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B41910: Autumn Quarter, 2008, by Mr. Ruey S. Tsay

Some Basic Concepts

. Time Series: A sequence of random variables measuring certain quantity of interest
over time.

Convention:
e In applications, a time series is a sequence of measurements of some quantity of
interest taken at different time points.

e Usually, the measurements are observed at equally spaced time intervals, result-
ing in a discrete-time time series.

e Iftis continuous, then we have a continuous-time time series. The series becomes
a stochastic process.

e Notation: X, or Y; or Z; for a discrete-time time series and X (¢), or Y (¢) or Z(t)
for the continuous-time case.

e X, can be a continuous random variable or a discrete random variable, e.g.
counts or the number of wins of a football team in a season.
. Basic objective of time series analysis

The objective of (univariate) time series analysis is to find the dynamic dependence
of X3, i.e. the dependence of X; on its past values {X;_ 1, X;_2,---}. A linear model
means X,; depends linearly on its past values; a formal definition of linear model
will be given later. To describe the dynamic dependence of X; effectively, it pays to
introduce the following operator.

. Backshift (or lag) operator:
We define the backshift operator “B” (or the lag operator “L”) by

BXt - Xt—l'

In other words, BX; is the value of the time series at time index t — 1. Note that “B”
operates on “time index” so that for the function f; = 2! fort > 1, Bf, = f,_, = 2=%.

We can define a Lag (or backshift) polynomial as
p .
¢(B)=¢o— 1B — - —¢,BY = do —Y_ B
i=1

where ¢9 = 1, ¢, # 0, and p is a non-negative integer referred to as the “order” of

¢(B).



Applying this operator to the X; sequence, we obtain
p
QB Xy =X, =1 Xy ==Xy =Xy =Y 0 Xy
i=1

This equation is often used in time series analysis to describe the dynamic dependence
of X; on its past values.

The equation

¢(B)X: = c, (1)
where ¢ is a constant, is called a “difference equation” of order p. If ¢ = 0, the
equation is homogeneous. The variable X;, which satisfies the difference equation
in (1), is a solution of that equation. In practice, different ¢(B) can give rise to
different dynamic behavior of X;. We shall use such a difference equation to describe
the dynamic pattern of a linear time series.

A variety of dynamic dependence patterns of X; can be generated by considering the
“rational” lag polynomial 7(B) = ¢(B)/0(B).

A simple example of the rational polynomial is

1
B) = )
"B =195
Using long division, we have
1
=14+60B+6°B*+ ...
1— 0B + + +
Therefore,
1 >
X, =) 0'X,;.
1-6B"" ; '

If the {X;} sequence is bounded, then we might want the resulting sequence to
be bounded as well. This is achieved by requiring |#| < 1. This special ratio-
nal polynomial shows that X, is an infinite-order moving average of its past values,
{Xi-1,Xi_9, -}, with weights decaying exponentially.

If |#] > 1, then it might be reasonable to define
1 =B -1
1-6B 1-(B)"' 6B

= iu/e)iXm.

This is a forward-looking moving average that relates X, to its future values. Note
that sometimes we write B~! = F such that F.X; = X,,; and refer to F' as the
forward operator.
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4. First-order Difference Equations

A difference equation is a deterministic relationship between the current value X;
and its past values X;_; with ¢ > 0. In some cases, it may also contain the current
and past values of a “forcing” or “driving” variable. A first order difference equation
involves only one lagged variable:

X, = o¢Xi_1 + ba; + c,

where a; is a forcing variable, which follows a well-defined probability distribution,
and ¢, b and c are real-valued parameters. Using the backshift operator, we can write
the model as

(1 —¢B)X; = ¢+ bay.

The “solution” to this difference equation expresses the current value X; as a function
of time and the forcing variable a;.

c b
X, = ‘
t 1_¢B+1_¢Bat+’7¢

The term v¢' is included because this is the only function such that (1 — ¢B)f; =0,
where v is a unknown parameter whose value is determined by some initial condition.
Note that y¢' is the solution to the homogeneous equation (1—¢B)X; = 0. As in the
theory of differential equations, the solution of a difference equation consists of the
solution to the homogeneous part plus a particular solution to the inhomogeneous
equation.

The solution, X; = ¢/(1 — ¢) + b3, d'a;_; + v¢', is fully determined by knowledge
of the initial conditions of the sequence. If X is known, then

(1_Z)+bz¢at 1+¢X0

If |¢] < 1 and a; is bounded with mean zero, then E(X;) approaches ¢/(1 — ¢) from
any starting point.

Xy =

Obviously, the value of ¢ determines the qualitative behavior of the equation X; =
¢t Xy. For the first-order equation, there are three types of solution. If 0 < ¢ < 1,
then X; dampes smoothly to zero. If —1 < ¢ < 0, the X; dampes oscillatorily to
zero. If |¢| > 1, then X, is explosive. [The case of |¢| =1 is obvious.]

5. Second-order Difference Equations:

The same idea can be extended to higher-order difference equations. Solutions to
higher-order difference equations can exhibit more interesting sinusoidal patterns.
The latter case occurs when the equation contains complex solutions.



Consider the general second-order difference equation:

Xy =01 Xp1+ 02Xy 0+ 0 + bay
or

(1 — ¢ B — ¢2B*)X, = 6 + bay.

Solutions of this equation can be computed by factoring the backshift polynomial as,
(1—¢1B—¢2B?) = (1 — A\ B)(1— \yB). Considering just the homogeneous equation,
we find a solution of the form

Xt =C ()\1>t + CQ()\Q)t7

where ¢; and ¢, are unknown parameters depending on the initial conditions. Note
that 1/A1,1/\y are the zeros of the polynomial 1 — ¢, B — ¢ B?. If the homogeneous
solution is to remain bounded, we would require |\;| < 1 for i = 1, 2, or equivalently
that the zeros of the polynomial 1 — ¢; B — ¢ B? lie outside the unit circle (modulus
> 1). [Note: Zeros of 1 — ¢y B — ¢ B? are roots of the equation 1 — ¢ B — ¢y B* = 0.]

For a second-order equation, we have three possibilities: (a) distinct real roots, (b)
equal real roots, and (c¢) complex roots. The quadratic formula gives the roots as

N d1 £ /BT + 46,

‘ 2

We have complex roots if ¢? + 4¢ < 0. The roots are a & bi where i is /—1. Note
that the complex roots come in a conjugate pair.

If we write the roots using polar form, we can see how oscillatory solutions are possible.
a =+ bi = r(cosf £ isinf)

where 7 = v/a2 + b2 and cos = a/r = ¢1/(2v/—d2), or O = cos™L (1 /(2v/— o).

Using DeMoive’s formula, namely cosf + isinf = e, we can write

X, = ¢ (rew)t + cz(re’w)t
— Tt<cleit9 + CQG—ite)
ot

[(c1 + ¢2) cos(tl) + i(c1 — cz) sin(t)].

Since X; is real, ¢; + ¢ must be real while ¢; — ¢y must be imaginary. Thus, ¢; and
co are complex conjugates. Using DeMoive’s formula again and some identifies from
trigonometrics, we obtain

X; = kr' cos(td + w).



Equal roots case:
(1-AB)’X, =0

The solution of which is
Xt = Cl)\t + CQt}\t.

6. General Case:

The above results can readily be extended to the general higher-order difference equa-
tions.

7. Stochastic Difference Equations: When the “forcing” factor is stochastic, we have
a general difference equation. In particular, the case in which the forcing variable
is a sequence of independent and identically distributed normal random variables
{a;} plays an important role in time series analysis. Here the solution X; is usually
correlated and follows certain statistical distribution.

8. Let a; and X; be input and output at time ¢, respectively. Consider the linear system
Xi = Poas + ra;1 + oas o+ - - = Y(B)ay,

where 1)(B) = g +¢1 B+ B?+ - - and ¢y = 1. Consider the relationship between
1; and coefficients 7(B) discussed earlier.

2 Linear Time Series Models

Recall that a time series is a collection of random variables { X, } indexed by “time”. In most
economic and business applications, we only observe one realization of the time series. Such
a realization is called a sample path. The goal of time series analysis is to make inference
of the series based on the observed realization. A typical approach of the analysis is to
identify a model within a given class of flexible models which can adequantely approximate
the process under study.

Model choice in time series analysis involves evaluation of a joint distribution function
for the sample data:

F(zy,29,- - 2,) = Pr(Xy <z, -, X, < )

where n is the sample size and x;’s are real numbers. Note that {X;} may not be a random
sample. It is usually an observed series. To succeed in modeling the process, we must
restrict the class of joint distributions under consideration. Furthermore, to predict future
values of the process, we must be able to identify some key features of the distribution that
are time invariant.

Stationarity: A particular time-invariant feature that has proven to be useful is the
stationarity. A time series {X,} is strictly stationary if

Fx, . x..(x) = Fx,,, . Xppp. (%) for all 7 and s.
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In other words, X; is strictly stationary if (a) the distribution of X; and X, are the same
for all ¢t and s, (b) the joint distribution of (X, X;1s) is the same as that of (X;i,, X¢1r1s)
for all » and s, (c) the joint distribution of (X, Xyys, Xiis1y) is identical to that of
(Xitr, Xivrts, Xirrisin) for all 7, s and u, and so on.

In practice, we often relax the requirement of stationarity by considering only the weak
stationarity. A time series X, is weakly stationary if

E(X;) = u, aconstant
Cov(Xy, Xiyr) = 7, a function depending only on k.

In other words, X; is weakly stationary if its first two moments are time invariant. Of
course, here we assume that the first two moments of X; exist. Some people refer to weakly
stationary processes as covariance stationary processes.

Clearly, strict stationarity implies weak stationarity provided that the first two moments
of the series exist. On the other hand, a weakly stationary series may not be strictly
stationary.

In many applications, we assume that the time series X; is Gaussian, that is, jointly
normal. This is mainly for statistical convenience. Since the distribution of a normal
distribution is determined by its first two moments, weak stationarity is equivalent to
strict stationarity for a Gaussian time series.

We shall discuss non-Gaussian time series later.

Autocovariance Function: For a weakly stationary process Xy, v, = Cov(Xy, Xyig) is
called the lag-k autocovariance. Treating 7 as a function of k, we call 7, the autocovariance
function of X;. For a Guassian process, the sample Z = (X,---, X,,)" has a multivariate
normal distribution:

Z ~ MN (4, %)
where g = u(1,---,1)" is a n-dimensional vector of y and ¥ is a n X n symmetric matrix
0 At 2  Yn—2 TYn—1
Mm% M Yas Ve
s _ '1 .o '1 | 3 | 2
Tn—-1 Tn-2 Tn-3 " N Yo

where we have used the property v, = ~v_, for £ < 0.

In (linear) time series analysis, we focus mainly on various models that parameterize
the above covariance matrix in terms of a smaller number of parameters. This is essential,
because for an un-restricted covariance matrix there are too many parameters.

Autocorrelation Funaction. The lag-¢ autocorrelation function (ACF) of a stationary
time series X; is defined as

e
pf =
Yo



where 7y is the lag-k autocovariance function of X;. Note that it is easy to see that (i)
po =1, (ii) |pe| < 1, and (iii) py = p_s.

Ergodicity: Since we often have a single realization from the time series under study, we
must estimate the parameters of a particular time series model using observations of this
realization. The basic reason that we can do so is the theory of ergodicity. This is another
time invariant property we shall use. A simple way to discuss ergodicity is as follows:

Consider the random variable X;. The traditional way to estimate the mean of this
random variable is to have a random sample of m observations drawn from the distribution
of X;. Denote the sample by X; 1, -+, X;,,. Then, the mean p of X; is estimated by

m

ZXtvi‘

_ 1

i=—

mi=

By the law of large number, we have i —, p as m — oo provided that p exists. This
estimate [ is an “ensemble” average.

In time series analysis, we have only ONE realization. That is, we have only one
observation X; at time t. How can we estimate the mean of X;? Recall that for a stationary
time series the distribution of X; is the same as that of X,. Consequently, we can treat
the single realization X, Xy, -+, X,, as a sample of n observations from the underlying
distribution. Then, a natural way to estimate the mean p of Xj is

Here /1 is a “time” average. This type of estimate can only be justified if it —, pasn — oo.
More generally, for a time series Xy, the question is

X .1 & > > :
Pe=lim =3 (X, = X)Xy — X) =y = Cov(Xy, Xppp),

where X = %2?21 X;. If a time series satisfies the requirement that the “time” averages
converge to the “ensemble” averages, then the series is said to be ergodic.

Not all stationary time series are ergodic. However, all stationary, linear Gaussian time
series are ergodic.

Note that the method of moments in time series analysis depends on ergodicity. What
is the method of moments?

Linear time series and Wold decomposition: The simplest time series is a sequence of
iid N(0,0?):

: oo
crr,a-2,0-1,00,01,0a2," - OF Slmply {at}t:_oo'

This series is called a Gaussian white noise series.



If {a;} are iid, but not Gaussian, then we have a strictly stationary series.

Linear Time Series. A univariate time series X; is linear if it can be written as

[e.e]
Xi=p+a+ Y Pia,
i=1
where {a;} is an iid sequence. The requirement that a, are iid is rather strong. In prac-
tice, X; may contain some deterministic trend component or is subjected to the effect of
exogenerous variables. We shall discuss this definition further when we introduce nonlinear
time series later.

White Noise. A white noise series {a;} is defined as follows: (1) E(a;) = 0 for all ¢, (2)
E(a?) = o2 for all t, and (3) Vov(a;as) = 0 for t # s. That is, a white noise series is a
sequence of uncorrelated random variables with mean zero and variance o?. Note that a
white noise series is serially uncorrelated, but not necessarily serially independent.

If we want to generate a series which is non-independent, we can take linear combina-
tions of white noise terms:

Xy =a+ a1 +hoar g+ = (1 + 9B+ B + - ay.

This is a one-sided linear filter of the a, series; we average the current and past values of
the a;’s to generate the observations X;’s. A process generated in this way is called a linear
process or more specifically a moving average process.

Note that the X; process considered above has zero mean; we can simply add a constant
term p to the right hand side to X; so that it has a non-zero mean.

If X, is weakly stationary, we require that its variance exist which in turn requires that

o
SR < oo
i=1

The autocovariance function of {X,} is then given by

W = Cov(Xy, Xoyr) = B(Xi Xowr) = B[O tiari) (D jan—j)] = 0° Y tithers,
i=0 i=0

J=0

where ¥y = 1.

A more convenient way of obtaining the autocovariances of a linear process is by using
the moment generating function. The function is defined

[e.9]

L(z)= Y wzt

k=—oc0

This generating function just serves to store the sequence of autocovariances in a convenient
form with the device that the k-th coefficient is 7;. Generating functions of this sort are



useful in many ways, for instance, they are convenient in book-keeping. By substituting
the generating function in the formula for the autocovariance, we can obtain

[(z) = o*(2)y(z7).

All linear time series models have an infinite moving average representation. That is,
any linear time series model can be written in the form of a moving average model of order
infinity. The only difference between different models is the different restrictions on the
weights. The general linear model considered here has even greater applicability than one
might think. We shall gradually see the flexibility of the model in this course. Here we
simply rely on a very important theorem due to Wold which states that any stationary
process can be decomposed into two parts:

Yi =D+ X,

where X, is a general linear process, D; is a deterministic process (a process which can
be perfectly predicted under the MSE criterion from past values of the process) and
E(X;Ds) = 0 for all ¢ and s. Even processes which are generated by non-linear func-
tions of the observations but which are strictly stationary can be represented by a linear
process of infinite order.

Note that in the Wold decomposition, X; is a linear function of “uncorrelated” (not
necessarily independent) process. Thus, a linear function in the Wold decomposition may
still be a non-linear time series.

For those who are interested in a formal proof of Wold decomposition, see Brockwell
and Davis (1991, page 187).

Example. Below are some examples of univariate time series.
1. Daily U.S. and EU exchange rates ($ = 1 Euro): 1999-2008.
2. Quarterly U.S. GDP in billions dollars, seasonally adjusted annual rate. 1947-2008.

3. Monthly Producer Price Index: all commodities, index 1982=100, not seasonally
adjusted, 1921-2008.

4. Monthly U.S. M2 Money Stock in billions of dollars (1959.1-2008.8)

5. Monthly U.S. Unemployment rate: civilian 16 years and older; seasonally adjusted,
1948-2008.

6. Monthly U.S. Total Nonfarm Payrolls: All employees, seasonally adjusted, 1939-2008.
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