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Abstract

I explore the efficiency properties of a competitive search model with match-specific
private information and limited commitment on the workers’ side. In a static setting the
competitive search equilibrium is constrained efficient, while in a dynamic setting it is
constrained inefficient whenever the initial unemployment rate is different from its steady-
state level. Inefficiency arises because the workers’ outside option becomes endogenous and
affects the severity of the distortion due to the informational friction. This generates a
novel externality: firms offering contracts at a given time do not internalize their effect on
the outside option of workers hired in previous periods.
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1 Introduction

It has long been recognized that trade in labor markets is costly and subject to frictions. Firms
need to post vacancies, workers spend time searching for jobs, and wages are determined by

decentralized contracting. This imposes a departure from the frictionless Walrasian paradigm.
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A classic question arises: to what extent do decentralized labor markets achieve efficiency? In
particular, do they reach an efficient level of unemployment and job creation?

Search theory offers a natural environment to represent decentralized markets with trading
frictions. In addressing the efficiency issue, the literature has focused on the bargaining side
of the model, that is, on the way in which the worker and the firm split the surplus of the
employment relationship. Different assumptions on wage determination can drive different
implications in terms of efficiency. On the one hand, the classic Mortensen-Pissarides model
shows that random matching combined with Nash bargaining introduces a search externality
that generically generates inefficiency.! On the other hand, Shimer (1996) and Moen (1997)
show that efficiency can be restored once an appropriate notion of competition is introduced,
that is, when firms post wages and workers direct their search towards the most attractive
ones. This form of competition is known as competitive search.

However, the contracting problem of workers and employers is not only about how to divide
the surplus generated by the match. A crucial additional problem is that the contracting parties
typically have private information necessary to evaluate this surplus, and such information is
needed to decide whether starting an employment relationship is profitable or not. In this
paper, I focus on this informational problem and on its impact on efficiency. Specifically,
I propose a competitive search model with private information and limited commitment on
the workers’ side. My main result is that the dynamic competitive search equilibrium is
generically constrained inefficient. In particular, the unemployment rate reacts suboptimally
to initial shocks. This implies a potential role for government intervention in the presence of
labor market fluctuations.

I consider an economy where employers and workers are both risk-neutral and ex ante
homogeneous. Employers post contracts and workers direct their search towards them. When a
match is formed, the disutility of labor is drawn randomly and observed privately by the worker.
Moreover, there is limited commitment on the worker’s side, in the sense that the worker cannot
be forced to work and is always free to walk away and join the ranks of the unemployed. An
employment contract is an incentive-compatible and individually rational mechanism which
ensures that the worker truthfully reveals his information and participates voluntarily in the

employment relationship. I begin by characterizing the competitive search equilibrium, and I

'The conventional model is built on Diamond (1982), Mortensen (1982a, 1982b), Pissarides (1984, 1985),
and Mortensen and Pissarides (1994). Hosios (1990) shows that this model is constrained inefficient, except for
a specific bargaining power division. See Pissarides (2000) for an overview.



show that the equilibrium contract is equivalent to a wage contract, where the firm offers a flat
wage, which the worker can accept or reject. Then, I turn to study constrained efficiency. 1
define a social planner who faces the same informational and limited commitment constraints
of the market economy. Given these and the aggregate resource constraint, the planner decides
how many vacancies to open and how to allocate consumption to employed and unemployed
workers. Both in the competitive equilibrium and in the planner problem, I assume that
workers who reject the job cannot be distinguished from other unemployed workers.

In a static setting, I show that the competitive search equilibrium is constrained efficient.
By contrast, once I turn to a dynamic setting, I show that the competitive search equilibrium
is generically constrained inefficient. The crucial difference between the static and the dynamic
environments is that the workers’ outside option is exogenously given in the former, while in
the latter it is endogenously determined as the continuation utility of unemployed workers.
When workers have private information, they can appropriate a fraction of the net surplus
created in a match, which I refer to as informational rents. The workers’ outside option affects
the size of these rents, and, hence, the distortion driven by the informational problem. Firms
who post contracts at time ¢ + 1 affect the workers’ outside option at time ¢, but they do
not take into account the informational cost that they impose on contracts designed by other
firms at time £. This externality is not internalized by competitive search and is the source of
constrained inefficiency. The social planner takes into account the impact that the continuation
utility of unemployed workers has on current contracts, and can improve upon the equilibrium
allocation.

The inefliciency result holds whenever the economy starts at an unemployment rate level
different from its steady state. If the initial unemployment rate is above the steady state
level, the mass of unemployed workers who can meet a firm and obtain private information is
higher today than tomorrow. Hence, the average informational distortion is also higher today.
It follows that the planner would like to reduce job creation tomorrow, in order to reduce
the continuation utility of unemployed workers today and increase current job creation. The
opposite happens when the initial unemployment rate is below the steady state level.

The inefficiency in my model is driven neither by the search externality arising in the
standard Mortensen-Pissarides model nor by suboptimality in private contracting. On the one
hand, my model retains the Walrasian spirit of competitive search to abstract from inefficiencies

associated to ex post bargaining. On the other hand, I allow for general employment contracts



under asymmetric information. Prescott and Townsend (1984) show that, in the presence of
private information, competitive markets can decentralize the constrained efficient mechanism.
In that paper, however, agents can enter exclusive contracts. In this paper, instead, when
workers enter unemployment they become anonymous and free to enter a new contractual
relation. This matching environment is a natural way of introducing dynamic competition
among contracts, and introduces a novel externality. Such an externality is akin to the pecu-
niary externalities explored by Arnott and Stiglitz (1987) and Golosov and Tsyvinski (2006),
in models of insurance where side trades are feasible.

This paper is related to the vast literature on search theoretic models of the labor market,?
and, in particular, to models using competitive search, such as Shimer (1996), Moen (1997),
and Acemoglu and Shimer (1999a). A series of papers highlights the robustness of the efficiency
properties of competitive search in environment with full information.?

My paper is also related to a growing literature on asymmetric information in search en-
vironments. In particular, Shimer and Wright (2004) and Moen and Rosen (2005) analyze
labor markets where trading frictions interact with asymmetric information, using competi-
tive search. However, they neither focus on efficiency nor analyze the transitional dynamics
of the equilibrium. Faig and Jerez (2005) propose a theory of commerce, where buyers have
private information about their willingness to pay for a product. They define a notion of
constrained efficiency similar to this paper, but they focus on the static version of the model,
hence obtaining an efficiency result. In a similar spirit, Wolinsky (2005) analyzes the efficiency
properties of a sequential procurement model with lack of commitment on the buyer’s side, and
finds inefficient equilibria. However, in his model the inefficiency arises because of contracting
restrictions. The fact that the seller’s effort is not contractible distorts the buyer’s search
intensity. In my paper, private contracts are unrestricted and the inefficiency comes only from
a general equilibrium effect.

Finally, from a methodological standpoint my paper is related to the vast literature on
mechanism design with asymmetric information, which goes back to Mirrlees (1971), Myerson

(1981), Myerson and Satterthwaite (1981), and Laffont and Maskin (1980). The novelty of

2See the survey by Rogerson, Shimer, and Wright (2005).

3For example, Acemoglu and Shimer (1999b) show that competitive search is efficient even with ex ante
investments, and Mortensen and Wright (2002) generalize results on price determination and show how com-
petitive search achieves efficiency by exploiting all gains from trade. Hawkins (2005) shows that even when a
firm can hire more workers, competitive search is efficient when firms post contracts that are general enough.



this paper is that it embeds a classic contracting problem with asymmetric information into a
search environment. This generates a form of competition among contracts, in the sense that
when an informed agent rejects a contract offered by a given principal, he is free to search
for a new contract. I assume that the shock that is privately observed by the agents (their
type) is match-specific and that, after rejecting a contract, agents are anonymous. These two
assumptions greatly simplify the analysis, by allowing for a recursive representation of the
optimal contracting problem and by making the agents’ outside option independent of their
match-specific type. This differentiates my approach from the literature on agency problems
with countervailing incentives (Lewis and Sappington, 1989), where the agent’s type affects his
outside option, giving him countervailing incentives to reveal his information. This mechanism
is absent in my model because the agents’ type is match-specific, instead of being fixed over

time.

The paper is organized as follows. In Section 2, I analyze the static version of the economy.
In Section 3, I describe the dynamic environment and characterize the dynamic competitive
search equilibrium. In Section 4, I describe the welfare properties of the dynamic model and
derive the main inefficiency result. In Section 5, I explore an economy where workers have full
commitment. Section 6 concludes. Finally, the Appendix contains all the proofs that are not

present in the text.

2 Static Economy

In this section, I introduce the static version of the economy, I define and characterize the

competitive search equilibrium, and analyze its efficiency properties.

Environment. The economy is populated by a continuum of measure 1 of workers and
a large continuum of employers. Both workers and employers are risk-neutral and ex ante
homogeneous. For simplicity, assume that all the workers are initially unemployed. Workers
can search freely, while employers need to pay a positive entry cost k to post a vacancy. When
an employer hires a worker, the match produces y. The value of y is common to all the matches
and is exogenously given. However, workers suffer a match-specific disutility from labor 6.
When a match is formed, 6 is randomly drawn from the cumulative distribution function F (-),

4

with full support on ©® = [6,0], and is observed privately by the worker.* The cumulative

*The value 6 can also be interpreted as the cost of effort that the worker has to exert to make the match



distribution function F (-) is differentiable, with f (-) denoting the associated density function,
and satisfies the monotone hazard rate condition, d [F (0) /f (0)] /df > 0.

At the beginning of the period, employers choose whether to post an employment contract
C in the space of the feasible contracts. Each worker observes the contracts posted by active
firms and chooses to search for a specific contract. Then, matching takes place and, for each
match, the draw 0 is realized and privately observed by the worker. Next, the worker can decide
either to participate in the employment relationship or to walk away and stay unemployed.
Unemployed workers obtain utility b. Assume that y — @ > b in order to make the problem

interesting.’

Matching Frictions. Trading frictions in the labor market are modeled through random
matching. Employers and workers know that their matching probabilities depend on the
contract that they, respectively, post and seek. For each contract C, let v(C) denote the mass
of employers offering C and u(C) the mass of unemployed workers searching for C. The mass
of matches created is given by a constant returns-to-scale matching function m (v (C),u (C)).
Let I' (C) = v(C)/u(C) denote the “tightness” of the market for the contract C and define the
function p (y) = m (y,1). Then u(I'(C)) represents the probability that a worker applying for
C finds an employer, and p (I'(C)) /T'(C) denotes the probability that a firm posting C finds
a worker. The function p () : [0,00) —— [0, 1] satisfies the two standard conditions: (i)
p(v) < min{y,1},” and (i) p () is continuous and twice differentiable with g’ (7) > 0 and
w’ () < 0 for any v € [0, 00).8

Employment Contracts. Firms are allowed to post general contracts. Thanks to the Revela-
tion Principle, a contract can be specified as an incentive-compatible and individually rational
direct revelation mechanism. The worker reports his type 6, and, conditional on this report,
the firm hires him with a certain probability and pays him a certain transfer. Incentive com-
patibility ensures that the worker has the incentive to truthfully reveal his type, and individual

rationality guarantees that the worker participates voluntarily in the employment relationship,

productive.

Tf 4 < b+ 6, the equilibrium would be characterized by zero trade for any 6.

SRandom matching can be interpreted as the result of coordination frictions, as in Burdett, Shi, and Wright
(2001).

"With discrete time, this condition ensures that both p (y) and u () /v are proper probabilities.

8The exponential function u(y) = 1 — exp {—~} satisfies these conditions. One can relax them to include
functions with one or two kinks, such as a modified Cobb Douglas of the form g (y) = min{ny®,v,1}. See
Guerrieri (2005).



after 6 has been realized. Individual rationality reflects the limited commitment on the work-
ers’ side, corresponding to the typical “at will” employment contracts enforced in the United
States. In contrast, firms can fully commit to the posted contract.

Without loss of generality, I can restrict attention to wage contracts, given by a flat wage
w € Ry, which the worker decides whether to accept or reject. A worker of type 6 will get
utility w — 0 if he accepts and b if he rejects. Hence, he accepts the job if and only if § < 9,
where

0=w—b. (1)

This implies that as firms choose the wage posted, they choose, at the same time, the hiring
cutoff 6. The higher the posted wage, the greater the chance is that a matched worker will
accept the job.

It is immediate to see that a wage contract is equivalent to a general contract where workers
reveal 6, firms hire only workers with 6 < 6, give a flat positive transfer w to all hired workers,
and a zero transfer to all the workers who are not hired. On the one hand, it is straightforward
to see that such a contract is incentive-compatible and individually rational. All the hired
workers obtain the same wage and do not have an incentive to lie, and, by construction, the
workers who are hired prefer working over staying unemployed and receiving b. On the other
hand, in Section 3, I show that any incentive-compatible and individually rational contract that
is traded in equilibrium is equivalent to a wage contract. Let me go through the logic of the
argument. First, if two types of hired workers could obtain different transfers, the type getting
the lowest would pretend to be the other type, violating incentive-compatibility. Hence, there
must be a flat transfer to all the hired workers. Second, workers’ lack of commitment ensures
that the transfer to workers who are not hired must be non-negative. In equilibrium it will
actually be zero, given that reducing it does not affect the surplus created by the match, while it
relaxes the incentive-compatibility constraint. Finally, notice that the marginal hired worker
must be indifferent between being hired and receiving his outside option. This indifference
condition pins down the cutoff 0 such that all the workers with 6 < @ are hired. The monotone
hazard rate condition on F'(-) ensures that firms never use probabilistic hiring. The formal
argument is presented in Section 3. In this section, I simply assume that firms can only offer

wage contracts.



2.1 Competitive Search Equilibrium

I now define a competitive search equilibrium where firms can only post wage contracts.

Definition 1 In a static economy where firms can only post wage contracts, a Competitive
Search Equilibrium is a set of wages WCE together with a function 6%F . Ry — R, a

function TP : R, — R, U oo, and a utility level UCF € R, satisfying

(i) employers’ profit maximization and free-entry: Yw,

1 (TOF (w))

TR gy F(O7F (W) (y —w) —k <0,

with equality if w € WEF;
(ii) workers” optimal job application: Yw,
é‘)CE(w)
U“E > 1 (T9F (w))/ (w— 6 — b) dF () + b,
0
and p(TCF (w)) < 1 with complementarity slackness, where U is given by
CE CE SCe
UY" = ma r w / w — 60 —b)dF (0) + b,
e w0 @) [T w0 ar@

or UYE = b if WCOE is empty;
(iii) workers’ optimal job acceptance: Yw,

0% (w) = w —b.

In equilibrium, both firms and workers know the market tightness associated with each
wage, that is, they know the tightness function I'“F (w). Employers also know the hiring
cutoff function OF (w). Notice that both these functions are defined for any wage w € R,
even if not offered in equilibrium. Given these functions, firms post wages that maximize their
ex ante profits, and free entry drives these profits to zero. Moreover, optimal job application
ensures that workers look only for wages that maximize their ex ante utility, and optimal job
acceptance ensures that, after meeting an employer, a worker will choose to work only if it
is better than remaining unemployed. Notice that in equilibrium firms will never post wages
that do not guarantee USF to workers, because they anticipate that they would not otherwise

be able to attract any worker.



Generalizing the standard result in the search literature,” the competitive search equilib-
rium is such that the expected utility of the unemployed workers is maximized subject to the

zero profit condition for the employer.

Proposition 1 There exists a unique Competitive Search Equilibrium {WCF QcE ,JTCF UCEy,

where WCE = {wCE}. Let éCE = QCF (wCE), and v¢F =TCF (wCE). The pair (9CE,70E)

solves X
0
waxs(3) [ (=0 - 0)dF (0) +5 -k (P1)
0y 0
subject to the free-entry condition
) poyy -6 - 1)~k @

~CE
Moreover, wCF =60~ +b.

Equilibrium Characterization. There are two crucial frictions in the model: asymmetric
information between workers and employers, and workers’ limited commitment. The first
implies that firms cannot price discriminate among workers with different disutility #. The
second implies that workers cannot commit to make payments to the firm if they are not hired.
The combination of these two frictions implies that I can restrict attention to wage contracts
and that w = 6 + b. Then, a worker of type 0 is exactly indifferent between working and
remaining unemployed, while all the infra-marginal workers with 6 < 6 strictly prefer to work
and obtain a positive net surplus 6 —0. 1t follows that, ex ante, workers expect to appropriate

an average net surplus from the match equal to

0 ] F(6)
p) | (0=0)dF(0)=puly) | - dF (6).
0 o f(0)
I will refer to this expression as workers’ expected informational rents. Using this expression,

constraint (2) can be rewritten as

6 B @F(e)
pO) [ la=0=0dF ) =k + () [ FHar ). (3)

This equation shows that the expected net surplus of a match must cover not only the vacancy

creation cost, vk, but also the workers’ informational rents.

See Shimer (1996), Moen (1997), and Acemoglu and Shimer(1999a).



The equilibrium @CE and v“F solve problem P1. After replacing constraint (2) with (3), I

obtain the first-order conditions

~CE
0Py A FO ) (4)
Y 1+)\f(éCE>
and on
/ CE b _ N _ _L@ —
w68 [T oo 2R ar @ = 5)

where A is the multiplier attached to constraint (3). The presence of the terms multiplied
by the factor A/(1 + X) in the expressions above is due to the workers’ informational rents
and generate a distortion in the equilibrium allocation. In particular, the presence of the
information constraint (3) introduces a wedge between the equilibrium values §°F and ~©F

~FB
and the first best values § = and 4P that maximize the ex ante net surplus of the economy
y
nO) [ =0=0)dF @) +b =1k

It is immediate that 8" and vF'B satisfy conditions (4) and (5) with A = 0.!° Hence, the
equilibrium with asymmetric information would achieve the first best only if A = 0. However,
the next lemma shows that this is impossible. In particular, it shows that both 9CE and
~vCE are lower than their first best counterparts. In this economy, job creation is equal to
1 (7) F(#) and depends positively both on the matching probability 1 (7) and on the hiring
margin 6. Therefore, asymmetric information unambiguously reduces job creation, that is,

w () FOTT) < (472 PO,

Lemma 1 In the static economy, the competitive search equilibrium does not achieve the first

best allocation. Moreover, equilibrium job creation is lower than in the first best.

The distortion comes from the fact that when workers have some informational advantage
over the employers, all hired workers need to be paid a flat wage. Hence, to implement the
first best hiring cutoff, the wage should be equal to y. This would imply that the net revenues
of any employer after hiring a worker, y — w, would be zero. Given that employers have to

pay ex ante the cost k to open a vacancy, this contradicts the zero profit condition. Lemma 1

107t is possible to show that the first best allocation can be achieved by the competitive search equilibrium
under perfect information, that is, when employers can observe the type of the workers they meet. In this case,
in equilibrium wages are contingent on 6.
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highlights the tension between ex ante and ex post efficiency, which keeps the economy away
from the first best. Ex post allocative distortions are necessary to induce employers to open

vacancies ex ante.

2.2 Constrained Efficiency

I now define the social planner problem. The planner faces the same frictions present in the
market economy: asymmetric information and limited commitment on the workers’ side. He
does not observe the disutility of the matched workers and cannot force workers to accept
a job. If a worker rejects the job, he joins the pool of workers who never received a job
offer. Workers who remain unemployed are anonymous, that is, the planner cannot distinguish
between workers who have never matched with a firm from workers who have rejected a job.
Moreover, unemployed workers cannot commit to make any transfer to the planner. Given
these constraints and the aggregate resource constraint, the social planner decides how many
vacancies to open at the beginning of the period, and chooses how to allocate consumption
to employed and unemployed workers. Similarly to the equilibrium analysis, to simplify the
exposition, I restrict the planner to offer a flat consumption to all employed workers, regardless
of their type 8, and to use a cutoff rule for hiring. In Section 4, I show that this is without
loss of generality.

An allocation is described by a consumption level ¢ for employed worker, a consumption
level CY for unemployed workers, a hiring cutoff 0, and a tightness of the market . The utility
of an employed worker of type 6 is ¢ — 6, while that of an unemployed worker is just CV. After
being matched and observing his type, a worker can decide whether to accept the job offer
and be hired or to reject it and stay unemployed. Hence, after the match, a worker accepts to

work if and only if ¢ — # > CY, that is, § < 9, where
=c—CY. (6)

Limited commitment implies that an unemployed worker can always choose to keep b, which
requires that CY > b. Finally, the resource constraint for the static economy ensures that

aggregate consumption is covered by aggregate net resources, that is,
p () FO) (c=CY)+CY < u(y) F(B) (y — b) + b — vk (7)

I can now define a constrained efficient allocation. Given that all the workers are initially

unemployed, the social welfare coincides with the ex ante value of being unemployed.

11



Definition 2 A constrained efficient allocation mazimizes the workers’ ex ante utility

0
i) /9 (c—0)dF (6) + (1 - () F(B))CV (8)

subject to the optimal participation constraint (6), the resource constraint (7), and the limited

commitment constraint CY > b.

It is straightforward to show that the resource constraint holds with equality. After sub-

stituting it into the objective (8), the planner problem can then be rewritten as

0
max u(2) [ (y=0-H)dF(6)+b- 1k (P2)
c,CY 0, 0
subject to
p(y) FO) (y—c) =vk+ (CY = b) [1— u(v) F(B)], 9)

6 =c—CUV, and CY > b. The only difference with problem P1 is that the planner can
potentially transfer resources to the unemployed workers and make their consumption level
higher than b. However, given that CY does not appear in the objective function, the planner
will choose to keep it at the minimum feasible level b in order to relax as much as possible

constraint (9). This proves the following proposition.

Proposition 2 In the static economy, a Competitive Search Equilibrium is constrained effi-

cient.

2.3 Money Burning

I propose now a simple exercise to introduce the mechanism that will lead to dynamic ineffi-
ciency. Suppose that b can be destroyed. I now show that destroying b, which I call money

burning, can increase the workers’ ex ante utility.

Proposition 3 There erxists an open set of the parameter space (k,y,F (-)) for which the

workers’ ex ante utility is decreasing in b.

Notice that b represents the worker’s outside option, which is exogenous in the static
setting. The proof in the Appendix shows that the workers’ ex ante utility is decreasing in b
~CE

whenever 1—p (Y“F) F(0) (1 + A) < 0. This expression represents the effect of the workers’

outside option on welfare. There is a direct positive effect coming from the fact that, as the

12



outside option is higher, workers who end up unemployed are better off. This is captured
by 1 —pu (*yCE ) F(@CE), which represents the ex ante probability of being unemployed at the
end of the period. However, there is a negative indirect effect coming from the fact that as b
increases, the wage has to increase for all workers, tightening the information constraint (3).
This effect is captured by Ay (’yCE) F(@CE) When 1 — p (”yCE) F(@CE) < A\ (’yCE) F(@CE),
the indirect effect dominates and the workers’ ex ante utility is decreasing in b.

This result suggests that a planner who could affect the workers’ outside option could

improve upon the competitive equilibrium allocation. This will be crucial in the welfare analysis

of the dynamic model, where the workers’ outside option will become an endogenous object.

3 Dynamic Economy

Environment. Consider an economy with infinite horizon and discrete time. Both workers
and employers have linear preferences and discount factor 3. The search and production
technologies are natural generalizations of the static setting. Each match lasts until separation,
which happens according to a Poisson process with parameter s, while y and 6 now denote the
expected present value of output and disutility at the moment of the match.'' At the beginning
of each time ¢, workers can be either employed or unemployed and employers can be either
active or inactive. Inactive employers can open a vacancy at a cost k, which entitles them to
post an employment contract. Invoking the Revelation Principle, without loss of generality,
I can restrict attention to the set §2; of incentive-compatible and individually rational direct
revelation mechanisms at time ¢.!2 A contract posted at time ¢ is a map C; : © + [0,1] x R,
specifying for each matched worker at time ¢ who reports type 0, the hiring probability et(é) €
[0,1] and the expected present value of transfers w;(0) € R from the employer to the worker.!3
Notice that the transfer profile over the life of the relationship is irrelevant for the analysis,
given that workers are risk neutral, types are fixed over time within a match, and there is
no commitment problem after the match is implemented. Notice that contracts cannot be

conditioned on the past employment history, since I assume that unemployed workers are

"Let the instantaneous output and disutility be § and 6, which are both constant for the duration of the
match. Then, y = j§(1 -1 —s)) tand 0 =0(1 — B (1 —s))"L

12The set € is time-varying because the outside option for unemployed workers is potentially changing over
time.

3More generally, wt(é) could depend not only on the report é, but also on whether the worker is hired or
not. However, due to risk neutrality this would have no effect on the results.
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anonymous.

Let C; C £ be the set of contracts posted by active firms. FEach unemployed worker
observes C; and applies for a contract C; € C;. Similarly to the static setting, each contract C; is
associated to a specific v, so that employers and workers know that their matching probabilities
will depend on the contract that they, respectively, post and seek. When matching takes place,
the draw 0 is realized and is observed by the worker. Then, the worker chooses a report 0
and whether to participate in the employment relationship. If he walks away or he is not
matched, he enters an anonymous pool of unemployed workers, gets b, and searches for a job
next period. If the worker is hired, the match is productive until separation. Notice that,
in order to ensure non-zero job creation, I assume that (y — ) (1 — 3 (1 —s)) — b > 0, where
(y—0) (1 — B (1 —s)) represents the per-period net surplus of a match, under the best possible

realization of disutility.

Bellman Values. Let v(0, é) denote the expected utility for a worker of type 6, matched at
time ¢, and reporting type é, that is,

vi(0,0) = [wi(0) — e(0)0] + €:(0)BVir1 + [1 — e(0)] (b+ BUws1) - (10)

For analytical convenience it is useful to split v;(6,6) in three components as follows: (i) the
worker receives the discounted present value of wages net of disutility, denoted by w;(8)—e;(0)6;
(ii) if he is hired, he obtains SV;y1, where V;y; denotes the continuation utility of employed
workers net of wages and disutility; and (iii) if he is not hired, he enjoys b plus fU;41, where U1
represents the continuation utility of being unemployed. The value V; reflects the possibility

of being separated and becoming unemployed in future periods, and it satisfies the recursion
Vt :S(b—FBUt_A,_l)-i-(l—S) 5‘/;5_;,_1. (11)

Moreover, the value Uy satisfies

0 0
Us = 1 (7) /9 [wi () — €0 (6) (0 — BVis)] dF (0) + |1 — (3, /9 et (6)dF (0)| (b+ BUps1)
! ! (12)
An employment contract C; is incentive-compatible whenever
vy (6,6) > vy(6,0) for all 6,0 € O, (IC)
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and individually rational whenever
vt (0,0) > b+ Uy for all 6 € O. (IR)

Following a standard result in the mechanism design literature,'* I can reduce the dimen-
sionality of the constraints. In particular, conditions IC and IR are equivalent to e; (-) being

non-increasing together with the following two conditions for v,(6, 0):
o 0
0(0,0) = v(3,0) + / e1 () dy for all 0 € ©, (1CY)
0

v1(0,0) > b+ U 1. (IR’)

This allows me to separate the problem of finding an optimal hiring schedule e; (-), from the

problem of finding a wage schedule wy (-) that implements it.

3.1 Dynamic Competitive Search Equilibrium

In this section, I define the dynamic version of a Competitive Search Equilibrium, when there
are no restrictions on the contracts that firms can post. Such a Competitive Search Equilibrium
is a sequence of sets of incentive-compatible and individually rational contracts {(CtCE }zo’ and
a sequence of tightness functions {FtCE}:iO’ where T¢'F : Q; — R, U oo, such that, at any ¢,
employers maximize profits and workers apply optimally for jobs. At time ¢, both workers and
employers take as given the sequence of tightness functions {I‘SE }jit and of sets of posted
contracts {CSE}:;

I define the equilibrium in recursive terms. The crucial thing to notice is that the pair of

continuation utilities for unemployed and employed workers at time ¢t + 1, U;+1 and V,11, are
C

sufficient statistics for the future sets of posted contracts {C&

B }Z t1 and tightness functions

{Ff E}Zt 41- This allows me to use the following definition.

Definition 3 In the dynamic economy, a symmetric Competitive Search Equilibrium is a se-
quence of sets of incentive-compatible and individually rational contracts {CtCE}:io’ a sequence
of functions {FtCE}z()’ where T¢F - O —— R, U oo, and a bounded sequence of continuation

utilities {UtCE, VtCE}:iO that satisfy

"See, for example, Laffont and Tirole (1993).
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(i) employers’ profit mazximization and free-entry at each timet: ¥C, = {e; (0) ,w (0) }oco,
for given V¥ and UZY,

(FCE Ct

e [k 01y - 0)ar0) -k <o,

with equality if Cy € C?E ;

(i) workers” optimal job application at each time t: VC; = {e; (0) ,w: (0)}oco, for given

V;e+1 and Ut+1:

0
US> W(ICF(Cy)) /9 (wi () — e (0) (0 + b+ BUEE — VEE)F (8) +b+ FUCE,

and pw(TEF (C)) < 1 with complementarity slackness, where

0
UFE = s, n(rE(C)) / [} (6)—¢} (6) (0 + b+ BUEE — VSE)IAF (6) +b + BUCE,
0

or UPE = b+ BUSY if CFF is empty, and

VP =5 (b+BUST) + (1 - 5) BVST

In equilibrium, both firms and workers take as given the continuation utilities of employed
and unemployed workers, and the tightness function that associates a market tightness to each
potential contract, including those not offered in equilibrium. Moreover, profits are driven to
zero at each point in time by free entry. Similarly to the static environment, at time ¢ firms
will never post contracts that do not guarantee UtC E to the workers, because they anticipate
that, otherwise, they would not be able to attract any worker.

The next proposition gives a characterization of a competitive search equilibrium in recur-

sive terms.

Proposition 4 If {C{P TEF UCE VEELIX s a Competitive Search Equilibrium, then any

pair (CEE, A¢E) with CCFeCEE and v§F =TFF (CEF) satisfies the following:

(i) at any time t, CEF = {£'F (0) ,wlF (0)}oeo and AFE solve

0
v W (%)/e [we (0) — €t (0) (0 + b+ B (U1 — Vig1))] dF (0) + b+ BUp1 (P3)
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subject to e, (0) € [0,1], the constraints IC” and IR’, together with the monotonicity

assumption on ey (0), and the free-entry condition

M(’Yt) o _
. /9 ler (0)y — wi (0)] dF (0) = k. (13)

for Uy = USE and Vi, = VIE;
(ii) the sequences {CFE,’thE}zo and {UF¥, V;CE}:iO satisfy equations (11) and (12).

Conversely, if a sequence {CtCE,’YtCE}ZO solves problem P83 at any t and {UtCE, V;CE}IZO
satisfy (11) and (12), then there exists an equilibrium {CSF TEE ULE VOEYX such that
CEF = {CtCE} and T$F (CtCE) =4¢F,

The next proposition shows that the analysis of the competitive search equilibrium can be
substantially simplified, given that it is possible to restrict attention to wage contracts, without
loss of generality, as I did in the static economy. Recall that a wage contract is equivalent to
a direct revelation mechanism characterized by a hiring cutoff rule, a flat transfer paid to the

hired workers, and a zero transfer for all the workers who are not hired.

Proposition 5 Toke any C; and ~, that solve problem P3, for given Uyy1 and Viy1. The

contract Cy = {e; (0) ,wt (0) }yecq takes the form of a wage contract, that is,

1ifo<0 0 <0
ei(0) = { Zf =70 and wy(6) = { %ti}fe ;@tt ’

where w; = 0, + b+ B (Ugy1 — Vig1) and the pair (0;,,) is the unique solution to the following

problem
0
® (Uty1 — Vi) = max (7¢) / [y =0 —b— B (U1 — Vir1)] dF (0) — vk (P37)
ty V¢t Q
subject to
P00 PGy — b1 b= 5 Ui ~ Vi) = (14)
t

Equilibrium Characterization. The previous proposition shows that without loss of gen-
erality I can restrict attention to wage contracts. In particular, notice that in the dynamic
setting, the characterization of the equilibrium allocation at time ¢, for given Usy1 — Vigq, is

analogous to the static one, where b is replaced by b + 5 (Up+1 — Viq1), given that the value
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of remaining unemployed is now b + SU:y1, and that an employed worker gets, in addition to
the wage net of disutility, the discounted continuation utility SV;41. Similarly to the static

setting, constraint (14) can be rewritten as

0, I
w00 [ =005 Wrss = Vie)|F ) =k + (o) [ f;ggng ©).  (15)

This constraint is the analog of the information constraint (3), and requires that the expected
net surplus of a match created at time ¢ covers both the vacancy creation cost v,k and the
workers’ expected informational rents p () f; i %d}?’ (9).

For given thff — Vﬁ? , the equilibrium values 6 F and 7“F solve problem P3’ and the

analysis is similar to the static case. After replacing constraint (14) with (15), I obtain the

first-order conditions

~CFE
~CE N F(O
0 0= s UEE -V - 5 e (16)
t
~CE
b N F(0)
/ CE CE CFE t
—0—b-pB(USE —vCE) N aF (0) = k, 17
“(715 )/6 [Z/ ﬁ( 1 t+1) 1+ N 7 (0) (0) (17)

where )\ is the Lagrange multiplier attached to constraint (15). The analog to Lemma 1 can
be proved in the dynamic setting to show that A; > 0 and the equilibrium is away from the
first best allocation.

In a dynamic economy, competition among firms posting contracts at time t leads to an
allocation that is analogous to the static one, except that now the workers’ outside option
is an equilibrium object. This outside option captures an additional channel of competition
among contracts posted at different points in time: a worker who rejects a contract offered by
a given firm at time ¢, is free to search for a new contract at time ¢t + 1. Firms and workers at
time ¢ take as given the continuation utilities U, and V;11 that summarize the effect of the
equilibrium contracts offered in all future periods. The function ® (Up+1 — Viy1), defined in
Proposition 5, denotes the maximized net surplus of a match at time ¢, for given Uyy1 — Vig1,
which represents the net outside option of the unemployed workers. Using the laws of motion
(11) and (12) and the function @ (-), I can then define a pair of difference equations for {Us, V;}.
To complete the equilibrium characterization, it is sufficient to find a bounded solution to these
difference equations.

The next proposition shows that such a solution always exists and gives an equilibrium
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characterized by constant w , and VEF 15 Moreover, under mild conditions,

this equilibrium is unique.

Proposition 6 In the dynamic economy, there exists a competitive search equilibrium, where

ét; W, Ve, Ut, and Vi are constant and independent of the initial condition ug. If
& () +B(1—3s)>—f for all x >0, (18)
where the function ® (+) is defined in Proposition 5, then the equilibrium is unique.

I have imposed condition (18) in order to rule out the possibility of cycles. This condition
essentially rules out situations in which the distortion generated by asymmetric information is
too large. More specifically, the left-hand side of condition (18) represents the effect of a change
in the expected utility of future unemployed on the expected utility of current unemployed.
Notice that if this effect is negative and strong enough, it is possible to have cycles where
periods with low expected utility for the unemployed are followed by periods of high expected
utility. The term &’ (z) is equal to —Bu (v,) F(0:) (1 4+ A¢), where \; is the Lagrange multiplier
attached to the information constraint (14), and represents the impact of an increase in the
outside option of the unemployed on the maximized net surplus of a current match. This
impact is negative because of two effects: the relative advantage of creating a match is lower
and the unemployed workers can extract larger informational rents, that is, the information
constraint is tighter. Condition (18) can be rewritten as 1 — u (v,) F(0) (1 + X;) —s > —1. It
is straightforward to see that if there is no informational problem and A\; = 0, condition (18) is
always satisfied and cycles are not possible. Notice that, as long as 1—p (v,) F(6;) (1 + X)) > 0,
condition (18) is satisfied even when A; > 0. However, the money burning result in Section
2.3 shows that this may not be the case if the informational distortion is sufficiently strong.
Hence, condition (18) imposes a bound on the strength of the informational distortion. One
can show that condition (18) is satisfied for a wide range of plausible parametrizations. In the
rest of the paper I will assume that (18) holds.

The characterization of the competitive search equilibrium immediately implies that the
only non-trivial transitional dynamics in the economy are those of the unemployment rate:

wepr = w[l = p(yCPYFO7 )] + (1 - ) s. (19)

5Note that in equilibrium the continuation utility of the employed workers turns out to be smaller than the
continuation utility of the unemployed. This is natural once I define the continuation value of the employed net
from wage and disutility.
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In steady state not only w, é, v, V, and U are constant, but also the unemployment rate. The

steady state unemployment rate is given by

S
uS = — (20)

s+pu(CEYF(OT)

4 Dynamic Efficiency

In this section, I explore the efficiency properties of the dynamic competitive search equilib-
rium. I characterize the social planning problem and show the main result of the paper: the
competitive search equilibrium is constrained inefficient whenever the initial unemployment

rate is different from its steady state level.

4.1 Social Planning Problem

As in the static setting, the social planner does not observe the disutilities of the matched
workers and has to induce them to truthfully reveal them. Moreover, workers have limited
commitment, in the sense that they can always decide to remain in the anonymous pool of
the unemployed and enjoy b. The planner faces the same anonymity restriction present in the
decentralized economy: if a worker enters the unemployment pool, his history is indistinguish-
able from that of any other unemployed worker. Given these constraints, together with the
resource constraint of the economy, the social planner decides how many vacancies to open
at the beginning of each period, which jobs to create, and how to allocate intertemporally
consumption to employed and unemployed workers.

An allocation is a sequence of functions {et(é)}éee representing the hiring decision of a
worker who meets an employer at time ¢ and reports type 6, a sequence of functions {ct(é)}(; co
denoting the expected present value of the consumption of the same worker, a sequence C of
consumption values for unemployed workers, and a sequence of tightness values v,. Notice that,
as in the equilibrium, the consumption profile over the employment relationship is irrelevant
for the analysis, given that agents have linear utility, types are fixed over time within a match,
and there is no commitment problem after the match is implemented.

Once a worker is matched at time ¢ and observes his disutility 6, he decides the report 0

and expects utility

vy(6,0) = [ct(0) — e:(0)0] + €(0) Vi1 + [1 — ()] (CY + U, 1) forall 0,0 € ©.  (21)

20



First, the worker receives the discounted present value of consumption net of disutility from
working ¢;(0) — e;(0)0. Moreover, if he is hired, he enjoys (Vi,1, where Vi41 denotes the
continuation value of being employed, net from consumption and disutility, and represents the
expected present value of being separated and becoming unemployed in the future. It satisfies

the recursion

Vi =5 (C{ + BU1) + (1= s) BVisr1. (22)

Finally, if the worker is not hired, he gets the unemployment transfer C¥ and enjoys BUj 1,

where Uy represents the continuation utility of remaining unemployed and satisfies

0
1) [ e®)dF @) (CF +BUm).

(23)

0
l%zuﬁﬁé[a@%%ﬂﬁw—ﬁwﬂﬂﬂW@+

As in the equilibrium analysis, an allocation is incentive-compatible when e; () is non-

increasing and B
6
0(0,0) = v,(8,8) + / e1 () dy for all 0 € ©. (24)
0

Workers’ limited commitment impose that matched workers always prefer to participate to the

employment relationship rather than staying unemployed, that is,
v(6,60) > C + BU1. (25)

Moreover, it requires that unemployed workers can always choose to enjoy b, that is, CtU >b.
The social planner can transfer resources intertemporally at the interest rate 57! —1. Then,
the intertemporal resource constraint ensures that the expected present value of aggregate

consumption is covered by the expected present value of aggregate output, and takes the form

o0 7
Py = Zﬂt{ut lu (%)/9 [ec () (y —b+CY) —c (0)] dF (0) +b— CY — ~v,k| (26)
t=0

+(1—u)s(b—CY)} >0
where wu; follows the law of motion

U1 = ug [1 - M(%)/e et (y)dF (0)| + (1 — ) s. (27)

Definition 4 An allocation {e; (-),c; (-),CY, 7.} is feasible if there evists a bounded sequence

{U, Vi } such that the following are satisfied for allt: (i) the incentive-compatibility constraints,
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summarized by (24) and e; (-) non-increasing, (ii) the participation constraints, (25) and C¥ >

b, (iit) the resource constraint (26), and (iv) the law of motion for the unemployment rate (27).

For each feasible allocation and a given initial rate of unemployment ug, the pair (Uy, V)
represents the expected utility of unemployed and employed workers at time 0. The social

planner will choose a point on the Pareto frontier of the set of feasible pairs (Up, Vp).

Definition 5 For given ug, an allocation is constrained efficient if it mazximizes Uy subject to

feasibility and Vo > V.
4.2 General Characterization: Dual Problem

In order to analyze the constrained efficient allocations, it is convenient to approach the social
planner problem from a dual perspective, that is, to maximize the net resources Py, subject
to Uy > U and Vy > V, for given U and V. This problem can be characterized in recursive
terms. The planner’s Bellman equation, at time ¢, is a function of three state variables: the
promised utility to employed workers V;, the promised utility to unemployed workers Uy, and

the unemployment rate u;. The planning problem can be written as

0

PV, Uy, ) = 0, 25X W[“””A [ec (0) (y —b+CY) = (0)] dF (0) +b— C — v,k
‘2+;,tUH-’1,Zt’z:7 B

+ (1 —u) s(b— C) + BP (Vir1, Urgr, usy1) (P4)

subject to the promise-keeping constraints for V; and Uy, (22) and (23), the law of motion for
ut, (27), the incentive-compatibility constraints, summarized by (24) and e; (-) non-increasing,
and the participation constraints, (25) and CY > b. Given the value function P (-,-,ug) for a
given ug, if (U, V) is on the Pareto frontier, it must be that P(V,U,ug) = 0 and that P (-, -, ")

is monotone decreasing in the first two arguments at (V, U, ug).

Proposition 7 The constrained efficient allocation {e; (-),c; (-),CY,~,} is characterized by
1if6 <0, ¢ if 0 <

0) = - dc(0) = N

eu(f) {0¢f0>9t’“” al6) {o¢f9>9t ’

where ¢; = 0, + CY + B (Uis1 — Vis1), and 91&, v, and CY solve the problem

P(Vi, U, uy) = nax w (7)) FO) [y — 0r — b — B (U1 — Vig1)] + b — CF — 7.k}
bl ?’7 bl
ut+1sz+t17lt]t+1

— (1 —u) s (Cf = b) + BP (Vig1, Urs1, ues) (P4)
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subject to (22), (27), CY > b, and

b
Up > 1 () /6 (0 — 0)dF (0) + CY + U, 1. (28)

This Proposition shows that asymmetric information induces the planner to offer flat con-
sumption to all the employed workers, regardless of their type 6. This implies, similarly to
the equilibrium analysis, that workers with disutility 6 lower than 0, appropriate a positive
net surplus equal to 6, — 0, when they are hired at time ¢. Equation (28) comes from the
combination of the incentive-compatibility and the participation constraints. It shows that
the continuation utility of unemployed workers depends on their expected informational rents,
() f(ft (0, — 0)dF (), which are increasing with job creation, both at the matching and at
the hiring margin.

Next, I show the main result of the paper: the competitive search equilibrium is constrained

inefficient whenever the initial unemployment rate is different from its steady state level.

Proposition 8 In the dynamic economy, if ug # uS°, then the competitive search equilibrium

is constrained inefficient.

The crucial difference between the static and the dynamic environment is that the workers’
outside option is exogenously given in the former, while it is endogenously determined in the
latter. Inefficiency arises because firms do not internalize the fact that the workers’ outside op-
tion affects the workers’ informational rents for other firms. The social planner can internalize
this informational externality, and, thus, achieve a Pareto improvement.

Let me sketch the mechanism behind this result, leaving the general proof to the appendix.
Let wm, be the Lagrange multiplier associated to constraint (28). Notice that the planner
promises the same value U; to a mass u; of unemployed workers. Hence, 7, represents the
shadow cost of increasing U; for each unemployed worker. It is possible to show that when
information is asymmetric 7, is smaller than 1. On the one hand, when U; increases by 1
unit, the planner has to give 1 unit more to each unemployed worker. On the other hand, by
constraint (28), this allows the planner to increase the informational rents of the workers at
time ¢, increasing job creation, and, hence, increasing the net social surplus. The difference
1 —n, reflects the benefit coming from this second effect and can be interpreted as the shadow

value per worker of relaxing the informational distortion.
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Now, consider a planner at date 0 who is choosing Uy optimally and suppose, for simplicity,
that all workers start unemployed, that is, ug = 1. If the planner increases Uy, this affects the
promise keeping constraint (28) for the workers hired both at time 0 and at time 1, given that
Uy appears on the right-hand side of the constraint in period 0, and on the left-hand side of
the same constraint in period 1. In particular, the expected informational rents of the workers,
and, hence, job creation, have to decrease at time 0, while they can increase at time 1. This
implies that the planner sustains the informational cost 1 — 7y per worker unemployed at time
0 and enjoys the informational benefit 1 — n; per worker unemployed at time 1. The planner’s

first order condition with respect to Uy reduces to

oL

S0 = ~Buo (L= ng) + Bur (1= my), (29)

where £ denotes the Lagrangian associated to the planner’s problem.!®

Now suppose by
contradiction that the competitive equilibrium solves the planner problem. Recall that the
equilibrium allocation, except for the unemployment rate, is constant over time. Using the
first order conditions with respect to #; and v¢, one can show that 7, should be constant
over time as well, that is, 7, = n for all ¢. Then, from equation (29), it would follow that
0L/OU; = —f (up — u1) (1 —n). This means that the planner could locally improve upon the
competitive equilibrium by decreasing Uy, given that ug > u;.

The argument is more general than this specific example. A perturbation argument shows
that whenever u; > us,1, the planner can improve upon the equilibrium by reducing U;;1.'7
The intuition is that, in this case, a reduction in U;11 leads to an increase in the informational
rents for a mass u; of unemployed workers at time ¢, which is larger relative to the mass of
unemployed workers at time ¢ + 1, whose informational rents are depressed by a reduction
in U;q1. Since at the competitive equilibrium the shadow value of information per worker is
constant, the total benefit at time ¢ of reducing U;1 is higher than the total cost experienced
at time t. Symmetrically, when u; < u;41, there is a gain from increasing Uy 1.

This suggests that the direction of the inefficiency depends on the initial conditions of the
economy. In particular, when the initial unemployment rate is above its steady state level,

then equation (27) implies that the unemployment rate is decreasing over time. Then, at any

Y6To derive expression (29), use the first order condition and the envelope condition with respect to U,
together with the law of motion (27).

"Note that if u; < 1, when Uy, changes, also V;41 must adjust to satisfy the promise keeping constraint for
Vi. In turn, this requires Uy42 to change as well. This is why it is easier to make the perturbation argument at
t = 0 with up = 1. The perturbation argument for the general case is available upon request.
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time ¢, the planner has an incentive to reduce Uy, thus increasing job creation and speeding
up the convergence of the unemployment rate to the steady state. On the other hand, when
the initial unemployment rate is below its steady state level, the reverse applies.

Finally, if the initial unemployment rate is at its steady state level, then the competitive
search equilibrium satisfies the necessary conditions of the social planning problem. In this
case, the mass of unemployed workers is constant over time and the externality described above

is muted.'8

5 Full Commitment

An essential ingredient for the inefficiency result discussed above is the assumption of limited
commitment on the workers’ side. To illustrate the role of this condition, let me now consider an
environment with full commitment. The money burning exercise, in Section 2.3, shows that if
the planner can wastefully destroy b, in some cases, he can obtain a Pareto improvement. When
there is no commitment problem, both the planner and the private economy can do better than
that, since they can take resources away from workers who do not work and redistribute them.
Hence, they can reduce the workers’ outside option, without wasting aggregate resources.
When there is no problem of commitment, workers can fully commit to pay b to firms

before observing their type. Hence, the individual rationality constraint IR’ becomes
v(0,0) > BU1.

Hence, the optimal wage schedule takes the form of a flat wage for hired workers and a flat

application fee z for all the matched workers, that is,

)

on(H): w—z if@g@ii
—z if0>46
/\CE CE CE . ey .
where w =0 + g(U“" — V"), Feasibility imposes

z <b.

After the match, the firm asks the worker to pay an application fee z before he observes the

realization of the shock. If the worker is hired, he will receive the wage net of the fee w—z, while

18 Unfortunately, problem P6 is not concave and I cannot conclude that at the steady state the equilibrium is
constrained efficient, although it seems a reasonable conjecture.
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if he is not hired, he will just pay the fee z. This implies that if the unemployed workers have
enough resources, they can commit ex ante to pay for the option of seeing their realization 6
and, hence, subsidize the informational rents that the employers will have to pay to the workers
that they effectively hire.

In the next proposition, I show that when b is sufficiently large the competitive search

equilibrium can achieve the first best allocation.

Proposition 9 Suppose that there is full commitment on the workers’ side and that the fol-

lowing inequality holds
k,}/FI
p (v

Then the competitive search equilibrium achieves the first best allocation.

A fortiori, the social planner can restore the first best allocation. Actually, the planner
can do so for a larger set of parameters than the market economy. The difference comes from
the fact that firms cannot extract resources from workers they do not meet, while the social
planner can impose a tax on all the workers, even those not matched.'® Formally, under full

commitment, CV can be smaller than b, as long as CY > 0.

Proposition 10 Suppose that there is full commitment on the workers’ side and the following
inequality holds
b >~k

Then the first best allocation can be decentralized by subsidizing job creation with a lump-sum

taz on workers, both employed and unemployed.?”

When there are enough resources in the economy, full commitment restores efficiency, in
the specific sense that both the equilibrium and the planner achieve the first best allocation.
However, as soon as the equilibrium is away from the first best allocation, then the constrained

inefficiency result applies.

19 Allowing for a broader interpretation of competitive search, I could think of market makers who impose an
application fee on all the workers who search for a match. This delivers a problem that is equivalent to the one
of the social planner. In this case, the competitive search equilibrium will be able to restore the full information
allocation exactly for the same set of parameters as those of the social planner.

20 An isomorphic policy to implement the full information allocation would be to transfer resources directly
from unemployed to employed workers.
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6 Conclusions

In this paper, I have explored the efficiency properties of decentralized labor markets charac-
terized by bilateral contracting, asymmetric information, and workers’ limited commitment. I
have shown that the equilibrium unemployment dynamics are typically constrained inefficient
and that there is a role for the government to improve upon the equilibrium.

A natural extension of the model would be to add aggregate shocks. A business cycle
interpretation of the results would suggest that decentralized economies react inefficiently to
recessions and booms. In particular, the analysis seems to indicate that there is insufficient
creation when the economy recovers from a recession and excessive creation when the economy
slows down after a boom. Imagine that the economy is at the steady state and is hit by a
temporary negative shock, which pushes the unemployment rate above its steady state level.
After the shock, the planner would like to speed up the convergence towards the original steady
state. In terms of policy, this would mean that countercyclical subsidies to job creation could
be an optimal response to temporary cyclical shocks. An interesting area for future research is
to introduce explicitly aggregate shocks in the model and to study its implications for optimal
policy over the business cycle.

The matching environment, together with the anonymity assumption for unemployed work-
ers, provides a useful setting to study competition among non-exclusive contracts. In this con-
text, the inefficiency result is driven by the endogenous nature of the workers’ outside option.
Firms offering contracts in the future do not internalize the fact that they affect the outside
option of unemployed workers who meet other firms today. I believe a similar externality can
arise in other models of decentralized contracting. It would be interesting to explore its effects

in alternative applications, such as financial markets or monetary economies.
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Appendix

Proof of Proposition 1. The proof proceeds in three steps: step 1 shows that any equilibrium
corresponds to a solution of problem P1, step 2 shows that for any solution to P1 I can construct
an equilibrium, and step 3 shows that there exists a unique solution to problem P1. The first

two steps follow closely Acemoglu and Shimer (1999a).

Step 1. Let {WCE, OCE 1CE UCF} be an equilibrium with w®? € WCE, 9CE — QCE (wCE)
and 79 = TYF (wF). T show that (9CE,70E) solves P1 and w® = 977 + b. First,
profit maximization and optimal job acceptance ensures that the pair (9CE,WCE) satisfies
constraint (2). Consider now another triple {w,é,’y} that satisfies optimal job acceptance,

that is, # = ©CF (w), but achieves a higher value of the objective, that is,
0
,u(’y)/ (w—0—b)dF (0) + b> UCE. (30)
0

I show that {w,#,~} must violate constraint (2). Since {WE @CF TCE [CFY is an equilib-

rium, optimal job application implies
0
ﬂ(rCE(w))/ (w—0—b)dF () +b<UF
0

and, given (30), it follows that p (F°F (w)) < p(v), and so I'“F (w) < 7. Then, combining
this with profit maximization and optimal job acceptance, it follows that

) gy (g ) — k< L)

. IO () F(0) (y —w) —k<0.

This implies that {w, 0, ~} violates (2), completing the proof of the first step.

~C ~C

Step 2. This step shows that for any {w®F, 6 E,’yCE } such that (¢ E,'yCE ) solves problem
~C N

P1 and w°F =0 g + b, there is an equilibrium {WF @¢F TCF UCE} with WOF = {on},

N ~CE N

OF (W) =0, and I'YF (wOF) = y“F. Let OYF (w) = w — b. Moreover, set

~CE

UCE = i (v9F) / (W — 0 —b) dF (0) + b,
0
and let TP (w) satisfy

UCE:M(FCE(UJ))/Q (w)(w_e—b)dF(e)er,

>
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or T¢F (w) = 0 if there is no solution to the equation, which happens if w < b+6. It follows that
the array {WCE , OcE ,TCE UCE } satisfies the optimal application for jobs and the optimal
job acceptance decision.

To complete the proof, I now show that it also satisfies the firms’ profit maximization. Suppose
by contradiction that some triple {w, ©°F (w),TCF (w)} violates profit maximization, that is,

p (TEF (w))

IO () F(O°" (w)) (y —w) — k> 0.

Then, I can choose v > I'“F (w) such that

“;”F((C)CE (w)) (y — w) — k= 0.

By construction, v > T'¢F (w) and w > b+ 6 imply
(:)CE(,w)
UCE<M(7)/ (w— 08— b)dF (6) + b,
0

so that the triple {w, OcE (w),~} satisfies all the constraints, but generates a higher value for

the objective function, giving a contradiction.

Step 3. In this step, I show that there exists a unique solution to problem P1. This completes
the proof, given that, from the previous two steps, it implies that the unique solution to P1
together with equation (1) characterizes the unique competitive search equilibrium.

First, let me show that there exists a solution to problem P1. It is straightforward to see that
the objective function of problem P1 is continuous in 6 and v, and that the constraint set is
compact, since (12 () /7)(y — 0 — b)F(0) — k is continuous in both its arguments, and is not
empty, given that, for example, v = 0 and any 0 satisfies it. Existence follows directly.

Next, let me prove that this solution is unique. A solution to problem P1 is an array
(@CE,VCE, A) that satisfies the necessary conditions (3), (4), and (5). Notice that equation
(4) defines implicitly 6 as a function of A with 9/d\ < 0. This implicit function 6 (A) can be

substituted into equations (3) and (5), giving two equations in two unknowns, v and A:

_n) MO, FO) e
fi(v,A) = S /H {y 0—0b f(g)]dF(e) k=0

B(N)
oY= () [ [y—e—b—xl;((g))]dﬂe)—k—o
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After solving for  and A, 6 can be derived using (4). Notice that fi (v, A) and fa (v, \) define
implicitly two functions, which I name 7, (A) and 745 (A). Then, using the implicit function

theorem, it follows that at the equilibrium

f1 (v A df2 (v, A
dn M| _ TR e TR
given that y — b — 8" — F@ ) /07" <y —b— 07 —AF@")/£(0°F) = 0. It follows

that the two curves must intersect at most once. Moreover, given that I have already proved

existence, they must intersect exactly at one point, proving that there exists a unique pair
~CE ~CE

(0 ,YE ) that solves problem P1. Hence, there exists a unique w¢? =6 7 + b, and, given

the previous steps, there exists a unique competitive search equilibrium, completing the proof.

Proof of Lemma 1.
First, let me show that problem P1 is equivalent to the same problem where constraint (2) is
replaced by

”y)F(é)(y —0—b)>F (31)

Let A > 0 be the multiplier attached to this constraint. By contradiction, assume that the
solution to this problem is a pair (9, ~v) with A = 0. Then, the necessary first order condition
with respect to 0 takes the same form as in problem P1, (4), with A = 0, that is, 6 =y—b.
Substituting this into the constraint (31) gives a contradiction, since k > 0. This implies that
A > 0 and, hence, (31) must be binding. Given that, by Proposition 1, the solution to problem
P1 is unique. It follows that the two problems are equivalent and that the solution to P1 is
fully characterized by (2), (4), and (5) with A > 0. The first statement of the Lemma follows
immediately.

To prove the second statement, notice that A > 0 immediately implies that 9FB > 9CE by
equation (4). Moreover, this implies

~CE ~CE ~FB

/9 [y—@—b—)\F(e)}dF(G)</9 [y—H—b]dF(0)</9 [y — 6 — bl dF (6)

0 L+ X F(0) ~Ja e ’
_ . ~CE ~FB

where the second inequality follows because y — 6 —b > 0 for all § € [# ,6 |. Then,

from equation (5) and the strict concavity of w(-), it follows that v/2 > ~“F. Hence,

w(vFB) F(@FB) > p (v9F) F(éCE), completing the proof.
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Proof of Proposition 3. First, using the envelope condition, notice that the workers’ ex
ante utility, at the competitive search equilibrium, is decreasing in b whenever

1—p(v9F) F(éCE) (14+X) < 0. For convenience, define p = A/ (1 + A). Hence, to complete
the proof, I need to show that 1 — ('yCE) F(éCE) < p for an open set of the parameter space
(k,y, F (). To define a metric on the space of cumulative density functions F' (-) continuously
differentiable on ©, I use the norm ||F'|| = supgeg {|F (8)| + |F' (0)]|}.

Recall that for any given y and k, the equilibrium values 9CE, ~v“F and p must satisfy equations
(3), (4), and (5), where p = A/ (1 4+ \). Using integration by parts, I can rewrite equations (3)
and (5) as

CE I @ 2
pﬂi’éE ) [f((éCE))] =k, (32)
and
M L P f(éCE) éCE
VOB (OE) T T, R /9 F(0)df. (33)

For a given F'(-), consider a family of economies parametrized by (e, d) with (e, d) belonging
to a (one-sided) neighborhood of (0,0), Z = (0,2) x (0,0) with & and 0 strictly positive. For
each pair (e, 9), set the parameters k and y such that

_ p(e) [F(0 = 9))?
ble0) = ple0)E 25 o (34)
y(5,5)2b+0—6+p(5,5)m, (35)
where
0—4
ple.8) = — n”((f))[f_(‘sj)j G D)= FO—8)F(@—0)2 /9 F (6) df, (36)

and n(e) = e’ (¢) /p (€). Given these parameters, I can construct an equilibrium with v = ¢
and 6 = 6 — 5. Notice that p(e,d) < 1 for any pair (e, d).
Next, I show that equations (34) and (35) define a continuous and invertible mapping between
the space of pairs (e, d) and that of pairs (k,y). The determinant of the Jacobian of the function
f(g,6):R? = R? with f1 = k(s,6) and fo =y (e,0), is

0 _ 2
det J (,6) = —ple, 5% [u’ (e) - uis)} [1;((2_?)]
F(O-9) 0 dp(e,) F(8 — 6)
[1+p(8,5)8f(9_6)/3(9_5) 95 f(O-3d
p(e) Op(e,0) [F (0 — 9)]?
€ de f(0-46 [1 = p(e,9)],



where, from (36),

0p(.8) _ n(E©=nE)D'®)  Ip=8) _ n()DE)
2

U
09 [1—=n(e) (1 - D)) Oe [1—n(e) (1 —-D@)*

Notice that the strict concavity of x (.) implies that p' () < p () /e. In turn, this can be used
to show that 7' (¢) < 0 for any ¢ > 0, and, hence, that dp(e, §)/0e < 0. Given that p(g,d) < 1
for any pair (e, d), this directly implies that the second term of det J (g, d) is strictly positive.
Moreover, the assumption of monotone hazard rate implies that D (§) < 1 for any 4, which,
after some algebra, also implies that the first term of det J (g, ) is strictly positive. It follows
that det J (g,d) > 0 for any (¢,0) € Z, where Z is small enough. This completes the proof that
f (,9) is invertible.

Next, define the function g (g, 6), that is,

9(,0) = 1= (&) F( - 8) = ple, ).

If for a small enough neighborhood Z, g(g,0) < 0 for any (¢,0) € Z and F (-) such that
f(0) ffF (0)dO > —u” (0) /[ (0)%], then there exists an open set of the space (k,y) for which
g < 0.7

First, I show that lim._o g (¢,) = 0 for any 6 < 6 — 0. Given that z (0) = 0 and p (7) is every-
where differentiable, it follows that lim._o7(g) = 1. Then, equation (36) yields lim._.q p(e,d) =
1 given that D (§) > 0if 6 < § — 6. It follows that

lin%)g(s,5):0V5<§—Q.

Then, notice that equation (33) yields

/
hm 89 (5, 6) hm N/ (5) . hm 777(8) .
00 O |eper 00 =0 @) [ F (0)do

By assumption, lim. o/ (€) = g/ (0) > 0 and |g” (0)|/[¢/ (0)?] < f(8) ffF(@) df. Tt follows
that I can choose £ and ¢ small enough such that dg (¢, §) / O¢|(c 5ez < 0. This argument can
be extended to an open set of (k,y, F' (-)), completing the proof.

Proof of Proposition 4. The proof is similar to the first part of the proof of Proposition 1
and proceeds in two steps: step 1 shows that any contract traded in equilibrium corresponds
to a solution of problem P3; and step 2 shows that for any solution to P3 I can construct an

equilibrium.
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Step 1. Let {C{E, T¢E UFE VEFL2 ) be an equilibrium. First, notice that {USF, V}CE}zo
satisfy (11) and (12) by definition. Take a time ¢ and any pair (CE¥, 1{'F), where CCF =
{eFF(0),wfF (9)}969 € C{F and ¢F =T¢F (CFF). Here, I show that the pair (CCF,~{F)
solves P3 for given (USY, VSF). Profit maximization ensures that the pair (CEF,v{F) satisfies
constraint (13). Suppose now that another pair (C,~,), with C; € C;, achieves a higher value

of the objective, that is,

g E CFE
) /9 (wi () — €0 (0) (0 + b+ BUSE — VEEYAF (0) +b+ sUSE > U, (37)

I show that (Cy,,) must violate constraint (13). Since {C{P TEF ULE VEFLI2 s an equi-

librium, optimal job application implies

9
n(TyP(Ce) /0 [we (8) = €2 (0) (0 + b+ BULE — VED))AF (0) +b+ BUTE < U,

and, given (37), it follows that p (I'¢Z (C;)) < p(v,) and so I'¢F (C;) < v,. Then, combining

this with profit maximization, it follows that

7 CE 0
“('Vt)/e [et(e)y—wt(e)]dF(H)—k<W/a [e: (0) y — wi (0)] dF (0) — k < 0.

Ve

This implies that {C;,~,} violates (13), completing the proof of the first step.

Step 2. This step shows that for any sequence {th E > Vi OB }t o that solves problem P3
at any ¢ and {UCF, V,CF };:)io that satisfy (11) and (12), I can construct an equilibrium
{CEE TEE UPE VEEYe ) with CFF = {CFF} and TEF (CFF) = ~4¢F for any t. Let IFF (Cy)

satisfy

0
Ut = (FCE(Ct))/e [we () — e (8) (0 + b+ BUST — VET)IAF (8) +b+ BULE,

or {7 (C;) = 0 if there is no solution to the equation. It follows that {C{'F T¢F ULE V,CEL2
satisfies the optimal application for jobs at any t.
To complete the proof, I now show that it also satisfies the firms’ profit maximization. Suppose

by contradiction that a pair (Ct, ree (Ct)), with C; € C;, violates profit maximization, that is,

FCE
(chtﬁ/ 0 (6)y — w0 (6)] AF () — k >0,
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Then, I can choose v, > I'F (C;) such that

M(’Yt) o _
00 [Mer @)y - 0)ar 0) - k=

Then, by the construction of T¢'# ) ~, > T¢¥# (C;) implies
0
UEE < u(rf®) /g [we (0) = €0 (0) (0+ b+ BUSY — VAY))IAF (0) +b+ BUEH,

so that the pair (Cy, 7, ) satisfies all the constraints, but generates a higher value for the objective

function, yielding a contradiction, and completing the proof.

Proof of Proposition 5. Consider problem P3. First, integrating both sides of the constraints

IC’ and using integration by parts, I obtain

4 0
0 0
Then, substituting for (10) and using the constraint IR’ gives
! F (0)
/9 |:Wt (0) — e (0) <9 +b+ B (U1 — Vig1) + ]"(9))} dF (0) = 0. (39)

By using the free-entry condition (13), one can substitute for the wage and problem P3 can be

rewritten as

6
€£$§MWJL‘%@Hy—9—b—B@M4—%+MdFW)+b—%k+ﬁw+1 (P37)
s.t. _
4
w (’Yt)/g et (0) [3/ —0—b— B U1 — Vig1) — ?((g)) dF (0) > 4k, (40)

and e (-) non-increasing. For given U;11 and Vi1, any function {e; (0)}ycq and ~y, that solve
Problem P3, also solve problem P3”. Furthermore, for any function {e; (0)}4.q and 7, that
solve problem P3”, IC’ and (10) can be used to recover the function {w; (#)},cq such that the
contract Cy={e; (0),w; (0) }yce and v, solve problem P3.

Let me now characterize the equilibrium contract {ef’” (6) ,WSE 0)} peo- Consider a re-
laxed version of problem P3”, without imposing the monotonicity of e; (-). Pointwise max-
imization, together with the monotone hazard rate assumption, implies that there exists a
threshold @tc " such that eSEO)=1if0 < étCE and ef'F (0) = 0 otherwise, with
()

~CE
05 =y b= B(Upsr — Vi) — —— 20 ) 41
t (0 B (U1 — Vis1) T f(étCE) (41)
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where X is the multiplier associated with constraint (40). This directly shows that e’ (-) is in
fact non-increasing and that a solution to the relaxed version of problem P3” is also a solution

to the original problem. Then, from (10), one obtains

)

i ~CE
'UtCE(H, 0) _ Wt(e) -0+ 6%4_1 if 0 < ?tCE
wi(0) +b+ BU if 0 >0,

and using IC’ one can construct the equilibrium wage schedule

_  +CE , ~CE

WCE () = WP O) + 0, + b+ B (Urr — Vi) i 0 < QtCE
' wCE () it 9 > 0,

Finally, notice that w{¥(f) = 0 if IR’ is binding, and IR’ is binding iff constraint (40) is

binding. Assume by contradiction that A = 0. Using (41), I obtain

[ fpr-o- 7)o

where integration by parts implies that f:t(@t —0)dF (0) = 9(# F (0)df. Given that k > 0, this
yields a contradiction and implies that w®?(0) = 0, and, hence, w$'¥ (6) takes the form stated
in the proposition. In order to complete the proof, notice that problem P3’ reduces exactly to

problem P3” if one imposes that e (-) has a cutoff form as it does in equilibrium.

Proof of Proposition 6.
Step 1. Existence.
First, notice that, using Propositions 4 and 5, the dynamic Competitive Search Equilibrium

can be equivalently characterized as follows:

(i) for given Dyy1 = U1 — Viga, 0, and v, solve the following problem:

2
P (Dyy1) = max - p (7e) /0 (y =0 —b—BDpy1)dF (0) — v,k (P3%)
tsYt v
0
st w6 [ |y-0-0- 600 - T ar 0) 2

(ii) for given {0y,v,}2°,, the sequence {D¢};2, must satisfy

Dy =®(Di1) + (1= 8) (b+ BDiy1) . (42)
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Then I can find the optimal sequence {V;, U;};~, using

Vi = s(b+ BDi1) + Vi, (43)
U = & (Diq1) + b+ BU, (44)

and the wage w; = 0, +b+ (Ui+1 — Viy1). For a given Dyyq, problem P3* has a unique

solution, as follows straight from Proposition 1. Define the function H (-) as follows
H(D)=®(D)+(1—-s)(b+pD).

To complete the existence proof, I can invoke the intermediate value theorem to show that
there exists a fixed point D* for H (-), such that the sequence {D;} with D, = D* for all ¢
satisfies equation (42). Notice that

and

y—0-b\ y—-06-b o y—0-0b
H( : ) RIS =L

given that (y —0) (1—8(1—s)) —b > 0. This implies that there exists a D* such that
H (D*)— D* = 0. Given D*, I can find constant values for V; and U; satisfying (43) and (44),

which after some algebra are

éCE
UCE — (1- )" M(WCE)/ F(0)d0 +b| , (45)
0
and
CE _ Bs CE
VO = U (46)

Since I have analyzed the equilibrium problem in a recursive form, in order to verify that
workers’ behavior is optimal, I still need to check that the values U; and V; satisfy the boundary
conditions limy_ BU; < 00 and limy_,o 81V, < 0o. Given that U; and V; are constant, these

conditions are immediately satisfied, completing the first step of the proof.

Step 2. Uniqueness.
First, notice that, by definition, V; and U; represent the continuation utility of employed and
unemployed workers. This immediately implies that they are non-negative. Moreover, in any

equilibrium, the per-period wage (1 — (1 — s)) w; must be bounded above by the per-period
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firm’s output (1 — 5 (1 — s)) y. The maximum expected utility that a worker can obtain at any
point in time ¢ is then bounded above by M = >"°2 87 [(1 - 3(1 —s)) (y — )] (recall that I
assume that (y —0) (1 — B (1 —s)) —b > 0). Therefore, M is an upper bound for both V; and
U;, and, hence, D; needs to be bounded as well. Notice, that the equilibrium characterized
above satisfies these bounds.

Next, it is easy to see that a sufficient condition for H to be a contraction with modulus /3

is that |H' (D)| < 8. Notice that H' (D) = ®' (D) + (1 — s) 8, where, from problem P3*,

o' (D) = —Bu(y) F(0) (1 + 1) <0,

with A € [0,00) being the multiplier attached to the constraint of the problem. Given that
s < 1, this immediately implies that H' (D) < . Moreover, the assumption that ®' (D) +
(1 —s)B > —p ensures that H' (D) > —f3, completing the proof that H is a contraction. Hence,
H has a unique fixed point D*. If D; is constant, equations (43) and (44) show that the only
non-explosive equilibrium values for U; and V; are constant. Therefore, there exists a unique
equilibrium with D; constant. Now, assume by contradiction that there exists an equilibrium
where D is time-varying. Since D; = H (Dy41), then D;—D* = H (Dyy1)—H (D*), and, by the
fact that H is a contraction, ||D; — D*|| < B||Dyy1 — D*||. If the equilibrium Dy is not constant,
then there exists € > 0 such that || D; — D*| > ¢ for any t. Hence, | D7 — D*|| > = Te — oo,
which implies that the sequence {D,} is explosive and, thus, that this cannot be an equilibrium.

This completes the proof.

Proof of Proposition 7. Consider problem P4. Integrating both sides of the constraints IC’

and using the constraint IR’ gives

o F (0
[ ey e (o4 545+ @ = Vi) + 68 ) | ar ) 2 0
0
By using constraint (23), one can substitute for ff ¢t (0) dF (0), and problem P4 can be rewrit-
ten as
g ~
PVUpu) = max — udp (%)/ et(O)y — 01 — b= B (Urg1 = Viga)ldF (0) +b— Cf — y,k}
t UVt A

Ut+1,Vit1,Ut41

—(1—u)s (CtU — b) + BP (Vit1, Upgr1, wes1)

subject to (22), (27), CY > b,

0
U, > () /9 e1(8)(By — 0)dF (6) + CV + U1,
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and e (.) non-increasing. For given U,y and Vi1, any function e; (-) and -, that solve problem
P4, also solve problem P4”. Furthermore, for any function e;(-) and 7, that solve prob-
lem P4”, (21) and (24) can be used to recover the function ¢; (-) such that the allocation
{e: (-), ¢t (+),CF,~,} solve problem P4.

Let me now characterize the constrained efficient allocation {e; (-), ¢ (-), CY,v;}. Consider
a relaxed version of problem P4”, without imposing the monotonicity of e; (). Pointwise
maximization, as in the competitive equilibrium analysis, implies that there exists a threshold
0, such that e, (0) = 1 if § < ;, and e, () = 0 otherwise. This shows that the solution to the
relaxed problem is characterized by a monotone ¢, (.), so that it also solves the full planning
problem. Moreover, from equation (21), I obtain

ct(0) — 0+ BVia if 0 < 6,

0,0) = ¢
wl6:9) { ct(0) + CV + BU1 if0>0,

and using (24),
ct(0) = 0; +CY + B (U1 — Vip1) if0 < 9At
! 0 if 0 > 0,

In order to complete the proof, notice that problem P4’ reduces exactly to problem P4” if one

imposes that e (-) has a cutoff form as it does at the optimum.

Proof of Proposition 8. First, let me rewrite the social planner problem P4’:

P(V,Upw) = nax uefp (1) F(0)ly — 0r — b — B (Upr — Vig1)] + b — CF — vk}
t 7717
Ut+17VHf1,Ut+1

+(1—wu)s(b—CY) + BP (Vis1, U1, tg41)

S.t.
[(1—w)ve] Vi = s(CF +BUpa) + (1= s) BVir1, (47)
B 0y F (0)
v Ue = ) | Foy4E 0+ G+ BUr, (48)
] wr = wll— () FO)] + (1 =) s, (49)
] G = b (50)

Notice that a solution to the social planner problem must satisfy the following first order

conditions:

y—ét—b—B(UtH—ml)—(l—nt)fA —m =0, (51)
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W | "l 0 b B Ui~ Virs) — (1 — ) - aE@ =k 62
Xe=ut (1 —m) + (1 —u) (1 —1y) s, (53)

Py (Ve st ) + ungt (3) F@0) + (1= ) (1= 5) vy = 0, (54)

Py (Vis1, Usr, ) — e (v¢) F(8:) + (1 = wp) sve + wemy = 0, (55)

Pa Vi, Usg, es1) = 7, (56)

where the multipliers v, n,, 7, and x, must be such that the constraints (47)-(50) hold with

complementarity slackness. Finally, the envelope conditions are
PU (Wa Ut7 ut) = —UtT), (57)

Pv (V},Ut,ut) = —(1 —ut) Vt, (58)

and

Py (Vi,Upw) = (7)) FO)y — 0 —b— B (U1 — Vig1)] +b— CF — 4k (59)

+5(CY —b) + mi[1 — pu () F(6y) — s].

Proceeding by contradiction, suppose that the competitive equilibrium allocation is constrained

~ ~CE
efficient for a given initial value of unemployment rate ug, that is, @; = 6, v, = vF, CV = b,

VCE, UCE

Upgp] = ufﬁ, Vipr = VCE and Uiy = UCE solve the planner problem and P ( ,uo) =

0.
Recall that 9CE, ACE UCE OB, ugﬂ, and the normalized multiplier A must satisfy by
definition the binding constraint (14) and equations (16), (17), (19), (45), and (46).

First, combining equations (16) and (17) with equations (51) and (52), it follows
~CE
(1_77t_)‘)ﬂ?7613)+ﬂt=0
f0;7) c
ACE

o 0 '
(L=, =\ Jy" SoLdF (0) +m [;* dF (0) =0

Given that .

~CE 9CEF9
FET) [ fy HadF )

1) fftc " dF (0)

> 1,

it must be that

n,=1—A and 7 =0 for any ¢.
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Notice that, using the envelope conditions (57) and (58), I can rewrite equations (54) and (55)
as

(L=npp1) ey = A —=n)ug+ (1 —vy) (1 —wy) s, (60)

Vit (1= wpgn) = wppe () F(0r) + (1 —we) (1 = s) ve. (61)

5 ~CE
When v, =7, 0, =60, and 1 — ;. = 1 —n, = )\, equation (60) yields an expression for
vy at any t, that is,

A
Vi (l—utfl) = (1—ut,1) — g (utCE—UtC_El) .

Notice that A > 0 implies that n, < 1 and v; < 1 and, hence, x; > 0 so that C’tU = b, as we

assumed. Substituting for v; and v441 into (61) and using the law of motion for ugg, gives

A~

[S — U [M (v“*") F(écE) + SH [u (v“F) F(@CE) + s] =0.

A contradiction follows immediately as long as u; # u®° = s[u (WCE) F(@CE) + 5]~ This
SS

implies that the competitive search equilibrium is constrained inefficient whenever u; # u°?,

completing the proof.

~FB
Proof of Proposition 9. The first best allocation is characterized by 8, v'B, and UFP —

VFB guch that

FB

0 =y b (U V7). 2

KO / [y—0-b- (U —VIP)]dF (0) =k, (63)
[

yFB _yFB _ H (’YFB) fQéFB F(6)dd +b

- 61—
When workers can fully commit, the competitive search equilibrium can be defined as in

Proposition 4, except that the participation constraint IR’ now becomes
vy (0,0) > BU1.

For given U;1q and Vi1, the equilibrium problem can be written as

0:
macp () [y =0~ B (Ve = Viea)) dF (6) = 3k + b+ Bl
9t7’7t Q

Z F (0
st n() | [y =0 B (Ui = Vo) = )| AF ) + ()b 2 ke (60
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Suppose that Uyyq — Vipp = UFB — VFB. Then I show that @FB, vFB and A = 0 (where
A is the Lagrange multiplier associated to (64)) are a solution when b > ~*7k/u (v¥'7). By
substituting 0" and 7B into (64), I obtain
FB o [ r5 F(0) FB FB
(Y )/9 [9 - _f(e)] dF (0)+p (v 7)b=~""k.

Integration by parts implies that whenever b > 1k /pu ('yFI) then A = 0 and the first order
conditions with respect to #; and ~, are equivalent to equations (62) and (63), confirming that
9tCE = @FB and Y¢'F = 4B for any t. Then, the law of motion for U; and V; verify that

UFE = UFB and VP = VIB, completing the proof.

Proof of Proposition 10. When the workers can fully commit, the planner can seize b.
Assume that the government gives a subsidy 7; to firms hiring at time ¢, by taxing lump-sum
employed and unemployed workers. Then, the subsidy 7; is covered by a tax T; equal to
71t (7;) F(6y), so that the budget is balanced at each time ¢. Feasibility imposes that T; < b.
In this case, the equilibrium 6, and v, satisfy

0
rénaxu (%)/ ly—0—b— U1 — Vig1)] dF (0) — vk + b+ U
YVt o

b
¢ F (6
st ur) [ ot re =00 50— Vi) - gl | dF O 22k (9)
where 74 must be such that 7 (v,) F(6;) < b. Suppose that UCE —VCE = UFB _yFB_ Then
I guess and verify that the equilibrium is characterized by 9FB, vFB, and A = 0, where X is
the multiplier associated to (65). The social planner can choose the minimum transfer 7, that

~F'B

makes the constraint satisfied at the full information allocation, that is, 7; such that
6
F (0
{ywt—e—b—B(Ui’?—Viff)—() ="k (66)

FB
w0 )/9 £(9)

In this case, the first order conditions with respect to @Q and v, are equivalent to equations
(62) and (63), yielding A = 0, 9tCE = 9FB, and Y¢F = 4B Then, the law of motion for
U; and V; verify that UtCE = UFP and V}CE = VB Finally, notice that 7, is feasible only
when b > 7, (7,) F(6;), that is, when the unemployed have enough resources to cover the
informational rents. Substituting (62) into (66) gives 7, = kv /u (v77) F(@FI) It follows

that full information is achieved when b > ~*1k, completing the proof.

41



References

[1]

[11]

[12]

[13]

Acemoglu, Daron and Robert Shimer, “Efficient Unemployment Insurance”, Journal of

Political Economy, 1999a, 107, 893-928.

Acemoglu, Daron and Robert Shimer, “Holdups and Efficiency with Search Frictions”,
International Economic Review, 1999b, 40, 827-850.

Arnott, Richard and Joseph Stiglitz, “Moral Hazard and Optimal Commodity Taxation”,
Journal of Public Economics, 1987, 24, 109, 1-24.

Burdett, Kenneth, Shouyong Shi, and Randall Wright, “Pricing and Matching with Fric-
tions”, Journal of Political Economy, 2001, 109, 1060-1085.

Diamond, Peter, “Wage Determination and Efficiency in Search Equilibrium”, Review of

Economic Studies, 1982, 49, 217-227.

Faig, Miquel and Belen Jerez, “A Theory of Commerce”, Journal of Economic Theory,

2005, 122, 60-99.

Golosov, Mikhail and Aleh Tsyvinski, “Optimal Taxation with Endogenous Insurance

Markets”, 2006, Quarterly Journal of Economics, forthcoming.

Guerrieri, Veronica, “Efficiency of Competitive Search under Asymmetric Information”,

2005, MIT mimeo.
Hawkins, William, “Competitive Search and Efficiency of Hiring”, 2005, MIT mimeo.

Hosios, Arthur J., “On the Efficiency of Matching and Related Models of Search and
Unemployment”, Review of Economic Studies, 1990, 57, 279-298.

Laffont, Jean-Jacques and Eric Maskin, “A Differential Approach to Dominant Strategy
Mechanisms”, Econometrica, 1980, 48, 1507-1520.

Laffont, Jean-Jacques and Jean Tirole, A Theory of Incentives in Procurement and Reg-

ulation, 1993, MIT Press.

Lewis, Tracy and David Sappington, “Countervailing Incentives in Agency Problems”,

Journal of Economic Theory, 1989, 49, 294-313.

42



[14]

[24]

[25]

[26]

Mirrlees, James, “An Exploration in the Theory of Optimum Income Taxation”, Review

of Economic Studies, 1971, 38, 175-208.

Moen, Espen, “Competitive Search Equilibrium”, Journal of Political Economy, 1997,
105, 385-411.

Moen, Espen and Asa Rosen, “Incentives in Competitive Search Equilibrium and Wage

Rigidity”, 2005, Northwestern University, mimeo.

Mortensen, Dale, “The Matching Process as a Noncooperative Bargaining Game”, in The
Economics of Information and Uncertainty, ed. John J. McCall, Chicago: University of

Chicago Press for the NBER, 1982a.

Mortensen, Dale, “Property Rights and Efficiency in Mating, Racing, and Related
Games”, American Economic Review, 1982b, 72, 968-979.

Mortensen, Dale and Christopher Pissarides, “Job Creation and Job Destruction in the

Theory of Unemployment”, Review of Fconomic Studies, 1994, 61, 397-415.

Mortensen, Dale and Randall Wright, “Competitive Pricing and Efficiency in Search Equi-

librium”, International Economic Review, 2002, 43, 1-20.

Myerson, Roger B., “Optimal Auction Design”, Mathematics of Operations Research,
1981, 6, 58-73.

Myerson, Roger B. and Mark A. Satterthwaite, “Efficient Mechanisms for Bilateral Trad-
ing”, Journal of Economic Theory, 1981, 29, 265-281.

Pissarides, Christopher, “Search Intensity, Job Advertising, and Efficiency”, Journal of
Labor Economics, 1984, 2, 128-143.

Pissarides, Christopher, “Short-run Equilibrium Dynamics of Unemployment, Vacancies

and Real Wages”, American Economic Review, 1985, 75, 676-90.

Pissarides, Christopher, Fquilibrium Unemployment Theory, second ed., Cambridge, MA,
MIT Press, 2000.

Prescott, Edward and Robert Townsend, “Pareto Optima and Competitive Equilibria
with Adverse Selection and Moral Hazard”, Fconometrica, 52, 1984, 21-45.

43



Rogerson, Richard, Robert Shimer, and Randall Wright, “Search-Theoretic Models of the
Labor Market: A Survey”, 2005 forthcoming Journal of Economic Literature.

Shimer, Robert, “Contracts in Frictional Labor Markets”, 1996, MIT, mimeo.

Shimer, Robert and Randall Wright, “Competitive Search Equilibrium with Asymmetric

Information”, 2004, mimeo.

Wolinsky, Asher, “Procurement via Sequential Search”, Journal of Political Economy,

2005, 113, 785-810.

44



