Particle Filtering
Michael Johannes and Nicholas Polson

Abstract This chapter provides an overview of particle ﬁlters. Particle ﬁlters
generate approximations to ﬁltering distributions and are commonly used
in non-linear and/or non-Gaussian state space models. We discuss general
concepts associated with particle ﬁltering, provide an overview of the main
particle ﬁltering algorithms, and provide an empirical example of ﬁltering
volatility from noisy asset price data.

1 Introduction
Filtering generally refers to an extraction process, and statistical ﬁltering
refers to an algorithm for extracting a latent state variable from noisy data
using a statistical model. The original ﬁltering applications were in physical
systems, for example, tracking the location of an airplane or missile using
noisy radar signals, but ﬁltering quickly became a crucial theoretical and
empirical tool in economics and ﬁnance due to widespread use of models
incorporating latent variables.
Latent variables capture unobserved changes in the economic environment.
In many cases, there is clear evidence for time-variation, but the underlying
causes are unknown or diﬃcult to quantify. For example, in ﬁnance, it is
clear that asset return volatility time-varies, but it is diﬃcult to identify
factors generating the variation. To capture the variation, common models
assume that volatility is unobserved but evolves through time as a stochastic
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process. In macroeconomics, a similar challenge occurs when modeling timevarying components that drive aggregates. For example, the key component
in “long-run risk” models is a highly persistent unobserved variable driving
consumption and dividend growth rates.
Given the widespread use of latent variables in economic models, a central
challenge is to develop statistical methods for estimating the latent variables.
This chapter discusses a computational approach for ﬁltering known as the
particle ﬁlter.
To understand the nature of the ﬁltering problem and why particle ﬁlters are useful, the formal problem is deﬁned as follows. A statistical model
generates the observed data, a vector yt , and the conditional distribution of
yt depends on a latent state variable, xt . Formally, the data is generated by
the state space model, which consists of the observation and state evolution
equations,
Observation equation: yt = f (xt , εyt )

!
State evolution: xt+1 = g xt , εxt+1 ,

where εyt+1 is the observation error or “noise,” and εxt+1 are state shocks. The
observation equation is often written as a conditional likelihood, p (yt |xt ), and
the state evolution as p (xt+1 |xt ). Both of these distributions typically depend
on static parameters, θ, whose dependence is suppressed, except where explicitly noted.
The posterior distribution of xt given the observed data, p (xt |y t ), solves
the ﬁltering problem, where y t = (y1 , ..., yt ) is the observed data. Beginning
with Kalman’s ﬁlter, computing p (xt |y t ) uses a two-step procedure of prediction and Bayesian updating. The prediction step combines the current
ﬁltering distribution with the state evolution,

!
!
t
(1)
p xt+1 |y = p (xt+1 |xt ) p xt |y t dxt ,
providing a forecast of next period’s state. Next, given a new observation,
yt+1 , the predictive or “prior” views are updated by Bayes rule
!
!
p xt+1 |y t+1 ∝ p (yt+1 |xt+1 )p xt+1 |y t .
(2)
@A
B? @A B
@A
B ?
?
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The problem is that p (xt |y t ) is known analytically only in a limited number!
of settings, such as a linear,! Gaussian model where p (yt |xt ) ∼ N xt , σ 2
and p (xt+1 |xt ) ∼ N ! xt , σx2 . In this case, the Kalman ﬁlter implies that
p(xt |y t ) ∼ N μt , σt2 , where μt and σt2 solve the Kalman recursions. In
nonlinear or non-normal models, it is not possible to analytically compute
p(xt |y t ). In these settings, p (xt |y t ) is a complicated function of y t , and simulation methods are typically required to characterize p (xt |y t ).
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The particle ﬁlter is the most popular approach. A particle ﬁlter simulates
approximate samples from p(xt |y t ), which are used for Monte Carlo integration to estimates moments of interest such as E [f (xt ) |y t ]. Particle ﬁlters
use a discrete approximation to p(xt |y t ) consisting of states or “particles”,
"
#N
#N
"
(i)
(i)
xt
, and weights associated with those particles, πt
. A particle
i=1
i=1
approximation is just a random histogram.
Recursive sampling is the central challenge in particle ﬁltering: given a
sample from pN (xt |y t ), how to generate a random sample from the particle
approximation to p(xt+1 |y t+1 ) after receiving a new data point yt+1 ? Essentially this is a problem of using a discrete !approximation to the integral in
(1) and then sampling from pN xt+1 |y t+1 . Since there are multiple ways
to sample from a given distribution, there are many diﬀerent particle ﬁlters.
For example, importance sampling is commonly used to sample from nonstandard distributions, and diﬀerent importance densities generate diﬀerent
particle ﬁlters.
This chapter provides an introduction to these particle ﬁlters, and outlines a number of the most common algorithms. Before delving into details,
it is important to understand the two main reasons why particle ﬁlters are so
popular. First, particle ﬁlters are very ﬂexible and adaptable. Like all Monte
Carlo methods, particle ﬁlters can be adapted to the particular model speciﬁcation under consideration. In particular, it is possible to develop accurate ﬁlters for non-linear models with fat-tailed and asymmetric error distributions.
These are particularly important for applications where errors are often not
normally distributed. Second, particle ﬁlters are easy to program and computationally very fast to run, in terms of computing time. For these reasons,
particle ﬁlters provide an attractive ﬁltering methodology.

2 A Motivating Example
The following provides a common setting in which particle ﬁlters are useful.
Consider a simple log-stochastic volatility model

yt+1 = Vt+1 εyt+1
log (Vt+1 ) = αv + βv log (Vt ) + σv εvt+1 ,
where εyt+1 and εyt+1 are independent standard normal and Vt is the conditional variance. Again, the parameters are assumed to be known. This is a
benchmark speciﬁcation for modeling time-varying volatility. The top panel
of Figure 1 provides a simulated sample path of returns from the speciﬁcation with αv = 0, βv = 0.95, and σv = 0.10. By merely observing the data,
it is clear that the conditional volatility time varies, as the amplitude of the
ﬂuctuations vary over time.
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Fig. 1 Simulated returns (top panel) and summaries of the ﬁltering distribution through
time (bottom panel) for a logarithmic stochastic volatility model.

This model
 has conditionally normal errors, but is nonlinear, because of
the term Vt+1 εyt+1 . Alternatively, the observation equation can be written
as
!2
2
log (yt+1 ) = log (Vt+1 ) + log εyt+1 ,
which leads to a model that is linear in log (Vt+1 ), but is now non-normal
!2
because log εyt+1 is X 2 with one degree of freedom.
Given this structure, how can Vt be ﬁltered from the observed data? One
approach would be to ignore the nonlinearity/non-normality and use the
Kalman ﬁlter. Alternatively, the model could be linearized using the extended
Kalman ﬁlter. Both of these approaches are ineﬃcient and biased. Another
alternative would be to use deterministic numerical integration to compute
the integral in equation (1) and characterize p (Vt |y t ). This is computationally
more diﬃcult, but may work satisfactorily in some settings. In higher dimensional settings, these deterministic numerical integration schemes suﬀer from
Bellman’s curse of dimensionality.
Alternatively, the particle ﬁlter, as described in the following sections, can
be used. The results of the particle ﬁlter are displayed in the bottom panel of
Figure 1. Here, the true states are given by the dotted line, ﬁltered estimates,
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!
t

√
E
Vt |y , by the solid line, and estimates of the (5%, 95%) quantiles in the
shades. These are all naturally computed as output from the particle ﬁlter.

3 Particle Filters
A particle ﬁlter is a discrete approximation, pN (xt |y t ), to p (xt |y t ), generally
"
#N

(i)
(i)
(i)
written as πt , xt
, where the weights sum to one, N
i=1 πt = 1. The
i=1

(i)

support of the discrete approximation, the xt ’s, is not preset as would be
the case in deterministic approximation schemes, but rather is the stochastic
outcome of a simulation algorithm. Thus, the support of the distribution, the
(i)
xt ’s, change from period to period. Thus, a generic particle approximation
is given by
! N (i)
pN xt |y t =
πt δx(i) ,
i=1

t

where δ is the Dirac function.
The particle approximation can be transformed into an equally weighted
random sample from pN (xt |y t ) by sampling, with replacement, from the
#N
"
(i)
(i)
. This procedure, called resampling, prodiscrete distribution, πt , xt
i=1

(i)

duces a new sample with uniformly distributed weights, πt = 1/N . Resampling can be done in many ways, but the simplest is multinomial sampling.
Other methods include stratiﬁed sampling, residual resampling, and systematic resampling.
The discrete support of particle ﬁlters makes numerical integration easy
because integrals becomes sums. For example,

!
!
pN xt+1 |y t+1 ∝ p (yt+1 |xt+1 ) p (xt+1 |xt ) pN xt |y t dxt
(3)
∝

N




(i)
(i)
p (yt+1 |xt+1 ) p xt+1 |xt πt ,

(4)

i=1

where the proportionality sign, ‘∝,’ signiﬁes that the normalizing constant
does not depend on xt+1 . Given the discretization, the central !problem in
particle ﬁltering is how to generate
a sample from pN xt+1 |y t+1 . Equation
!
(3) implies that pN xt+1 |y t+1 is a ﬁnite mixture distribution, and diﬀerent
sampling methods generate alternative particle ﬁltering algorithms, each with
their own strengths and weaknesses.
In general, there are two sources of approximation errors in particle ﬁltering algorithms. Approximating p (xt |y t ) by pN (xt |y t ) generates the ﬁrst
source of error. This is inherent in all particle ﬁltering algorithms, but can be
mitigated by choosing N large. Importance sampling or other approximate
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sampling methods generate the other source of error, which is present in some
particle ﬁltering algorithms. Importance sampling generates an approximate
sample from N (xt |y t ), which in turn approximates p (xt |y t ). This leads to a
second layer of approximation errors.
It is useful to brieﬂy review common uses of the output of particle ﬁltering
algorithms. The main use is to estimate latent states. This is done via Monte
Carlo. A particle approximation of E (f (xt ) |y t ) is
!
E N f (xt ) |y t =



N



!
(i)
(i)
f (xt ) pN xt |y t dxt =
f xt πt .
i=1

As N becomes large, the particle estimates converge by the law of large numbers and a central limit theorem is typically available, both using standard
Monte Carlo convergence results.
The ﬁltering distribution is useful for a likelihood based parameter estimation and model comparison. Although in the rest of the chapter we assume
parameters are known, a central problem in state space models is estimating
the parameters, θ. In the case when parameters are unknown, the particle
ﬁlter can be used to compute the likelihood
function. The likelihood of the
!
observed sample is denoted as L θ|y T . In time series models, the likelihood
is given by
!
T −1
!
L θ|y T =
p yt+1 |θ, y t .
t=0

In latent variable models, the predictive distribution of the data p (yt+1 |y t , θ)
is not generally known, but rather given as an integral against the ﬁltering
distribution:

!
!
p yt+1 |y t , θ = p (yt+1 |θ, xt+1 ) p (xt+1 |θ, xt ) p xt |θ, y t dxt dxt+1 ,
where p (yt+1 |θ, xt+1 ) is the conditional likelihood, p (xt+1 |θ, xt ) is the state
evolution, and p (xt |θ, y t ) is the ﬁltering distribution, all conditional on the
unknown parameters. Given a particle approximation to p (xt |y t , θ), it is
straightforward to approximate the predictive likelihoods, and therefore to
estimate parameters or compare models with likelihood ratios. For the rest
of the chapter, we suppress the dependence on the parameters.
The rest of the chapter discusses three common prominent particle ﬁltering
algorithms. For parsimony, focus is restricted to particle methods for approximating the ﬁltering distribution, p (xt |y t ), and we do not discuss methods
such as sequential importance sampling (SIS), that generate samples sequentially from the smoothing distribution, p (xt |y t ), where xt = (x1 , ..., xt ).
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3.1 Exact particle ﬁltering
The easiest way to understand particle ﬁltering is to consider situations in
which importance sampling
is not required, because direct i.i.d. sampling
!
from pN xt+1 |y t+1 is feasible. This is called exact sampling, and leads to
an exact particle ﬁlter. To see how this works, ﬁrst note that
p (yt+1 , xt+1 |xt ) ∝ p (yt+1 |xt ) p (xt+1 |xt , yt+1 ) ,
which implies that the ﬁltering recursion can be expressed as

!
!
p xt+1 |y t+1 ∝ p (yt+1 |xt ) p (xt+1 |xt , yt+1 ) p xt |y t dxt ,

(5)

(6)

where p (yt+1 |xt ) is the predictive likelihood and p (xt+1 |xt , yt+1 ) is the posterior distribution of the new state given the previous state and the new
observation.
N
This
! representation generates a diﬀerent mixture distribution for p (xt+1 |
t+1
y
than the one commonly used in particle ﬁltering algorithms, which is
given in 3. Given a particle approximation to pN (xt |y t ),
p

N

xt+1 |y

t+1

!

N
 



(i)
(i)
∝
p yt+1 |xt p xt+1 |xt , yt+1

(7)

i=1

=

N




(i)
(i)
wt p xt+1 |xt , yt+1 ,

i=1

where the normalized ﬁrst stage weights are


(i)
p yt+1 |xt
(i)
.

wt = 
(i)
N
p
y
|x
t+1 t
i=1
Since p (yt+1 |xt ) is a function of only xt and yt+1 , these weights are known
!
upon receipt of the new observation, which implies that pN xt+1 |y t+1 is
a standard discrete mixture distribution. Sampling from a discrete mixture
distribution is straightforward by ﬁrst selecting the mixture index and then
simulating from that mixture component. This simple procedure leads to
exact particle ﬁltering algorithm is
"
#N 
(i)
(i)
z(i)
Step 1. Draw z (i) ∼ M ultN
wt
for i = 1, ..., N and set xt = xt
i=1


(i)
(i)
Step 2. Draw xt+1 ∼ p xt+1 |xt , yt+1 for i = 1, ..., N,
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where M ultN denotes an N −component multinomial distribution. Since this
generates an i.i.d. sample, the second stage weights in the particle approxi(i)
mation πt are all 1/N .
The intuition of the algorithm is instructive. At Step 1, upon observation of
that were most likely, in terms
yt+1 , the resampling step selects
 the particles

(i)
of the predictive likelihood, p yt+1 |xt , to have generated yt+1 . After this
selection step,the algorithm simulates new particles from the component
(i)
distribution p xt+1 |xt , yt+1 . The advantage of this algorithm is that it
eliminates the second source of errors that can arise in particle ﬁlters. By
directly sampling from pN (xt |y t ) , there are no importance sampling errors.
Any remaining Monte Carlo errors can be minimized by choosing N large.
It is also possible to sample the discrete distribution in other ways, such as
residual or systematic sampling.
The exact particle ﬁltering approach requires that the predictive likelihood

p (yt+1 |xt ) = p (yt+1 |xt+1 ) p (xt+1 |xt ) dxt+1
can be computed and that
p (xt+1 |xt , yt+1 ) ∝ p (yt+1 |xt+1 ) p (xt+1 |xt )
can be sampled. In many models, these distributions are known or straightforward modiﬁcations of the general algorithm can be used to generate exact
samples from pN . One such example is given below. In general, exact particle ﬁltering is possible in models with (a) linear observation equations, (b)
non-Gaussian errors that can be represented as a discrete or scale mixture of
normal distribution, and (c) models with state evolutions that have additive
errors, but nonlinear conditional means. This would occur when
xt+1 = f (xt ) + εxt+1
and f (xt ) is a known analytical function of xt . In particular, this allows for a
wide range of observation or state errors, including ﬁnite mixtures of normal
error distributions, t-distributed errors, or double exponential errors. Thus,
the class of models in which exact sampling is possible is quite broad.

3.1.1 Example: Linear, Gaussian ﬁltering
To see how exact sampling operates, consider! the simple case of ﬁltering in
!
linear Gaussian models: p (yt |xt ) ∼ N xt , σ 2 and p (xt+1 |xt ) ∼ N xt , σx2 .
The exact or optimal ﬁltering algorithm requires two distributions, p (yt+1 |xt )
and p (xt+1 |xt , yt+1 ) , which are both easy to characterize:
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!
2

p (yt+1 |xt ) ∼ N xt , σ 2 + σx

and

!
2
p (xt+1 |xt , yt+1 ) ∝ p (yt+1 |xt+1 ) p (xt+1 |xt ) ∼ N μt+1 , σt+1
,
where

yt+1
xt
1
1
1
μt+1
= 2 + 2 and 2 = 2 + 2 .
2
σt+1
σy
σx
σt+1
σy
σx

An exact particle ﬁltering algorithm is
Step 1: Sample z

(i)

" 
#N 
(i)
w xt
∼ M ultN
i=1

and set

(i)
xt
(i)

Step 2: Draw xt+1

z(i)
xt

for i = 1, ..., N


(i)
2
for i = 1, ..., N
∼ N μt+1 , σt+1
=

where


(i)

w xt



⎛ 
⎛ 
2 ⎞G
2 ⎞
(i)
(i)
N
y
y
−
x
−
x
t+1
t+1
t
t
⎜
⎜
⎟ 
⎟
= exp ⎝−
exp ⎝−
⎠
2
2
2
2) ⎠
2 (σ + σx )
2
(σ
+
σ
x
i=1

(i)

(i)

and μt+1 displays the dependence on xt . This generates an equally weighted
#N
"
!
(i)
(i)
from pN xt+1 |y t+1 , thus πt+1 = 1/N .
sample xt+1
i=1

3.1.2 Example: Log-stochastic volatility model
A more interesting example is the log-stochastic volatility model, as described
in Section 2. The model can be written as
2

log (yt+1 ) = xt+1 + εt+1
xt+1 = αv + βv xt + σv εvt+1 ,
!
the particle ﬁltering alwhere εt+1 has a log χ21 distribution. To develop
!
gorithm, it is useful to approximate the log χ21 distribution with a discrete
K
j
j
mixture of normals with ﬁxed weights, j=1 pj Zt+1
where Zt+1
∼ N (μj , σj2 )
and μj and σj are known. This approximation is can be made arbitrarily
accurate, and in practice 10 mixture components is suﬃcient.
The key to an eﬃcient particle ﬁlter is the introduction of an auxiliary
indicator variable, st+1 , that tracks the mixture components. For example, if
st+1 = j, then


2
p log (yt+1 ) |xt+1 , st+1 = j = N (xt+1 + μj , σj2 ).
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The introduction of an additional latent variable is called data augmentation and is commonly used when developing Markov Chain Monte Carlo
algorithms. Given the additional auxiliary variable, the exact sampling algorithm consists of two steps: (1) resampling persistent state variables, in this
case, xt = log (Vt ), and (2) simulating xt+1 and st+1 .
For the ﬁrst step, the predictive density is
p(yt+1 |xt ) =

K


pj N (αv + βv xt + μj , σj2 + σv2 ),

j=1

and thus

p (yt+1 |xt )
.
w (xt ) = N
i=1 p (yt+1 |xt )

Note that st+1 is i.i.d., so there is no information available at time t to forecast
its value. The second step requires drawing from
p (xt+1 , st+1 |xt , yt+1 ) ∝ p (xt+1 |st+1 , xt , yt+1 ) p (st+1 |xt , yt+1 ) .
The distribution p (st+1 |xt , yt+1 ) is a known discrete distribution since
p (st+1 = j|xt , yt+1 ) ∝ p (yt+1 |xt , st+1 = j) pj ,
where

!
p (yt+1 |xt , st+1 = j) = N αv + βv xt + μj , σv2 + σj2 .

Similarly,
p (xt+1 |st+1 , xt , yt+1 ) ∝ p (yt+1 |st+1 , xt ) p (xt+1 |xt )
is a convolution of two normal distributions, which is also a normal distribution. Together, these
! two steps can be used to provide an exact sample from
pN st+1 , xt+1 |y t+1 .
Figure 1 displays a summary of the output of the algorithm, for the simulated path of returns √
discussed earlier. The bottom panel displays√
the true
!
simulated volatilities, Vt , in red dots, the posterior mean, E N
Vt |y t ,
is the
! line, and the shaded area displays the (5%, 95%) quantiles of
√ solid
pN
Vt |y t .

3.2 SIR
In settings in which exact sampling is not possible, importance sampling
is typically used. One of the ﬁrst, most popular, and most general particle
ﬁltering algorithm is known as the sampling importance resampling (SIR)
algorithm. The algorithm is simplicity itself, relying only on two steps: given
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samples from pN (xt |y t ),


(i)
(i)
Step 1. Draw xt+1 ∼ p xt+1 |xt
for i = 1, ..., N
"
#N 
(i)
(i)
(i)
(i)
Step 2. Draw z ∼ M ultN
wt+1
and set xt+1 = xzt+1 ,
i=1

where the importance sampling weights are given by
(i)

p(yt+1 |xt+1 )
(i)
wt+1 = N
.
(i)
i=1 p(yt+1 |xt+1 )
(i)

Prior to resampling, each particle had weight wt+1 . After resampling, the
weights are equal, by the deﬁnition of resampling. The SIR algorithm has
only two mild requirements: that the likelihood function can be evaluated
and that the states can be simulated. Virtually every model used in practice
satisﬁes these mild assumptions.
The justiﬁcation for the algorithm is the weighted bootstrap algorithm or
SIR algorithm, which was ﬁrst developed to simulate posterior distributions,
of the form L (x) p (x), where L is the likelihood and p the prior. The algorithm ﬁrst draws an independent sample x(i) ∼ p (x) for i = 1, ...N , and then
! N
!
computes normalized importance weights w(i) = L x(i) / i=1 L x(i) . The
(N
'
sample drawn from the discrete distribution x(i) , w(i) i=1 tends in distribution to a sample from the product density L (x) p (x) as N increases.
In the case of the particle ﬁlter, the target density is
!
!
(8)
p xt+1 |y t+1 ∝ p (yt+1 |xt+1 ) p xt+1 |y t .
Given an independent sample from pN (xt |y t ), the algorithm samples from

!
!
N
t
p xt+1 |y = p (xt+1 |xt ) pN xt |y t dxt ,


(i)
(i)
for i = 1, ..., N. Since pN (xt |y t ) is a disby drawing xt+1 ∼ p xt+1 |xt
#N
"
(i)
is an independent sample from
crete distribution, this implies that xt+1
i=1

pN (xt+1 |y t ). Resampling with !the appropriate weights provides an approximate sample from p xt+1 |y t+1 .
To see the simplicity of the algorithm, consider the benchmark case of
ﬁltering in the linear Gaussian model considered! earlier. The SIR algorithm
requires simulating from p (xt+1 |xt ) ∼ N xt , σx2 and evaluating unnormalized weights, which take the form
2

p (yt+1 |xt+1 ) ∝ exp −

1 (yt+1 − xt+1 )
2
σ2

.
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3.2.1 Problems with the SIR algorithm
There are a number of problems with SIR. One problem is sample impoverishment or weight degeneracy, which occurs when a vast majority of the
weight is placed on a single particle. When this occurs, the resampling step
results in a single particle being sampled multiple times. Thus resampling
does not ﬁx the sample impoverishment/weight degeneracy problem, it just
hides it. Another related problem is that the states are drawn from the prior
distribution, p (xt+1 |xt ), without accounting for the next period’s observation, yt+1 . This implies that the simulated states may not be in important or
high likelihood, p (yt+1 |xt+1 ), regions. In models with outliers,
a large
 yt+1 is

(i)
ignoring
observed, but the SIR algorithm draws samples from p xt+1 |xt
the new observation.
To mitigate this problem, it is possible to choose an alternative importance
density. Instead of drawing from p (xt+1 |xt ), it is possible to draw from an
importance density that depends on yt+1 ,


(i)
(i)
xt+1 ∼ q xt+1 |xt , yt+1 .
In this case the unnormalized weights are
(i)

wt+1



(i)
(i)
(i)
p(yt+1 |xt+1 )p xt+1 |xt


.
∝
(i)
q xt+1 |xt , yt+1

The “optimal” importance sampling density, in terms of minimizing the variance of the importance weights, is p (xt+1 |xt , yt+1 ).

3.3 Auxiliary particle ﬁltering algorithms
An alternative when the SIR algorithm performs poorly is the auxiliary particle ﬁlter (APF). The original description of the APF used the idea of auxiliary variables. The algorithm we provide motivates the APF as an importance
sampling version of the exact sampling algorithm given in the previous section.
Like exact sampling, the APF consists of two steps: resampling old particles and propagating states. Unlike the exact sampling algorithm, the APF
uses importance sampling when it is not possible to evaluate p (yt+1 |xt ) or
sample directly from p (xt+1 |xt , yt+1 ). The exact mixture weights p (yt+1 |xt )
are approximated by an importance weight q (yt+1 |xt ) and the posterior distribution p (xt+1 |xt , yt+1 ) is approximated by the importance distribution
q (xt+1 |xt , yt+1 ). The APF algorithm is given by:
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Step 1:
Step 2:
Step 3:
Step 4:
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(i)


q yt+1 |xt
(i)
 for i = 1, ..., N

= 
Compute w xt
(i)
N
q
y
|x
t+1
t
i=1
" 
#
(i)
(i)
z(i)
Draw z (i) ∼ M ultN
w xt
and set xt = xt


(i)
(i)
Draw xt+1 ∼ q xt+1 |xt , yt+1 for i = 1, ..., N

 

(i)
(i)
(i)


p yt+1 |xt+1 p xt+1 |xt
target
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.
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(i)
(i)
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q yt+1 |x
t

t+1

t

The weights at the end of the algorithm are the importance sampling weights.
There is no need to resampling additionally using these weights, in fact, this
introduces additional Monte Carlo error.
Like exact sampling, the APF resamples ﬁrst, which is important to insure that high likelihood states are propagated forward. The performance of
the APF is driven by the accuracy of the importance densities. If these are
poor approximations, the APF may not perform much better than the SIR
algorithm, and in some extreme cases, could even perform worse. A ﬁnal advantage of the APF algorithm is its ﬂexibility, as it allows for two importance
densities. This allows the algorithm to be tailored to the speciﬁc application
at hand.

4 Further Reading
Research on particle ﬁltering methods has exploded recently over the past
10 years. It is impossible to cite all of the relevant work, and we will instead
focus on the initial theoretical contributions, important review papers, and
applications. For textbook discussions, see the monographs by Doucet, de
Freitas, and Gordon (2001) and Ristic, Arulampalam, and Gordon (2004).
These books provide more details, numerous alternative algorithms and extensions to improve performance, and extensive lists of references. Cappe,
Godsill, and Moulines (2007) provide a very readable and up to date review
article.
The sampling/importance resampling algorithm appears in Rubin (1987)
and Smith and Gelfand (1992). The foundational particle ﬁltering algorithm
appears in Gordon, Salmond, and Smith (1993). Liu and Chen (1995, 1998)
provide key contributions to sequential importance sampling. Pitt and Shephard (1999) developed the auxiliary particle ﬁlter and discuss various extensions and applications. Other important contributions are in Kitigawa (1996),
Hurzeler and Kunsch (1998), Carpenter, Cliﬀord, and Fearnhead (1999), and
Kunsch (2005)
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For applications in economics and ﬁnance, Kim, Shephard, and Chib
(1998) and Chib, Nardari and Shephard (2006) apply particle ﬁlters to univariate and multivariate stochastic volatility models. Johannes, Polson, and
Stroud (2008) develop particle ﬁlters for continuous-time jump-diﬀusion models, with option pricing applications. Pitt (2005) discusses particle ﬁltering
approaches for maximum likelihood estimation. Fernandez-Villaverde and
Rubio-Ramirez (2005) use particle ﬁlters for parameter estimation in general equilibrium macroeconomics models.
There is also a growing literature applying particle ﬁlters for sequential
parameter learning and state ﬁltering, see, for example Liu and West (2001),
Storvik (2002), Fearnhead (2002), Johannes, Polson and Stroud (2005, 2006),
and Johannes and Polson (2006).
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