Lecture 12: State Space Model and Kalman Filter
Bus 41910, Time Series Analysis, Mr. R. Tsay

1 Introduction
A state space model consists of two equations:

St+1 = FSt + Get (1)
Zt = HSt + € (2)

where S; is a state vector of dimension m, Z; is the observed time series, F,G, H are
matrices of parameters, {¢;} and {¢;} are iid random vectors satisfying

E(e;) =0, E(e) =0, Cov(e) =0Q, Cov(e)=R

and {e;} and {¢} are independent. In the engineering literature, a state vector denotes
the unobservable vector that describes the “status” of the system. Thus, a state vector
can be thought of as a vector that contains the necessary information to predict the future
observations (i.e., minimum mean squared error forecasts).

In this course, Z; is a scalar and F,G, H are constants. A general state space model in
fact allows for vector time series and time-varying parameters. Also, the independence
requirement between e; and ¢; can be relaxed so that e; and ¢; are correlated.

2 Relation to ARMA models

To appreciate the above state space model, we first consider its relation with ARMA models.
The basic relations are

e an ARMA model can be put into a state space form in “infinite” many ways;
e for a given state space model in (1)-(2), there is an ARMA model.

A. State space model to ARMA model:
The key here is the Cayley-Hamilton theorem, which says that for any m x m matrix F
with characteristic equation

C()\) = |F — )\[‘ = \"4+ al)\mfl —+ a2)\m72 + .+ amfl)\ + ao,

we have ¢(F) = 0. In other words, the matrix F' satisfies its own characteristic equation,
Le.
Fm4 o F™ b aoF™ 2 4 oo+ a1 F 4+ an = 0.



Next, from the state transition equation, we have

Sy = S
Sii1 = FS +Gey
Sivo = F2S;+ FGe; + Gegyq
Sips = F3S, 4+ F?Ge; + FGepq + Gegyo

St+m - FmSt + FmilGet + 4 FG€t+m72 -+ Get+m71-

Multiplying the above equations by a,,, a1, -, a1, 1, respectively, and summing, we
obtain

Sttm + 018 4m—1+ -+ o151 + @Sy = Gerpm_1 + Breiym—2 + -+ Bmrer. (3)

In the above, we have used the fact that ¢(F) = 0.

Finally, two cases are possible. First, assume that there is no observational noise, i.e. ¢, =0
for all ¢ in (2). Then, by multiplying H from the left to equation (3) and using Z;, = H S,
we have

Zivm + 1 Zpm—1 + -+ 121 + Oy = Qg — O1Gipm—1 — -+ — Op_1G441,

where a; = HGe;_1. This is an ARMA(m,m — 1) model.
The second possibility is that there is an observational noise. Then, the same argument
gives

(]. + OélB + -+ OémBm)(ZH_m - €t+m) = (1 - GlB — Qm_le_l)at+m.

By combining €; with a;, the above equation is an ARMA (m, m) model.

B. ARMA model to state space model:
We begin the discussion with some simple examples. Three general approaches will be

given later.
Example 1: Consider the AR(2) model

Zy = G121 + 9229 + ay.

For such an AR(2) process, to compute the forecasts, we need Z;,_; and Z; 5. Therefore,

it is easily seen that
Zivi | | 91 P Zy 1
l Z 1‘[ L0 || 2| o™

where e; = a;,1 and



where Sy = (Z;, Z;—1)" and there is no observational noise.

Example 2: Consider the MA(2) model

Zy = ay — O1a4_1 — Oha;_s.

Qg o 0 0 a1 + 1 a
A1 o 1 0 A¢—9 0 t
Zt = [—91, —HQ]St -+ ay.
Here the innovation a; shows up in both the state transition equation and the observation

equation. The state vector is of dimension 2.
Method 2: For an MA(2) model, we have

Method 1:

Zt\t = Z
Zt+1\t = —tha; — Oa;
Zt+2\t = —byay.

Let St = (Zt, —Hlat — 92(115,1, —92at)’. Then,

010 1
Sip1 =10 0 1 |Se+ | =01 | a1
0 0O —0,
and
Zt - [1, 0, O]St

Here the state vector is of dimension 3, but there is no observational noise.
Exercise: Generalize the above result to an MA(g) model.

Next, we consider three general approaches.

Akaike’s approach: For an ARMA(p,q) process, let m = max{p,q + 1}, ¢; = 0 for
i >pand 60; =0 for j > q. Define S; = (Zi, Zit, Zigalts + » Zt4m—1)e) Where Zy g is the
conditional expectation of Z;, given Wy = {Z;, Z;_1, - -}. By using the updating equation
of forecasts (recall what we discussed before)

Zii(l = 1) = Z(0) + Yp_1a441,

it is easy to show that
Siy1 = F Sy + Gayq

Z, =1[1,0,---,0]S,



where

0 1 o --- 0 wl
0O 0 1 - 0 !
F= . ) , G= (0
(bm ¢m71 e ¢2 le i wmfl |
The matrix F' is call a companion matrix of the polynomial 1 — B — --- — ¢,,, B™.

Aoki’s Method: This is a two-step procedure. First, consider the MA(q) part. Letting
Wi =a, — bhag—1 — - -+ — 0,a,—4, we have

Qg 0 0 00 ai—1 1
a1 1 0 00 (o)) 0
: | : T @
Qg—g+1 00 -~ 10 Ai—g 0
Wy =[—01,—0s,-- -, —0,]5; + a;.
In the next step, we use the usual AR(p) format for
Zy— 121 — = oy = Wi

Consequently, define the state vector as
Sy = (Zt—h Loy, Zt—pv Ag—1,°" ", at—q),'

Then, we have

Zy d1 P o by =0 =0 - =0, ][ Zis 1
7 1 1 0 --- 0] 0 0 --- 0 Zi o 0
Zipa | 1O -~ 1 0|0 0 0 Zi N 0 .
a; “10 0 --- 0|0 0 0 Qi1 1|7
ap_q 0O 0 --- 0| 1 0 0 i 0
: : 0 :
g1 | [ O O - 0] O 1 0 |[ayg]| [0
and
Zt = [¢17 e 7¢p7 _617 Tty _eq]st + ay.

Third approach: The third method is used by some authors, e.g. Harvey and his asso-
ciates. Consider an ARMA (p, ¢) model

P q
Zy = Z Gili—i + a; — Z Oja;_;.
i=1 j=1
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Let m = max{p,q}. Define ¢; = 0 for i« > p and 6; = 0 for 7 > ¢. The model can be

written as
m m
Zy = Z Gily—i + ap — Z Osas—;.
i=1 i=1

Using ¥(B) = 6(B)/¢(B), we can obtain the 1-weights of the model by equating coefficients
of B7 in the equation

(1=6iB — - = 6,B") = (1= B — - = §uB™) o + 41 B+ + 0 B™ +--),

where 19 = 1. In particular, consider the coefficient of B™, we have

—Om = —Pmo — Pm-1¥1 — -+ — P1¥m—1 + Y.
Consequently, -
= 2} Githm—i = O (4)
Next, from the 1-weight representation

Zitm—i = Qgm—i + V1Qppm—i—1 + Yoypm—i—o + -,

we obtain
Zirm—ilt = Vm—i@¢ + Um—ig1@i—1 + Upp_jyoty_o + -+
Zitm—ifi—1 = Vm—it10—1 + Vm_ip2l_2 + .
Consequently,
Zivm—ilt = Liym—ifi—1 + Um—iaz, m—1>0. (5)
We are ready to setup a state space model. Define Sy = (Zyi—1, Zys1p—1, s Zegm—1jt—1) -

Using Z; = Zy;—1 + a4, the observational equation is
Zt = [1,0,---,0]St+at.

The state-transition equation can be obtained by Equations (5) and (4). First, for the first
m — 1 elements of S;,1, Equation (5) applies. Second, for the last element of S;.1, the
model implies

Zt+m|t = Z ¢iZt+m—z‘\t — Omay.
i=1
Using Equation (5), we have
Zt+m\t = Z Zt+m ijt—1 + wm zat) - emat

= Z i Ltem—ilt—1 + Z¢zwm i — On)a

I
Ms I

GiZyym—ift—1 + Ymay,
1

-.
Il



where the last equality uses Equation (4). Consequently, the state-transition equation is

St+1 = FSt + Gat

where ~ _
0 1 0 -+ 0 Zl
0 0 1 - 0 2

F= : : . G=| {3
O | Gm—1 - P2 1

| U ]
Note that for this third state space model, the dimension of the state vector is m =
max{p, ¢}, which may be lower than that of the Akaike’s approach. However, the innova-

tions to both the state-transition and observational equations are a;.

3 Kalman Filter

Kalman filter is a set of recursive equations that provide a simple way to update the
information in a state space model. It basically decomposes an observation into conditional
mean and predictive residual sequentially. [Cholesky decomposition.] Thus, it has wide
applications in statistical analysis.

The simplest way to derive the Kalman recursion is to use normality assumption. It should
be pointed out, however, that the recursion is a result of the least squares principle (or
projection) not normality. Thus, the recursion continues to hold for non-normal case.
The only difference is that the solution obtained is only optimal within the class of linear
solutions. With normailty, the solution is optimal among all possible solutions (linear and
nonlinear).

Under normality, we have

e that normal prior plus normal likelihood results in a normal posterior,

e that if the random vector (X,Y) are jointly normal

X T Exx Emy
R

then the conditional distribution of X given Y = y is normal

X|Y =y~ Nlu, + ExyE;yl(y — ,LLy), Ygw — ExyE;;Eyw].

Using these two results, we are ready to derive the Kalman filter. In what follows, let Py
be the conditional covariance matrix of Sy, ; given {Z;, Z;_1,---} for j > 0 and Sy be
the conditional mean of Syy; given {Z;, Z;_1,---}.



First, by the state space model, we have

Sirp = FSy (6)
Ziyye = HSiap (7)
Py = FPt‘tF’ + GG (8)
Vijie = HPyH +R (9)
Ct+1|t = HlDt—‘,—l\t (10)

where Vi, is the conditional variance of Z;,; given {Z4,Z;_1,---} and Cit1)¢ denotes
the conditional covariance between Z;,; and S;.;. Next, consider the joint conditional
distribution between S;;1 and Z;,;. The above results give

Si41 ~ N( Siy1t P P H' )
. Zyap || HPgapy HPpH' + R |7

Finally, when Z;,; becomes available, we may use the property of nromality to update the
distribution of S;,;. More specifically,

Seitjtr1 = Serap + PripH'[H Py H' + R ™ (Zy1 — Zist) (11)

and

Piirjir1 = Py — P H'[HP oy H' R]_lHPt+1|t- (12)
Obviously,

Teptt = Zirr — Zipre = Ziv1 — HSpp

is the predictive residual for time point ¢t + 1. The updating equation in (11) says that
when the predictive residual 7,1} is non-zero there is new information about the system so
that the state vector should be modified. The contribution of r,;; to the state vector, of
course, needs to be weighted by the variance of 7,1; and the conditional covariance matrix
of St—l—l-

In summary, the Kalman filter consists of the following equations:
e Prediction: (6), (7), (8) and (9)
e Updating: (11) and (12).

In practice, one starts with initial prior information Spjo and Fpp, then predicts Z;p and
Vijo- Once the observation Z; is available, uses the updating equations to compute Sy); and
Pyj1, which in turns serve as prior for the next observation. This is the Kalman recusion.
Specifically, let Spp and Fyo be some arbitrary initial values. From Eqs. (6) and (7), we
obtain the predictions Syjg and Z;o. From Eq. (8), we obtain Pj|p, which in turn via Egs.
(9) and (10), we get Vijo and Cyjo. Now, suppose Z; is observed. We can compute the
residual rg = Z; — Zyjo. Using this residual and Egs. (11) and (12), we can update the
state vector, i.e. we have Sj; and Py;. This completes one iteration of Kalman filter.
Note that the effect of the initial values Spjo and Py is decresing as ¢ increases. The main
reason is that for a stationary time series, all eigenvalues of the coefficient matrix F are
less than one in modulus. As such, Kalman filter recursion ensures that the effect of the
initial values indeed vanishes as t increases.



4 Statistical Inference

A key objective of State-space models is to infer properties of the state S; based on the
data {z1,...,2} and the model. Three types of inference are commonly discussed in the
literature. They are filtering, prediction and smoothing. Let F, = o — {2, z,_1, ...} be the
information available at time ¢ (inclusive), and assume that the model is known (i.e. all
parameters of the model are known). The three types of inference are

e Filtering: To recover the state vector S; given F3,
e Prediction: To predict S;yp or z;,p for h > 0, given Fj,
e Smoothing: To estimate S; given Fr, where T' > t.

We look at a simple example in detail to understand these three types of inference. See
Chapter 11 of Tsay (2005).

Based on the discussion of Kalman filter, the applications of filtering and prediction are
easy to understand. The smoothing, on the other hand, requires some further explanation.
First, consider the predictive residual r, = Z; — Zyy—1 = Zy — HSy—1. It is easy to see
that r, = H(S; — Sy¢—1) + € and the conditional variance of Z; given F;_; is Vip—1 =
HPy 1H + R. (See Eq. (9). Also, we have E(r;) = 0 and Cov(r, Z;) = E(rZ;) =
E[E(riZ;|Fi—1)] = E|Z;E(r|Fi—1)] = 0 for all j < t. In other words, as expected, the
predictive residual 7, is uncorrleated with the past observations Z; for j < ¢.

In fact, the series of predictive residuals {ry,79,...,r7}, where T is the sample size, has
some nice properties:

1. {ry,...,rr} are serially uncorrelated (independent under normality) and they are
linear function of {71, Zs, ..., Zr}.

2. The transformation from {Zy,...,Zr} to {ry,...,rr} has unity Jacobian. Conse-
quently, p(Z1,...,Zr) = p(r1,...,r7) = [I_, p(r;). This provides a simple way to
evaluate the likelihood function of the data.

3. The o-field Fr = o{Zy,...,Zr} =0o{Z1,..., Zs_1,74,..., 7T}

Recall that S; and F; are the conditional expectation and covariance matrix of S; given
Fj;. The smoothing is concerned with Sy and P,p. It turns out that these two quantities
can be obtained recursively from the results of Kalman filter, i.e., from Sy,—; and Py_;.
The recursion is similar to the Kalman filter we discussed so far. See Section 11.4 of Tsay
(2005) for details.



