional deterministic vectors, T'; and Z; are m X m
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and k x m coefficient matrices, R; is an m X n matrix often consisting of a subset of columns of the
m X m identity matrix, {n,} and {e;} are n- and k-dimensional Gaussian white noise series such
that

ntNN<07Qt)7 etNN([):Ht)v

where Q, and H are positive-definite matrices. We assume that {e;} and {n,} are independent,
but this condition can be relaxed if necessary. The initial state s1 is N(py)9, X1)0), where p)9 and
3|0 are given, and is independent of e; and 7, for ¢ > 0.

Eq. (9.24) is the measurement or observation equation that relates the vector of observations y,
to the state vector s;, the explanatory variable ¢; and the measurement error e;. Eq. (9.23) is the
state or transition equation that describes a first-order Markov Chain to govern the state transition
with innovation n,. The matrices Ty, Ry, Q,, Z;, and H; are known and referred to as system
matrices. These matrices are often sparse, and they can be functions of some parameters 8, which
can be estimated by the maximum likelihood methods.

The state-space model in Egs. (9.23)-(9.24) can be rewritten in a compact form as

S;j_l ‘| = 0; + Pysy + uy, (925)
t

_ dt- | T | Remy
6t_[ct ) Qt_[zt]a Ut—[ e )

where

and {u;} is a sequence of Gaussian white nosies with mean zero and covariance matrix

Q; = Cov(uy) = [ RQ,R;, © ] .

0 H,
The case of diffuse initialization is achieved by using
21|0 == E* + /\Zoo,

where 3, and ¥, are m x m symmetric positive definite matrices and A is a large real number,
which can approach infinity.

In many applications, the system matrices are time-invariant. However, these matrices can be
time-varying, making the state-space model flexible.

9.3 Model Transformation

To appreciate the flexibility of state-space model, we rewrite ARMA models in the state-space
form.
Consider a zero-mean ARMA(p, ¢) model

¢(B)y = 0(B)ay, ar ~ N(0,02), (9.26)

where ¢(B) =1 -3 ¢;B" and §(B) = 1 — Z?Zl 0;B7, and p and ¢ are non-negative integers.
There are many ways to transform an ARMA model into state-space form. We discuss three

12



methods. Let m = max(p, ¢+ 1) and rewrite the ARMA model in Eq. (9.26) as

m m—1
Y= Giyr—i+ar— Y Oja_j, (9.27)
i=1 =1

where ¢; = 0 for « > p and 6; = 0 for j > ¢. In particular, 6, = 0 because m > q.

Akaike’s approach

Akaike (1975) defines the state vector s; as the minimum collection of variables that contains all
the information needed to produce forecasts at the forecast origin ¢. It turns out that, for the
ARMA process in Eq. (9.26) with m = max(p,q + 1), 8t = (Ysjt, Yet1)t5 " " yt+m,1|t)’, where y, 4,
= E(yt+4]F}) is the conditional expectation of ;4 ; given Iy = {y1,---,y:}. Since yy; = y, the first
element of s; is y;. Thus, the observation equation is

Yt = ZSt, (928)
where Z = (1,0,--+,0)1xm. We derive the transition equation in several steps. First, from the
definition,

S1t41 = Yer1 = Yt + Yea1 — Yeg1)e) = 52t + arpa1. (9.29)

Next, consider the MA representation of ARMA models
o0
Yo = ap+Yr1ai 1+ Paa o+ = Y iag,
i=0

where 109 = 1 and other 1-weights can be obtained by equating coefficients of B in 1+.5°, ¢; B* =
0(B)/¢(B). In particular, we have

Y1 = ¢1—06
Yo = P11+ P2 — O

wmfl = ¢1wm72 + ¢2¢m73 +---+ ¢m72¢1 + gbmfl — O

m—1
= > ithmo1-i — Om1. (9-30)
i=1

Using the MA representation, we have that, for j > 0,

(o0
Yerjit = E(yej|Ft) = E (Z 1/Jiat+j—z‘!Ft> = Yjay +VYjp10i-1 + Yjp20i2 + -
i=0

and
Yerjitrr = Berj|Frn) = ¥j-1aem + Y00 + Pjeae0 + - = Yj10041 + Yepjie-
Thus, for j > 0, we have
Yerjltrr = Yejlt + Vj-10141- (9.31)

This result is referred to as the forecast updating formula of ARMA models. It provides a simple
way to update forecasts from origin ¢ to origin t + 1 when y;y; becomes available. The new
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information of 3,41 is contained in the innovation a;y1, and the time-t forecasts are revised based
on this new information with weights 1;_; to compute time-(t 4 1) forecasts.
Finally, from Eq. (9.27) and using E(a¢+j|Fi+1) = 0 for j > 1, we have

m
Yttm|t+1 = Z PilYtrm—ijt+1 — Om—1a141-
i=1

Using Eq. (9.31), the prior equation becomes

m—1
Yeimpirr = O Gillrtm—ift + Ym—i—10141) + PmYse — Om—10141

i=1
m m—1

= > ilYerm—ip + (Z Gitm—1—i — 9m—1> a1
i=1 i=1
m

= Z PiYtrm—ift + VUm-10141, (9.32)
i=1

where the last equality uses Eq. (9.30). Putting Egs. (9.29), (9.31) for j =2,---,m—1, and (9.32)
together, we have

Yt+1 0 1 0 -0 Yt 1
Ytt2[t+1 0 0 1 0 Y1)t (]
: = : : : + : a1 (9.33)
Yt+m—1[t+1 0 0 o - 1 Yt+m—2|t Ym—2
yt+m\t+1 ¢m ¢m—1 ¢m—2 . ¢1 yt+m—1|t wm—l
Thus, the transition equation of the Akaike’s approach is
siy1=Tsi+ Ry, 0~ N(0,07), (9.34)

where 7y = ar+1, and T and R are the coefficient matrices in Eq. (9.33).

Harvey’s approach

Harvey (1993, Section 4.4) provides a state-space form with m-dimensional state vector s; the first
element of which is g, i.e. s1; = y;. The other elements of s; are obtained recursively. From the
model, we have

m m—1
Y1 = Orye+ Z Gilfpy1—i — Z Ojart1—5 + a1
i=2 j=1

= Q151+ s+t

where sor = Y i GilYt+1—i — Z;-”:_ll Ojai+1—j, Nt = a1, and as defined earlier si; = y;. Focusing
on s2 441, we have

m m—1
so01 = O Giliya—i— Y Ojariaj
i=2 j=1

m m—1
= bayr+ Y biyrya—i— Y Ojarraj — bras4
i=3 =2

= ¢asi + sz + (—01)ne,
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where s3t = Y 1% 3 Pilrro—i — Z;-”:_Ql Ojai4o—j. Next, considering s3 41, we have
m m—1
s3001 = O Oiys—i— Y 03 j
i=3 j=2

m m—1
= Gyt D bithes—i— »_ jarrs_j+ (—02)ar
i=4 =3

= (351t + Sar + (—62)my,

-1 .
where sy = > iy ¢iyt+3_i—z’]ﬂ:3 0jai+3—;. Repeating the procedure, we have s, = > i Gilitm—1—i—
1 .
1 0jat4m—1-j = dmyi—1 — Op—1a;. Finally,

Smg+1 = Om¥Yt — Om—10441
= ¢OmSit + (—Om—1)n-

Putting the prior equations together, we have a state-space form

siy1 = Tsi+ Ry, m~ N(0,07) (9.35)

y = Zsy (9.36)
where the system matrices are time-invariant defined as Z = (1,0, --,0)1xm,
1 0 -+ 0 )
¢ 0 1 0
6,
T = ., R= )

fm-1 0 0 o 1 »

ém 0 0 0 m—1

and d;, ¢; and H, are all zero. The model in Egs. (9.35)-(9.36) has no measurement errors. It has
an advantage that the AR and MA coefficients are directly used in the system matrices.

Aoki’s approach

Aoki (1987, chapter 4) discusses ways to convert an ARMA model to state-space form. First, con-
sider the MA model, i.e. y; = 0(B)a;. In this case, we can simply define s; = (a;—q, at—g4+2, -+, at—1)’
and obtain the state-space form

t—qi1 010 0 ar—q 0
at—q+2 0 1 0 at—qg+1 0
= ; : : + || a (9.37)
at—1 0 0 0 1 at_—9 0
as 000 - 0 ar_1 1
Y = <_GQ7_0q—17'"7_01)3t+at-

Note that in this particular case, a; appears in both state and measurement equations.
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Nest, consider the AR model, i.e. ¢(B)z = a;. Aoki (1987) introduces two methods. The first

method is a straightfoward one by defining s; = (24—p41,- -, 2)" to obtain
Zt—p4-2 0 1 0 - 0 Zt—p+1 0
Zps 0 0 1 0 || z—pso 0
: = : : : T | G
Zt42 0 0 0 1 Zt4+1 0
241 Op Pp—1 Pp—2 - @1 2 1
(9.38)
zz = (0,0,---,0,1)sy.

The second method defines the state vector in the same way as the first method except that a; is
removed form the last element, i.e. 8 =z —a; if p=1and 8; = (z—pt1,- -, 2e—1,2e —az) if p > 1.
Simple algebra shows that

Zt—p+2 0 1 0 . 0 Zt—p+1 0
Zps 0 0 1 0 || zi_pso 0
: = : : : + ag
2t 0 0 0 1 21 1
Zt41 — Q41 Gp Pp-1 Pp—2 - 1 2 — ay o1
(9.39)
zz = (0,0,---,0,1)s; + ay.

Again, a; appears in both transition and measurement equations.
Turn to ARMA(p, q) model ¢(B)y; = 0(B)a;. For simplicity, we assume ¢ < p and introduce an
auxiliary variable z; = ﬁat. Then, we have

d(B)z = ar, yr=0(B)z.

Since z; is an AR(p) model, we can use the transition equation in Eq. (9.38) or Eq. (9.39). If Eq.
(9.38) is used, we can use y; = 0(B)z; to construct the measurement equation as

Yt = (_ep—h _ep—27 Tty _017 1)3157 (940)

where it is understood that p > ¢ and 6; = 0 for j > ¢. On the other hand, if Eq. (9.39) is used as
the transition equation, we construct the measurement equation as

Y = <_9p—17 _ep—27 ) _917 1)st + ay. (941)

In summary, there are many state-space representations for an ARMA model. Each representation
has its pros and cons. For estimation and forecasting purposes, one can choose any one of those
representations. On the other hand, for a time-invariant coefficient state-space model in Egs.
(9.23)-(9.24), one can use the Cayley-Hamilton theorem to show that the observation y, follows an
ARMA (m, m) model, where m is the dimension of the state vector.
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9.4 Kalman Filter and Smoothing

In this section, we study Kalman filter and various smoothing methods for the general state-space
model in Eq. (9.23)-(9.24). The derviation follows closely the steps taken in Section 9.1. For
readers interested in applications, this section can be skipped at the first read. A good reference
for this section is Durbin and Koopman (2001, chapter 4).

9.4.1 Kalman filter

Recall that the object of Kalman filter is to obtain recursively the conditional distribution of s;11
given the data F} = {y,,- -, y,} and the model. Since all the distributions are normal, it suffices to
study the condtional mean and conditional covariance matrix. Let s;; and X;; be the conditional
mean and covariance matrix of s; given Fj, i.e. s;[F; ~ N(s;};,3;};). From Eq. (9.23),
St+1|t = E(dt + TtSt + Rtnt‘Ft) = dt + Ttst|t7 (942)
Zt+1|t = Var(Ttst + Rtnt|Ft) = tht|tT£ + RtQtR:f (943)
Similarly to that of Section 9.1, let y,,_; be the conditional mean of y; given Fi_;. From Eq.

(9.24),
Yiji—1 = Ct + ZiSy—1-

Let
Ve =Yy — Y1 = Y — (€t + ZtSy—1) = Ze(8t — Syp-1) + €4, (9.44)

be the one-step ahead forecast error of y, given Fy_;. It is easy to see that (a) E(v¢|Fi—1) = 0,
(b) vy is independent of F;_1, i.e. Cov('vt,yj) =0for 1 <j <t and (c) {v:} is a sequence
of independent normal random vectors. Also, let V; = Var(v;) be the covariance matrix of the
one-step ahead forecast error. From Eq. (9.44), we have

Vt = Var[Zt(st — St\t—l) + et] = tht‘t_lz; + Ht. (945)
Since F; = {F;_1,y;} = {F¢-1,v:}, we can apply Theorem 1 to obtain

sy = E(si|Fy) = E(st|Fi-1,v1)
= E(s¢|Fy_1) + Cov(ss, v¢)[Var(vy)] 1oy
= Sy-1+ CiVilwy, (9.46)

where Cy = Cov(s, v¢|F;—1) given by

C;, = COV(St, Ut|Ft_1) = COV[St, Zt(St — St|t—1) + et\Ft_l]
= Covlsy, Zi(st — sy-1)|Fi1] = 1 Z;.

Here we assume that V' is invertiable, because H is. Using Eqgs. (9.42) and (9.46), we obtain
St+1|t = dt + Ttst\t—l + TtCtV;I’Ut = dt + Ttst|t—1 + Kt’l)t, (947)

where

K, =T,C,V;' =TS, ,Z,V;", (9.48)
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which is the Kalman gain at time t.

Applying Theorem 1(2), we have

S = Var(s|Fi-1)
= Var(sy|Fy_1) — Cov(ss,v)[Var(vs)] " Cov(ss, vy)
= Xy - CV{'C|
= z3m—1 - 2t|t—1Z1,§Vt_1Zt2t|t—1' (9.49)

Plugging Eq. (9.49) in Eq. (9.43) and using Eq. (9.48) give
S =TSy Ly + RiQ, Ry, (9.50)

where

Li=T, - KZ;.

Putting the prior equations together, we obtain the celebrated Kalman filter for the state-space
model in Eq. (9.23)-(9.24). Given the starting values sy and Xy, the Kalman filter algorithm is

vy =
V, =
Kt =
Lt ==
Sty =

DIBTIES

Yy — C — Zt3t|t—1a

Z3 1 Zy+ Hy

TSy 12 Vit (9.51)
T, - K.Z;

di + Tisyp1 + Koy,

T:%, 1Ly + RRQR;, t=1,---,T.

If the filtered quantities s;; and 3, are also of interest, then we modify the filter to include the
contemporaneous filtering equations in Egs. (9.46) and (9.49). The resulting algorithm is

(7
C,

Steady State

= Y~ C— Ztst\t—la

= 2t|t—1Z1/t

— Z,%,.Z,+H, = Z,C, + H,
Sy—1 T CV; 'y

= S - CV/C

di + Tisy

- T,3,T,+RQ,R,

If the state-space model is time-invariant, i.e. all system matrices are time-invariant, then the
matrices 3y;_; converge to a constant matrix 3, which is a solution of the matrix equation

s, =TT -TS,.ZV ' ZS.T' + RQR.

where V = ZX,Z’ + H. The solution that is reached after convergence to X, is referred to as the
steady state solution of the Kalman filter. Once the steady state is reached, V¢, K; and 3, ; are
all contant. This can lead to considerable saving in computing time.
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9.4.2 State estimation error and forecast error
Define the state prediction error as
Ty = St — St|t—1-

From this definition, the covariance matrix of x; is Var(z;|F; 1) = Var(s|F; 1) = Xy;_;. Similarly
to Section 9.1, we investigate properties of x;. First, from Eq. (9.44),

v = Zi(8t — Syp—1) + et = Zixi + e
Second, from Egs. (9.51) and (9.23), and the prior equation, we have
Tirl = St+1 = Sttt
= Ti(st — Syp—1) + Remy — Kot
= Tz + Rimy — Ki(Zx, + e)
= Lz + Ry — Kyey,

where as before Ly = Ty — KZ;. Consequently, we obtain a state-space form for v; as

UV = Zt.'lft + ey, T4l = Lta:t -+ Rt’l']t — Ktet, (952)
with €1 = 81 — sy fort =1,---,T.
Finally, similarly to the local-trend model in Section 9.1, we can show that the one-step forecast
errors {v;} are independent of each other and {v,---,vr} are independent of F;_;.

9.4.3 State smoothing

State smoothing focuses on the condtional distribution of s; given Fp. Notice that (a) F;—; and
{v¢,---,vr} are independent and (b) v, are serially independent. We can apply Theorem 1 to the
joint distribution of s; and {wvy,---,vr} given Fy_; and obtain

syr = FE(si|FPr) = E(s|F—1,v4,- -+, v7)

T
= E(st|Fi-1)+ Z Cov(sy, v;)[Var(v,)] Lo,
Jj=t

T
= Sy—1+ Z Cov(sy,v;)Vy oy, (9.53)
j=t
where the covariance matrices are conditional on F;_;. The covariance matrices Cov(s,v;) for
j=t,---,T can by derived as follows. By Eq. (9.52)

Cov(s,v;) = E(sv)

Furthermore,
E(sixy) = Elsi(s; — sy-1)'] = Var(sy) = X1,
E(siwy,,) = E[si(Lixi+ Rimy — Kie;)'] = Iy Ly,
E(Stm£+2) = 2t|t—1L;L:ﬁ+1, (9.55)

E(StiL‘/T) = 2t|t—1L§t"' ,T—l'
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Plugging the prior two equations in Eq. (9.53), we have

/ —1
spr = Stir—1+ X7 1ZyVyvr
! —1 / / —1
srr = Sr-ir-2+ X2y Vi 01—+ X Ly Z7pV oy
!/ —1 / / —1
Syr = Syp-1+ 212V v+ By 1 L2y Vv

4+ 4 2t|t—1L2L2+1 e LLI_IZ’TV:Flmw

fort =T —2,T —3,---,1, where it is understood that L}---L7_; = I,, when t = T. These
smoothed state vectors can be expressed as

ST = Stjt—1 + Bgp— 19415 (9.56)
where gp_y = ZpV i vr, qp_o = Zip VL jvr_1 + Ly ZpV 2 or, and
_ iys—1 !yl -1 >y / ) —1
9 =24,V v+ L2y \Vijva +-+ Lily - Ly ZpFpor,

fort =T —2,T —3,---,1. The quantity g, ; is a weighted sum of the one-step ahead foreacst
errors v; occurring after time ¢ — 1. From the definition in the prior equation, g, can be computed
recursively backward as

@ =Z,V;'vy+Lyq, t=T, -1, (9.57)

with gp = 0. Putting the equations together, we have a backward recusion for the smoothed state
vectors as
—1
qi—1 = Z:fvt vt + LQQu ST = Stjt—1 T Et\tflqt—lv t="1,---,1, (9.58)

starting with gp = 0, where sy;_1, 3,1, L, and V' are available from the Kalman filter. This
algorithm is referred to as the fized interval smoother in the literature, e.g. de Jong (1989) and the
references therein.

Covariance matrixz of smoothed state vector
Next, we derive the covariance matrices of the smoothed state vectors. Applying Theorem 1(4) to

the conditional joint distribution of s; and {vy,---,vr} given Fy_;, we have
T

Syr = Xy1 — Z Cov(st,vj)[Var(vj)]_l[Cov(st,'vj)]’.
j=t

Using the covariance matrices in Eqgs. (9.54)-(9.55), we further obtain

Sur = Byt — Bp1 2V ZiZBy1 — S LiZy Vi Zea LSy
v =Sy Ly L ZpV ' ZpLy g - LSy
= Xy — g1 My Xy,

where

My = ZV;'Z~LZ, Vi ZiL
e — L:e"'L,T_lleV%lzTLTfl"‘Lt-
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Again, L}---Ly_1 = I,;, when t = T. From its defintion, the M;_; matrix satisfies
M, =Z\V;'Z, + LLML;, t=T, --,1, (9.59)

with the starting value M1 = 0. Collecting the results, we obtain a backward recusion to compute
3yr as

M1 =Z\V;'Z;,+LiML;, Syr =3y 1M 131, (9.60)
fort =T, ---,1 with M = 0. Note that, similarly to the local trend model in Section 9.1, M; =
Var(q;).

Combining the two backward recusions of smoothed state vectors, we have
Q1 = ZyVi'vi+ Lig,,
Syr = Stje—1+ By-19-1, (9.61)
M, = Z\V;'Z,+L,M,L,

Et\T = 2tlzt—l - Et\t—lMtflzﬂt_l, t="1T,---,1,

with g7 =0 and M7 = 0.

Suppose that the state-space model in Eqgs. (9.23)-(9.24) is known. The application of Kalman
filter and state smoothing proceeds in two steps. First, Kalman filter in Eq. (9.51) is used for
t =1,---,T and the quantities v¢,Vy, K¢, g1, 2y;—1 are stored. Second, the state smoothing
algoritm in Eq. (9.61) is applied for ¢t = T,7 —1,---,1 to obtain sy and 3.

9.5 Forecasting

Suppose that the forecast origin is ¢ and we are interested in predicting y, ; for j = 1,---, h, where
h > 0. Also, we adopt the minimum mean square error forecasts. Similarly to the ARMA models,
the j-step ahead forecast y,(j) turns out to be the expected value of y, ; given F; and the model.
That is, y,(j) = E(y;4;|Ft). In what follows, we show that these forecasts and the covariance
matrices of the associated forecast errors can be obtained via the Kalman filter in Eq. (9.51) by
treating {y; 1, -, Y n} as missing values.

Consider the 1-step ahead forecast. From Eq. (9.24),

Y:(1) = E(y 41| F) = i1+ Zev1Se11pt,
where s;,1); is available via the Kalman filter at the forecast origin ¢. The associate forecast error
is
ei(1) = Yp1 — Ye(1) = Zi1(St41 — Seq1pe) + €141

Therefore, the covariance matrix of the 1-step ahead forecast error is
Varle;(1)] = Zi113 1) Z1 1 + Hiy,

This is precisely the covariance matrix V1 of the Kalman filter in Eq. (9.51). Thus, we have
showed the case for h = 1.

Now, for h > 1, we consider 1-step to h-step forecasts sequentially. From Eq. (9.24), the j-step
ahead forecast is

Yi(J) = Ctrj + ZisjSep s (9.62)
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and the associated forecast error is

ei() = Zi+j(St4+j — Sewje) + €ty

Recall that sy ;; and 3, ;; are respectively the conditional mean and covariance matrix of sty ;
given F;. The prior equation says that

Varle:(§)] = Z1+81 1 Z11j + Hitj- (9.63)

Furthermore, from Eq. (9.23),
Strjat)t = g + Tt jSepjie
which in turn implies that
St4j+1 = Stajrilt = L4j(St4j — Sppjje) + Reymysj-

Consequently,
B = Terj Do) Loy + Rerj Qo Ri . (9.64)

Noting that Var[e;(j)] = Viyj, Eqgs. (9.62)-(9.64) are the recursion of the Kalman filter in Eq.
(9.51) for t 4+ j with j =1,---,h when v;y; = 0 and K;; = 0. Thus, the forecast y,(j) and the
covariance matrix of its forecast error e;(j) can be obtained via Kalman filter with missing values.
Finally, the prediction error series {v;} can be used to evluate the likelihood function for estima-

tion and the standardized prediction errors D Ly, can be used for model checking, where D, =
diag{V(1,1), -+, Vy(k,k)} with V(i,4) being the (i,7)th element of V.
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