Lecture 5: Aggregation and Regression Models with Time Series Errors
Bus 41910, Time Series Analysis, Mr. R. Tsay

1 Aggregation

Aggregation is an interesting subject in time series analysis. Two good references for this
topic are the textbook by Wei (1990), which contains various results of aggregation, and
the paper by Engel (1984, J. Time Series Analysis, pp. 159-171), which considers models
of the sums and aggregations of linear ARMA models.

There are two types of aggregation: sum over series and sum over time (or temporal
aggregation). Some relevant results are as follows:

a. Sum of two independent time series: Suppose that Xi3; and Xy are two independent
ARMA series of orders (p1,q1) and (po, g2), respectively. Let Z; = Xy; + Xo;. Then, Z, is
an ARMA (p, q) process with p < p; + pe and ¢ < max{p; + g2, p2 + ¢1 }.

The reason that “<” is used is because of the possibility of common factors in the polyno-
mials involved.

Proof: Write the model for X;; as

¢i(B)Xit = ei(B)ait~
Apply ¢1(B)¢p2(B) to Z;, we have
¢1(B)9a(B)Zy = ¢1(B)d2(B)( X1 + Xat) = ¢2(B)01(B)a + ¢1(B)02(B)ay.

The result follows.
Notice that the “independent” assumption is important, otherwise, X;; may be a lagged
version of Xy, e.g. X1, = Xo,; 100, which can easily violate the stated result.

b. Temporal aggregation: For a time series {Y;}, let {Z,;} be the series consisting of sums
of m non-overlapping points of Y;. For example, for m = 3, we can aggregate monthly
series to obtain a quarterly series. Mathematically, we can define Z, as

mil
Zy= Y  Y,=QQ+B+--+B" )Y
t=m(f—1)+1

If Y; is an ARMA(p, q) process, then Z; is also an ARMA process. To determine the model
for Z;, one needs to consider first the implication of the “backshift operator B” on Z,. By
definition,

m(£—1)
BZy=Zy1= Y, Yi=(1+B+-+B"Y,u-1y=B"(14+B+ -+ B" )Y,
t=m({—2)+1



Thus, the backshift operator “B” applying to Z, is amount to applying B to Y;. In other
words, we need to understand that “time scales”are different between the original series Y;
and the aggregated series Z;. For instance, a backshift operator in a quarterly time series
is corresponding to B? in a monthly series.

Example: The best way to derive a model for the aggregated series Z; is to consider a
simple example. Suppose that Y; is an ARMA(1,1) process, say

(1—-¢B)Y, = (1 —6B)ay,
and m = 2. Applying the polynomial operator (1 — ¢*>B) to Z,, we have
(1=¢’B)Zy = Zy— ¢*Zp
= (Yor+ Yo 1) — ¢2(Y2(e—1) + Ya(0-1)-1)

= Yo — ¢*Yapo + Yor1 — ¢*Yar3
= ag + (¢ — O)agy—1 — plag—s + az—1 + (¢ — 0)age—9 — Phag_3
de
= Q2¢ + W1Qg¢—1 + Walzr—2 + W3a2¢—3.
In the above, we have used the result

Y, = oY +a—0Oa

= ¢"Yiota+ (¢ —0)a1 — phas_o.

Since 2¢ — 2 and 2¢ — 3 correspond to Z,_q, thus the model for Z, can be written as

(1-¢°B)Z; = (1 - ©B)b,

which is again an ARMA(1,1) model in the time scale of ¢.

Example: Consider now that m = 2 and Y; is an AR(2) model, say
(1—.5B)(1+.5B)Y; = (1 — 25B*)Y; = a;.

Here the coefficients are chosen purposely so that (.5)* = (—.5)%. Applying (1 — .25B) to

Zy, we have
(1— 25B)Z = Zi— 25701
= (Yoo + Yar1) — .25(Yar_o + Yor_3)
= (Yo — .25Y5 o) + (Yor_1 — .25Y%_3)

= Qg+ g1
def
- bta

which is an AR(1) model in the ¢ time scale. Thus, the fact that the coefficients satisfy
(.5)? = (—.5)? reduces the AR order by 1. This phenomenon holds in general aggregation.
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General result: For an ARMA(p, q) process Y;, say ¢(B)Y; = 0(B)ay, its m-point non-
overlapping aggregate Z; is an ARMA(p*, ¢*) where p* < pand ¢* < [p+1+ ir{l] with [z]
the integer part of x. The inequality “<” occurs when some zeros of ¢(B) satisfy A\]* = AJ*
for i # j. If all the zeros of ¢(B) are distinct and A\]* # AJ* for i # j, then the equality
holds. For further details, see Wei (1990, Chap. 16).

Systematic sampling: Suppose that a time series Y; is an ARMA(p, ¢) process. However,
one only observes the m-th subseries Z;, which is defined as

Zy =Y, with m a fixed positive integer.

This situation occurs frequently in business and in process control. For instance, one may
inspect every 5-th product of a production line. Here again, a backshift operator of Z; is
corresponding to B™ of the original series Y;. In general, the model for Z; is ARMA(p,r)
where 7 < [p + £-P].

2 Regression Models with Time Series Errors

Regression is one of the most commonly used statistical analyses. It requires that the error
terms of the model are independent, homogeneous, and uncorrelated with regressors. For
proper use of regression models, residual analysis is performed to check the validity of these
assumptions. The well-known Durbin-Watson statistic is just one of many model checking
statistics in regression analysis. Proper modifications must be exercised if any violation of
the assumptions is found. Regression models with time series errors are models designed
to deal with “independence” and “homogeneity” assumptions of the error term.

In general, a regression model with time-series errors can be written as

v = B'xy + e, (1)

where x; is the vector of regressors, which may contain the constant 1 as its first element,
and e; follows a stationary time series model, e.g.

o(B)e; = 0(B)ay.

For simplicity, one often assumes that e; follows an AR(p) model.

If the serial dependence in e; is overlooked, then the usual t-ratios of the least squares
estimates B are not reliable, which may lead to erroneous inference. In this lecture, we
shall discuss two approaches to analyze regression models with time-series errors.

If the main focus of the analysis is to make inference on 3, then the form of serial dependence
in e; is of secondary interest. In this case, we can use the so-called “HAC” estimators of
the covariance matrix of ,[Ai' to adjust for the serial dependence in ¢;. Here “HAC” stands
for heteroscedastic and autocorrelation consistent estimator.



If {e,} of Bq. (1) are iid, then the covariance matrix of 3 is

-1

Cov(B) =2 [Yaiat]

where 02 = Var(e;) and T is the sample size. If e, has conditional heteroscedasticity, White
(1980) proposes the modifed estimator

1 T T _
Cov(B [Z wtwt] [1]) > éf:vtw;] lz wtm;] :
TP =1

where ¢, = y; — B,mt is the residual and p is the dimension of ax;. This formula is under-
standable because, under conditional heteroscedasticity, é? and x,x} are correlated.
If e, is also serially correlated, Newey and West (1987) propose the estimator

-1 T -1

Cov(B lz xtwt] C, LZ; wtwil ;

where
- T L T
~2 / A A / ~ ~ /
TC* = E €, Ly + E wj E (aztetet_jwt,j + a:t_jet_jetxt),
t=1 j=1  t=j+1

where £ is a trunaction parameter and w; = 1 — é_{%l. Newey and West suggest choosing
¢ to be the integer part of e(7/100)%/°. This estimator essentially uses a nonparametric
method to estimate the covariance matrix of Y7, éx,. In practice, the result might be

sensitive to the choice of /.

Another approach is to specify a time series model for e; and perform a joint estimation
of all parameters simultaneously. This is the approach we take in this class. In practice,
we can apply model specification methods (to be discussed later) to the residual é; of the
ordinary least squares estimate of 3. With the specified model for e;, we then perform
maximum likelihood estimation of all parameters.

In SCA, the regression model with time-series errors is written as

o(B)
¢(B) "

where 6(B) and ¢(B) are finite order polynomials as defined in an ARMA model. In R,
the model is written as

v = Bz, +

¢(B)(y: — B'x:) = 0(B)ay.

Of course, the two models are equivalent.



Remark: In fact, SCA also allows for some dynamic dependence of y; on «;. For instance,
if x; is a scalar, say x; = x;, then the model in SCA can assume the form

_w(B)  0B)
Yt = (5(B) Tt qb(B)a/t,
where w(B) =wp+wi B+ -+ wB* and 6(B) =1—0,B —--- —§,B" are polynomials of

degree s and r, respectively. This type of models is referred to as a distributed-lag model
or transfer function model.



